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PREFACE 


In the revision of Granville’s Calculus the authors have en- 
deavored to preserve the features which have given to the textbook 
such a large measure of success. Clearness and simplicity in the 
text, numerous illustrative examples solved in the text, a wealth of 
problems * both to acquire practice in technique and to stimulate 
interest, — these distinctive features have been retained. 

A change in arrangement is to be noted. The calculus for func- 
tions of one variable, both differential and integral, is developed com- 
pletely. This is followed by the calculus for functions of more than 
one variable. The authors believe that sound reasons can be given 
for this rearrangement, and they are confident that the change will 
meet with the approval of teachers. 

Some topics in the old edition have been omitted. But this omis- 
sion is more than compensated for by the addition of several topics of 
importance and interest. 

The labor of the authors will be amply repaid if this revised edition 
meets with the generous and well-nigh universal favor accorded Gran- 
ville’s Calculus since its first appearance. 


PERCEY F. SMITH 
WILLIAM R. LONGLEY 


* By permission of the author many problems have been selected from D. D. Leib’s 
**Problems in the Calculus”’ (Ginn and Company). 
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DIFFERENTIAL CALCULUS 


CHAPTER I 


COLLECTION OF FORMULAS 


1. Formulas from elementary algebra and geometry. For the con- 
venience of the student we give in Arts. 1-4 the following lists of 
formulas. We begin with algebra. 

(1) Quadratic Ax? + Br + C=0. 

Solution. 1. By factoring: Factor Ax? + Bx + C, set each factor equal 
to zero, and solve for x. 


2. By completing the square: Transpose C, divide by the coefficient 
of x?, add to both members the square of half the coefficient of x, and 


extract the square root. Lee Ta Te 
8. By the formula x= te N ESI Ae : 


Nature of the roots. The expression B? — 4 AC beneath the radical in 
the formula is called the discriminant. The two roots are real and unequal, 
real and equal, or imaginary, according as the discriminant is positive, 
zero, or negative. 


(2) Logarithms 
log ab = log a + log b. log a” = nlog a. log 1=0. 
log ; =loga—log 6b. log Va= = log a. log,a=1. 
(3) Binomial theorem (n being a positive integer) 
N= nh n— n(n — 1) n—-2h2 n(n —1)(n— 2) M—BHS 1 ciclo 
(a+ b)"=a"+ na apo amt b? + 3 a -- 
n(n —1)(n—2) +++ (M=t 42) erttprnt dies, 
+ Ir =F a br-1 eee, 


(4) Factorial numbers. n!=|n=1-2-3-4-+-(n—1)n. 

In the following formulas from elementary geometry, r or R 
denotes radius, a altitude, B area of base, and s slant height. 

(5) Circle. Circumference = 2 wr. Area = mr?. 

(6) Circular sector. Area = 4 r2a, where a= central angle of the sector 


measured in radians. 
iL 
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(7) Prism. Volume = Ba. 
(8) Pyramid. Volume = 3 Ba. 
(9) Right circular cylinder. Volume = zr?a. Lateral surface = 2 mra. 
Total surface = 2 mr(r +a). 
(10) Right circular cone. Volume = 3 7r2a. Lateral surface = mrs. 
Total surface = mr(r + 8). 
(11) Sphere. Volume = 4 mr°. Surface = 4 mr?. 
(12) Frustum of a right circular cone. Volume = 4 ga(R2 +172 + Rr). 
Lateral surface = 7s(R +1). 


2. Formulas from plane trigonometry. Many of the following for- 
mulas will be found useful : 


(1) Measurement of angles. There are two common methods of measur- 
ing angular magnitude; that is, there are two unit angles. 

Degree measure. The unit angle is seo of a complete revolution and is 
called a degree. 

Circular measure. The unit angle is an angle whose subtending arc is 
equal to the radius of that arc, and is called a radian. 

The relation between the unit angles is given by the equation 


180 degrees = 7 radians (7 = 8.14159 -- -), 
the solution of which gives 


1 degree = aa = 0.0174 --- radian; 1 radian = m = 57.29 - + + degrees. 


From the above definition we have 
subtending arc. 


Number of radians in an angle = = 
radius 


These equations enable us to change from one measurement to another. 
(2) Relations 


WX i 


1 
cots = ——; secr= ye tk 
tan x COs x sin x 
sin x. ~ _ cosz 


tans = ; cot - 
cos x sin x 


3 ~ “ 
* sin? x+cos?2=1; 1+ tan? x= sec? x; 1 + cot? x = cse*z. 


(3) Formulas for reducing angles 


Cosine Tangent Cotangent Secant Cosecant 
cos x — tan.x — cot a sec x. — csc x 
sin & cot x tan x ese x sec & 
— sin z —cot x — ‘tan x — csc x sec x 
— cos £ — tan £ —cotz —secx ese & 
= COS: tan x cot x — sec x — csc £ 
— sin x cot x tan x — csc £ — sec x 
sin x — cot x —tanz ese x — sec 2 
cos x —tanz —cotz sec x — csc &. 
» c / 
pee X—-l = fe ny . 
Xx 
2 >x—/ 
/- A x , 
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(4) Functions of (x + y) and (x — y) 


a sin (x + y) = sin x cos y + cos x sin y. 
rs sin (cv — y) = sin x cos y — cos x sin y. 
x cos (x + y) = cos x cos y — sin x sin y. 
A cos (« — y) =cosxcosy+sin xsin y. 
tan x + tan y tan « — tan y 
y tan (7 + Ee TCer entre oe. x -— y) = ————- 
VX ( is ee r ( y) 1+ tan x tan y 
(5) Functions of 2 x and 5 ak S 
Pe sin 2. = 2 Sin ©c0s 2; WRN SS coe ian ee 
‘ 1 — tan? x 
eee vs Le 
aes 1—cosxz an jl+cosz,, 2 [1 — cos x 
sin 5 =2+ ./— >—;; cos= = + . /———;; tan== SSE 
2 x 2 2 2 2 % 1+ cos x 


sin? =2— 7 cos 2a; cos? x = 4 +4 cos2 x. 
(6) Addition theorems 
la sin x + sin y = 2 sin4(x + y) cos $(x — y). 
sin x — sin y = 2 cos 3(x + y)sin $(x — y). 
~ cosx+ cosy = 2 cos 3(x + y) cos 4(x — y). 
in eosx—cosy = — 2sin4(x+ y)sin $(x— y). 


(7) Relations for any triangle 


Law of sines Ck dipoll =. 

; sn A sinB sinC 
Law of cosines. a2 = b? + c? — 2 bc cos A. 
Formulas for area. K = besin A. 


| 3 7 sin Bain C 
sin (B + C) 
= Vs(s — a)(s — b)(s —c), where s= 3(a+b+c). 
3. Formulas from plane analytic geometry. The more important for- 
mulas are given in the following list: 


(1) Distance between two points P1(x1, y1) and P2(x2, y2) 


= (i — #2) (1 — Ya)? 


Slope of P;P2. = eran 
Midpoint. 2=43(a +22), y=oyit y). 
(2) Angle between two lines 

tan 9 = aoa 


(For parallel lines, m: = m2; for perpendicular lines, m:mz = — 1.) 
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(3) Equations of straight lines 
Point-slope form. y—Y¥ = me — 2). 
Slope-intercept form. y = mz + b. 


phe BY mee Pee DN 


Two-point form. 
P fi “= Ti Lo bt 


Intercept form. : =f i = 
(4) Perpendicular distance from the line Ax + By +C=0 to Pi(x1, yi) 
d_ Au Tay Ge 
+ V A? -+ B? 


(5) Relations between rectangular and polar coérdinates 
x=pcos6, y=psind, p= V2?+4+ y?, 6 = are tan *. 
(6) Equation of the circle 


Center (h, k). (¢ —h)? + (y — k)? = 73. 
(7) Equations of the parabola 
Vertex the origin. y? = 2 pz, focus (3 p, 0). 
x? = 2 py, focus (0, 4 p). 
Vertex (h, k). (y —k)?=2 p(x —h), axisy =k. 
(x —h)? =2 p(y —k), axisx=h. 
Axis the y-axis. y= Ax? + C. 


(8) Equations of other curves 
Ellipse with center at the origin and with foci on the x-axis. 


es yee 
@ rs ee ib 
Hyperbola with center at the origin and with foci on the x-axis. 
2 y? 
ai: beam 


Equilateral hyperbola with center at the origin and with the codrdinate 
axes for asymptotes. 
xy = C. 
See also Chapter X XVI. 


4. Formulas from solid analytic geometry. Some of the more impor- 
tant formulas are given. 


(1) Distance between Pi(x1, y1, 21) and Po(xe, ye, 22) 
d = V (x1 — x2)? + (yr — y2)? + (@ — 22)?. 
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(2) Straight line 
Direction cosines: cos a, cos B, cos ¥. 
Direction numbers: a, b, c. 
Then cos a _ cos B_ cos 7, 
a b c 
cos? a + cos? 6B + cos? y = 1. 


COh es ee ee 
SEN G22 Ore? 

b 
cos 8 = ——_———______, 
tVe+ 0240? 

cos Y = G 


ne /e ae 
For the line joining (a1, y1, 21) and (xs, ye, 22) 


cosa cos B 7 cosy 
t—-%M Ye—-t w— ez 
(3) Two lines 
Direction cosines: cos a, cos B, cos y; cos a’, cos 8’, cos y’. 
Direction numbers: a, b, c; a’, b’, c’. 
If 0 = angle between the lines, 


cos 8 = cos a cos a’ + cos 8 cos B’ + cos y cos Y’, 


Fe ee ee OG 0a CC ae ee 
Niet 02 9678 GU C2 
Parallel lines. a eo 
Cob ec 
Perpendicular lines. aa’ + bb’ + cc’ =0. 


(4) Equations of the straight line with direction numbers a, b, c pass- 
ing through (x1, y1, 21) 
Bi ye ee Ye 
a b ic 
(5) Plane. For the plane Ax + By+ Cz+ D=0 the coefficients A, B, C 
are the direction numbers of a line perpendicular to the plane. 
Equation of a plane passing through (a1, y1, 21) and perpendicular to the 
line with direction numbers A, B, C. 
A(z — a1) + By — m1) + C(@— %) = 0. 
(6) Two planes 
Equations: Ax + By+Cz+ D=0, 
A’x + Bly + C’z+ D’=0. 
Direction numbers of the line of intersection : 
BC’ — CB’, CA' — AC’, AB’ — vAwe 
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If 0 = angle between the planes, then 


cos 6 = 


5. Greek alphabet 


LETTERS 


OMNEP UWP 
SSS avon C2 <2 Co 


a 


NAMES 
Alpha 
Beta 
Gamma 
Delta 
Epsilon 
Zeta 
Kta 
Theta 


LETTERS 


eal (ey 18 beg ee | esl 


ch 1S) Us gS EA GS 


AA’ + BB’ + CC’ 


NAMES 
lota 
Kappa 
Lambda 
Mu 
Nu 
Xi 
Omicron 
Pi 


LETTERS NAMES 


HSae+eRBHAMYA 
e«reoedc 


p Rho 
os Sigma 
re AEN 
Upsilon 
Phi 
Chi 
Psi 
Omega 


CHAPTER II 
VARIABLES, FUNCTIONS, AND LIMITS 


6. Variables and constants. A variable is a quantity to which an 
unlimited number of values can be assigned in an investigation. 
Variables are denoted usually by the later letters of the alphabet. 

A quantity whose value is fixed in any investigation is called a 
constant. 

Numerical or absolute constants retain the same values in all prob- 
lems; as 2, 5, V7, 7, ete. 

Arbitrary constants are constants to which numerical values may 
be assigned, and they retain these assigned values throughout the 
investigation. They are usually denoted by the earlier letters of 
the alphabet. 

Thus, in the equation of a straight line, 


a 
Tab t 


x and y are the variable codrdinates of a point moving along the 
line, while the arbitrary constants a and 6 are the intercepts, for 
which definite values are assumed. 

The numerical (or absolute) value of a constant a, as distinguished 
from its algebraic value, is represented by |a|. Thus, |— 2] = 2 = |2\. 
The symbol |a] is read ‘*‘the numerical value of a.” 

7. Interval of a variable. Very often we confine ourselves to a por- 
tion only of the number system. For example, we may restrict our 
variable so that it shall take on only values lying between a and b. 
Also, a and b may be included, or either or both excluded. We shall 
employ the symbol [a, 6], a being less than 6, to represent the num- 
bers a, b, and all the numbers between them, unless otherwise stated. 
This symbol [a, 6] is read ‘the interval from a to b.” 

8. Continuous variation. A variable x is said to vary continuously 
through an interval [a, b] when x increases from the value a to the 
value 6 in such a manner as to assume all values between a and b 
in the order of their magnitudes, or when x decreases from x = 6 to 
x = a, assuming in succession all intermediate values. This may be 


illustrated geometrically by the diagram on page 8. 
7 
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The origin being at O, lay off on the straight line the points A 
and B corresponding to the numbers a and 6. Also, Jet the point 
P correspond to a particular i 4 
value of the variable x. Evi- $$$, 
dently the interval [a, b] is rep- 
resented by the segment AB. As x varies continuously through 
the interval [a, b], the point P generates the segment AB when x 
increases, or the segment BA when «x decreases. 

9. Functions. When two variables are so related that the value of 
the first variable is determined when the value of the second variable 
is given, then the first variable is said to be a function of the second. 

Nearly all scientific problems deal with quantities and relations of 
this sort, and in the experiences of everyday life we are continually 
meeting conditions illustrating the dependence of one quantity on 
another. For instance, the weight a man is able to lift depends on 
his strength, other things being equal. Similarly, the distance a boy 
can run may be considered as depending on the time. Or we may 
say that the area of a square is a function of the length of a side, and 
the volume of a sphere is a function of its diameter. 

10. Independent and dependent variables. The second variable, to 
which values may be assigned at pleasure within limits depending 
on the particular problem, is called the independent variable, or 
argument; and the first variable, whose value is determined when 
the value of the independent variable is given, is called the dependent 
variable, or function. 

Frequently, when we are considering two related variables, it is 
in our power to fix upon either as the independent variable; but | 
having once made the choice, no change of independent variable is 
allowed without certain precautions and transformations. For ex- 
ample, the area of a square is a function of the length of its side. 
Conversely, the length of a side is a function of the area. 

11. Notation of functions. The symbol f(x) is used to denote a func- 
tion of x, and is read f of x. In order to distinguish between different 
functions, the prefixed letter is changed, as F(x), }(x), f’(x), ete. 

During any investigation a functional symbol indicates the same 
law of dependence of the function upon the variable. In the simpler 
cases this law takes the form of a series of analytical operations upon 
the variable. Hence, in such a case, the functional symbol will indicate 
the same operations or series of operations applied to different values 
of the variable. Thus, if 

f(x) =2?-92+14, 
then fy) =y? —9y+ 14. 
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Also f(6+1) = (6+1)2—9(b+1)+14=b?—7b+6, 
f(0) =02-9-0414=14, 
F(— 1) = (— 1)? - 9(-1) + 14 = 24, 
Foy 2? — 9 8 ida 4, 


12. Division by zero excluded. The quotient of two numbers a and 
b is a number «x such that a= bz. Obviously, division by zero is 
ruled out by this definition. For if b= 0, and we recall that any 
number times zero equals zero, we see that x does not exist unless 
a=(. But, in this case, x may be any number whatever. The forms 


a 0 
029-04 
are, therefore, meaningless. 


Care should be taken not to divide by zero inadvertently. The fol- 
lowing fallacy is an illustration: 


Assume that C=: 
Then, evidently, ab= a?. 
Subtracting b?, ab — b? = a? — 6?. 
Factoring, b(a — b) = (a+ b6)(a— BD). 
Dividing by a — b, b=a+b. 
But C—t0F 

therefore () = Ploy 

or i) 


The absurd result is due to the fact that we divided by a—b=0. 


PROBLEMS 
1. Given f(x) = x? — 10 x? + 31 x — 30, show that 
f0)=-— 30, f(2)=0, 8) =f), fi—1)=— 6f(6). 
2. If f(x) = 23 + 8 x2 — 5, find f(0), f(1), f(— 1), f(2), f(— 2). 
3. If F(x) = 4", find F(0), F(— 1), F(3). 
4. Given f(x) = x3 — 10 x? + 31 x — 30, show that 
f(a — 2) = x? — 16 x? + 83 x — 140. 
5. Given f(x) = x? —3 «+7, show that 
fle th) =x2?-82+74+ (2x—3)h+h’. 
6. Given f(x) = x2 + 4 x —1, show that 
fi@t+h)—f@)=2xt+4)ht bh? 
7. Given f(z) = +, show that 
< h 


f+ h) —f@) TT 
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8. If f(x) = a*, show that o(y) - d(z) = o(y + 2). 


— 7, show that 
+2 


LY cea 
oy) + o@) = 6(**) 
10. Given f(x) = sin x, show that 
f(x +2h) —f(x) =2 cos (x +h) sinh. 
Hint. Use (6), p. 3. 


13. Graph of a function; continuity. Consider the function 2?, 
and let ~ 

(1) y= x. 

This relation gives a value of y for any value of x; 
that is, y is defined by (1) for all values of the inde- 
pendent variable. The locus of (1), a parabola (see 
figure), is called the graph of the function 2x”. If x 
varies continuously (Art. 8) from z =a to x= b, then O x 
y will vary continuously from y = a? to y = b?, and 
the point P(x, y) will move continuously along the graph from the 
point (a, a”) to (b, b?). Also, a and b may have any values. We then 
say, “the function x? is continuous for all 
values of x.” 1 

Consider the function es and let 


9. Given ¢(x) = log 


Ya 


(2) y=t. 


This equation gives a value of y for any 
value of x except x= 0 (Art. 12). Forxz=0 
the function is not defined. The graph, the locus 
of (2), is an equilateral hyperbola (see figure). If x increases con- 
tinuously through any interval [a, b] which does not include x = 0, 
then y will decrease continuously from 1 to and the point P(a, y) 


will trace the graph between the corresponding points (a, *) , (6, s) . 


Then we say, ‘‘the function 2 is continuous for all values of x except 


x =0.” There is no point on the graph for x = 0. 

These examples illustrate the concept of continuity of a function. 
A definition is given in Art. 17. 

14. Limit of a variable. The idea of a variable approaching a limit 
occurs in elementary geometry in establishing a formula for the area 
of acircle. The area of a regular inscribed polygon with any number 
of sides n is considered, and n is then assumed to increase indefinitely. 
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The variable area then approaches a limit, and this limit is defined 
as the area of the circle. In this case the variable v (the area) in- 
creases constantly, and the difference a — v, where a is the area of 
the circle, diminishes and ultimately becomes less than any preas- 
signed. number, however small. 

The relation illustrated is made precise by the 

DEFINITION. The variable v is said to approach the constant I as 
a limit when the successive values of v are such that the numerical 
value of the difference » —/ ultimately becomes and remains less 
than any preassigned positive number, however small. 

The relation defined is written lim » = J. For convenience, we shall 
use the notation v — I, read, ‘‘v approaches / as a limit,” or, more 
briefly, “‘“v approaches 1.’”’ (Some authors use the notation v = 1.) 

ILLUSTRATIVE EXAMPLE. Let the values of v be 

1 1 
Paty 2h ont) 2h 
without end. Then, obviously, lim v = 2, or v > 2. 


1 
mee 


If we mark on a straight line, as in Art. 8, the point L correspond- 
ing to the limit J, and from L lay off on each side a length €, however 
small, then the points determined by »v will ultimately all lie within 
the segment corresponding to the interval [/ — e, 1+ €]. 

15. Limiting value of a function. In applications, the situation that 
usually arises is this. We have a variable v, and a given function z 
of v. The independent variable v assumes values such that v — 1. 
We then have to examine the values of the dependent variable z, 
and, in particular, determine if z approaches a limit. If there is a 
constant a such that lim z = a, then the relation described is written 

lim C=O 
read, ‘‘the limit of z, as v approaches J, is a.” 

16. Theorems on limits. In calculating the limiting value of a func- 
tion, the following theorems may be applied. Proofs are given in Art. 20. 

Suppose w, v, and w are functions of a variable x, and suppose that 


lmge— A, lm — B. linnw — C. 


Then the following relations hold: 
(1) lim (u+v—w)=A+B—C. 
(2) lim (uvw) = ABC. 
(3) lim 4 = * if B is not zero. 


x-a 
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Briefly, in words, the limit of an algebraic sum, of a product, or 
of a quotient is equal, respectively, to the same algebraic sum, product, 
or quotient of the respective limits, provided, in the last named, that the 
limit of the denominator is not zero. 


If cis a constant (independent of x) and B is not zero, then, from 
the above, 


(4) lim(@u+c)=A+e, limecw=cA, lim S = 5 


wa za 


Consider some examples. 
1. Prove lim (x? +4 7) = 12. 
w>2 


Solution. The given function is the sum of x? and 4x. We first find the limit- 
ing values of these two functions. By (2), 


lim «2 =4, since x? = 2-2. 


272 
By (4), lim4 7 = 4 lima 8: 
x72 => 
Hence, by (1), the answer is 4+ 8 = 12. 
22 —9 5 


2. Prove lim Bae = rn 


Solution. Considering the numerator, lim (z? — 9) = — 5, by (2) and (4). For 


z>2 
the denominator, lim (2 + 2) = 4. Hence, by (3), we have the required result. 
272 


17. Continuous and discontinuous functions. In Ex. 1 of the pre- 
ceding article, where it was shown that 


lim (x?-+ 42) = 12, 
x2 


we observe that the answer is the value of the function for x = 2. 
That is, the limiting value of the function when x approaches 2 as a 
limit is equal to the value of the function for x = 2. The function is 
said to be continuous for x = 2. The general definition is as follows: 

DEFINITION. A function f(x) is said to be continuous for « = a if 
the limiting value of the function when x approaches a as a limit is 
the value assigned to the function for x = a. In symbols, if 


lim f(x) =f (a), 


then f(x) is continuous for x = a. 

The function is said to be discontinuous for x = a if this condition 
is not satisfied. 

Attention is called to the following two cases of common oc- 
currence. 
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: CASE I. As an example illustrating a simple case of a function con- 
tinuous for a particular value of the variable, consider the function 
SL 

For x = 1, f(x) = f(1) = 8. Moreover, if x approaches 1 asa limit, 
the function f(x) approaches 3 as a limit (Art. 16). Hence the 
function is continuous for x = 1. 

CASE I. The definition of a continuous function assumes that 
the function is already defined for x = a. If this is not the case, how- 
ever, it is sometimes possible to assign such a value to the function 
for x =a that the condition of continuity shall be satisfied. The 
following theorem covers these cases: 


Theorem. If f(x) is not defined for x = a, and if 
lim f(x) = B, 


then f(x) will be continuous for x =a if B is assumed as the value of 
oe) fOr t= ds 
Thus, the function 


xv? —4 

x—2 

is not defined for x = 2 (since then there would be division by zero). 
But for every other value of x, 


ee nD 
x—2 y 
and lim («+ 2) = 4; 
x72 
therefore lim aaa eS Ae 
x72 Ce, 


Although the function is not defined for x = 2, if we arbitrarily as- . 
sign to it the value 4 for x = 2, it becomes continuous for this value. 


A function f(x) is said to be continuous in an interval when it 1s 
continuous for all values of x in this interval.* 


In the calculus we have to calculate frequently the limiting value 
of a function of a variable » when v approaches as a limit a value a 
lying in an interval in which the function is continuous. This limit- 
ing value is the value of the function for v = a. 

18. Infinity (o). If the numerical value of a variable v ultimately 
becomes and remains greater than any preassigned positive number, 

* In this book we shall deal only with functions which are in general continuous, that is, 
continuous for all values of x, with the possible exception of certain isolated values, our 


results in general being understood as valid only for those values of x for which the function 
in question is actually continuous. 
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however large, we say v becomes infinite. If v takes on only positive 
values, it becomes positively infinite; if negative values only, it 
becomes negatively infinite. The notation used for the three cases is 
lim v = 0, lim v=-+ 0, lim vy = — 0. 
In these cases v does not approach a limit as defined in Art. 14. The 
notation lim v=, or v >, must be read ‘‘v becomes infinite,” 
and not ‘‘v approaches infinity.” * 
We may now write, for example, 
il 


lim = = 00, 
27 0 L 


meaning that : becomes infinite when x approaches zero. 


Referring to Art. 17, it appears that if 
lim f(x) = 0, 


that is, if f(z) becomes infinite as x approaches a as a limit, then 
f(x) is discontinuous for x = a. 

A function may have a limiting value when the independent 
variable becomes infinite. For example, 

lim Ls : 
And, in general, if f(z) approaches the constant value A as a limit 
when x — oo, we use the notation of Art. 17 and write 
lim FCs 

Certain special limits occur frequently. These are given below. The 
constant ¢ is not zero. 


Written in the form of limits Abbreviated form often used 
1 lim £ = co, C_ 
( ) v9 0V ce 0 ss 
(2) lim ¢piesicor C-0O= 0, 
(3) lim 2 = oo, 2a a. 
v> 0 Cc 
(4) lim £ = 0. £=0. 
v>ao VU (oe) 


*On account of the notation used and for the sake of uniformity, the expression 
0 — + ~ is sometimes read ‘‘v approaches the limit plus infinity.”’ Similarly, »— —© is 
read ‘‘v approaches the limit minus infinity,” and v > © is read ‘‘v, in numerical value, 
approaches the limit infinity.” 

This phraseology is convenient, but the student must not forget that infinity is not a 
limit, for infinity is not a number at all. 
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These special limits are useful in finding the limiting value of the 
quotient of two polynomials when the variable becomes infinite. 
The following example will illustrate the method: 

ILLUSTRATIVE EXAMPLE. Prove lim 22—3#*+4_ _ 2, 

2700 DX — HX? —7T 23 7 

Solution. Divide numerator and denominator by x, the highest power of x 

present in either. Then we have 


r> 0 5x2 — 22 —7 2x3 too oO 1 : 
oD eae ae 
aoe a 


The limit of each term in numerator or denominator containing x is zero, by (4). 
Hence, by (1) and (8) of Art. 16 we obtain the answer. In any similar case the 
first step is therefore as follows: 


Divide both numerator and denominator by the highest power of the variable 
occurring in either. 
If uw and v are functions of x, and if 
lim %= A; hm 7 0, 
z-a ra 
and if A is not zero, then 
lim “ = o. 
x27 a0 
This notation provides for the exceptional case of (8), Art. 16, 
when B = 0 and A is not zero. See also Art. 20. 


PROBLEMS 


Prove each of the following statements : 


so eli A lg 
ie Be Db x? 5 


‘ 5 — 2 x? Gi 
Proof. lim ——-— = | 
A bse 824+ 52? ~—> 00 245 


[Dividing both numerator and denominator by 2?.] 


The limit of each term in numerator and denominator containing x is zero, by 
(4). Hence, by (1) and (3), Art. 16, we obtain the answer. 


Fi ey iia eeu 
bane ee 
5, itpiyp caetusllaee SRE, 


oo 16ir eee 
4. lim (4 y3 + 8 hy? — 2h?) =4 y’. 
h-0 


5. lim (2 «2 — 3 hx + h?) = 0. 
hoo 
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: (20+k)?—3 kx? _» 
Gre eee) 


32°?+4e—-2_¢6 


7, hn <2 2 ee 
: 2x—5 
8. in ee 
os tim Wombat 1 ++ ay _ ao, 


eo Dot” + bia Ni -pee Do 
10 i ee ae 
Sola reer 
ET ee 


ee 
5 = 20%. 
—a 


14. lim ee = nz—1, 


h->0 


13. lim 


ented = Sines Maa 
Me cE 


16. lim Ve th— Va 
h-0 h Vx 


Proof. The limiting value cannot’ be found by substituting h = 0, for we then 


obtain (Art. 12) the indeterminate form st We then transform the expression in 


0 
a suitable manner as indicated below, namely, rationalize the numerator. 
Veth—-Va, Veth+Ve_  e+h—-2  _ 1 
h Vath+Vx AVxthtV2) Vethtve 
Hence lim Vath=Ve =lim AE eS eee 
h—>0 h ho0Ve+h+Va2 2Vz 


17. Given f(x) = x?, show that 
lim (2+) —f@ _ 9» 


ho-0 h 
18. Given f(x) = ax? + bx + c, show that 
lin =2ar+b. 


h-0 


19. Given f(x) = t » show that 
tm LOA —S@) _ 1, 


h>0 h x? 
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19. Infinitesimals. A variable » which approaches zero as a limit 
is called an infinitesimal. This is written (Art. 14) 


limv=0 or »—0, 


and means that the numerical value of v ultimately becomes and 
remains less than any preassigned positive number, however small. 

If lim » = 1, then lim (v — 1) = 0; that is, the difference between a 
variable and its limit is an infinitesimal. 

Conversely, zf the difference between a variable and a constant is an 
infinitesimal, then the variable approaches the constant as a limit. 

20. Theorems concerning infinitesimals and limits. In the following 
considerations all variables are assumed to be functions of the same 
independent variable and to approach their respective limits as this 
variable approaches a fixed value a. The constant e is a preassigned 
positive number, as small as we please, but not zero. 

We first prove four theorems on infinitesimals. 


I. An algebraic sum of n infinitesimals is an infinitesimal, n being 
a fixed number. 

For the numerical value of the sum will become and remain less 

than e when the numerical value of each infinitesimal becomes and 


: € 
remains less than a 


II. The product of a constant c by an infinitesimal is an infinitesimal. 

For the numerical value of the product will be less than e when 
the numerical value of the infinitesimal is less than Te] . 

III. The product of n infinitesimals is an infinitesimal, n being a’ 
fixed number. 

For the numerical value of the product will become and remain 
less than e when the numerical value of each infinitesimal becomes 
and remains less than the nth root of e. 


IV. If imv = 1, and 1 is not zero, then the quotient of an infinitesimal 
i by v ts also an infinitesimal. 

For we can choose a positive number c, numerically less than J, 
such that the numerical value of v ultimately becomes and remains 
greater than c, and also such that the numerical value of 7 becomes 
and remains less than ce. Then the numerical value of the quotient 
will become and remain less than e. 

Proofs of the theorems of Art. 16. Let 


(1) u—-A=it,v—B=j,w—C=k. 
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Then 7, 7, k are functions of x, and each approaches zero as x — a; 
that is, they are infinitesimals (Art. 19). From equations (1), we 
obtain 

(2) utov—w—(A+B—C)=i4+j-k. 
The right-hand member is an infinitesimal by theorem I above. 
Hence, by Art. 19, 

(8) lim (w+v—w)=A+B-C. 


From (1), we have w=A+?2, v= B+). By multiplication and 
transposing AB we get 

(4) w—-AB=AjJ+Bi+y. © 
By the above theorems I-III the right-hand member is an infinitesi- 
mal, and hence 

(5) lim wo = AB. 


The proof is readily extended to the product wow. 

Finally, we may write 

o 0B B+j B BB+j) 
The numerator in (6) is an infinitesimal by theorems I and II. By 
(3) and (4), lim B(B+ 7) = B®. Hence, by theorem IV, the right- 
hand member in (6) is an infinitesimal, and 


7 Say 
(7) lim | a 


Hence the statements in Art. 16 are proved. 


CHAPTER III 


DIFFERENTIATION 


21. Introduction. We shall now proceed to investigate the man- 
ner in which a function changes in value as the independent variable 
changes. The fundamental problem of the differential calculus is to 
establish a measure of this change in the function with mathematical 
precision. It was while investigating problems of this sort, dealing 
with continuously varying quantities, that Newton* was led to the 
discovery of the fundamental principles of the calculus, the most 
scientific and powerful tool of the modern mathematician. 

22. Increments. The increment of a variable in changing from one 
numerical value to another is the difference found by subtracting the 
first value from the second. An increment of x is denoted by the 
symbol Az, read “delta x.” The student is warned against reading 
this symbol ‘‘delta times x.”’ 

Evidently this increment may be either positive or negative + 
according as the variable in changing increases or decreases. Similarly, 


Ay denotes an increment of y, 
Ag _ denotes an increment of ¢, 
Af(x) denotes an increment of f(x), etc. 


If in y = f(x) the independent variable x takes on an increment Az, 
then Ay will denote the corresponding increment of the function f(x) 
(or dependent variable y). 

The increment Ay is always to be reckoned from the definite 
initial value of y corresponding to the arbitrarily fixed initial value 
of z from which the increment Az is reckoned. For instance, consider 


the function 
y = x7, 


* Sir Isaac Newton (1642-1727), an Englishman, was a man of the most extraordinary 
genius. He developed the science of the calculus under the name of Fluxions. - Although 
Newton had discovered and made use of the new science as early as 1670, his first published 
work in which it occurs is dated 1687, having the title ‘‘ Philosophiae Naturalis Principia 
Mathematica.” This was Newton’s principal work. Laplace said of it, “It will always remain 
preéminent above all other productions of the human mind.’ See frontispiece. 

t+ Some writers call a negative increment a decrement. 


19 
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Assuming «= 10 for the initial value of x fixes y= 100 as the 
initial value of y. 


Suppose x increases to x = 12, that is, Ax = 2; 


then y increases to y= 144, and Ay= 44. 
Suppose x decreases to x = 9, that is, Ax =—1; 
then y decreases toy= 81, and Ay=—19. 


In the above example, y increases when x increases and y decreases 
when x decreases. The corresponding values of Ar and Ay have 
like signs. It may happen that y decreases as x increases, or the 
reverse; in either case Ax and Ay will then have opposite signs. 

23. Comparison of increments. Consider the function 


(1) Yy = x. 
Assuming a fixed initial value for x, let x take on an increment Az. 
Then y will take on a corresponding increment Ay, and we have 
y + Ay = (x + Az)?, 


or y+ Ay=u?+22-Ax-+ (Az). 
Subtracting (1), y = 72 
(2) Ay= 2x-Ax+ (Az)? 


we get the increment Ay in terms of x and Az. 

To find the ratio of the increments, divide both members of (2) 
by Ax, giving 
Ayes 22+ Ax. 
(as 


If the initial value of x is 4, it is evident (Art. 16) that 


Let us carefully note the behavior of the ratio of the increments of 
x and y as the increment of x diminishes. 


Initial New Increment Initial New Increment 
Value of x | Value of x Ax Value of y | Value of y 


5.0 1.0 16 25. 

4.8 0.8 16 23.04 
4.6 0.6 16 21.16 
4.4 0.4 16 19.36 
4.2 0.2 16 17.64 
4.1 0.1 16 16.81 
4.01 0.01 16 16.0801 
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It is apparent that as Az decreases, Ay also diminishes, but their 
ratio takes on the successive values 9, 8.8, 8.6, 8.4, 8.2, 8.1, 8.01, 


illustrating the fact that the value of Ay can be brought as near to 


Ax 
8 as we please by making Av sufficiently small. Therefore 
Nv 
Be ae 


24. Derivative of a function of one variable. The fundamental 
definition of the differential calculus is as follows: 


The derivative* of a function is the limit of the ratio of the increment 
of the function to the increment of the independent variable, when the 
latter increment varies and approaches zero as a limit. 


When the limit of this ratio exists, the function is said to be differ- 
entiable, or to possess a derivative. 

The above definition may be given in a more compact form sym- 
bolically as follows: Given the function 


(1) y=f(x), 


and consider x to have a fixed value. 
Let x take on an increment Ax; then the function y takes on an 
increment Ay, the new value of the function being 


(2) y + Ay =f + Az). 

To find the increment of the function, subtract (1) from (2), giving 

(3) Ay = f(a + Az) — f(z). 

Dividing both members by the increment of the variable, Az, 
we get 

( Ax 7AM» 


The limit of this ratio when Ax approaches zero as a limit is, from 
the definition, the derivative and is denoted by the symbol a - Therefore 


ype ee (hee) i) 
(A) dx sae 0 Ax 
defines the derivative of y [or f(x)] with respect to x. 


From (4) we get also 
dy ae fanes eu 
dx Ax-0 Ax 


* Also called the differential coefficient or the derived function. 
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Similarly, if w is a function of ¢, then 


du lim Au _ derivative of wu with respect to ¢. 


dt atoo At 
The process of finding the derivative of a function is called dzffer- 


entiation. 
25. Symbols for derivatives. Since Ay and Az are always finite and 


have definite values, the expression 


is really a fraction. The symbol 


however, is to be regarded not as a fraction but as the limiting value of 
a fraction. In many cases it will be seen that this symbol does possess 
fractional properties, and later on we shall show how meanings may 


be attached to dy and dz, but for the present the symbol dy ; is to be 
considered as a whole. dec 

Since the derivative of a function of x is in general also a function 
of x, the symbol f’(x) is also used to denote the derivative of f(x). 


Bence if y = f(x), 
: dy _ 
we may write ae = f'(x), 
which is read ‘the derivative of y with respect to x equals f prime 
of x.’ The symbol d 
dx 


when considered by itself is called the differentiating operator, and 
indicates that any function written after it is to be differentiated with 
respect to x. Thus, 


ve or i y indicates the derivative of y with respect to x; 


i It) indicates the derivative of f(x) with respect to x; 


—- fe x* + 5) indicates the derivative of 2 x2 + 5 with respect tox. 
dy, 

dx 

The symbol D, is used by some writers instead of ie. If, then, 


dx 
y =f(x), 


ef is an abbreviated form of 
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we may write the identities 


yf =H = Sy = 4 he) = D.F@ =f. 


It must be emphasized that the variable, in the essential step of 
letting Ax — 0, is Az, and not x. The value of the latter is assumed 
fixed from the start. To emphasize that x = xo throughout, we may 

write 
Ax 0 


Ag 


26. Differentiable functions. From the Theory of Limits it is clear 
that if the derivative of a function exists for a certain value of the 
independent variable, the function itself must be continuous for that 
value of the variable. 

The converse, however, is not always true, functions having been 
discovered that are continuous and yet possess no derivative. But 
such functions do not occur often in applied mathematics, and in this 
book only differentiable functions are considered, that is, functions that 
possess a derivative for all values of the independent variable save at 
most for isolated values. 

27. General Rule for Differentiation. From the definition of a deriv- 
ative it is seen that the process of differentiating a function y= f(x) 
consists in taking the following distinct steps: 


GENERAL RULE FOR DIFFERENTIATION * 


First Step. In the function replace x by x + Ax, and calculate the 
new value of the function, y + Ay. 

SECOND STEP. Swbtract the given value of the function from the new 
value and thus find Ay (the increment of the function). 

THIRD STEP. Divide the remainder Ay (the increment of the function) 
by Ax (the increment of the independent variable). 

Fourtu Step. Find the limit of this quotient when Ax (the inere- 
ment of the independent variable) varies and approaches zero as a limit. 
This is the derivative required. 


The student should become thoroughly familiar with this rule by 
applying the process to a large number of examples. Three such 
examples will now be worked out in detail. Note that the theorems 
of Art. 16 are used in the Fourth Step, x being held constant. 


* Also called the Four-Step Rule. 
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ILLUSTRATIVE EXAMPLE 1. Differentiate 3 x? + 5. 
Solution. Applying the successive steps in the General Rule, we get, after placing 


First Step. 


Second Step. 


Third Step. 


Fourth Step. 


y=3x? +5, 
y + Ay =3(4 + Az)? +5 
=822+62-Ax+3(Az)? +5. 
y+ Ay=322+6a-Ax+ (Ax)? +5 


y = one +5 
Ay = 62- Ax + 3(Az)? 
Sy _ : 

Ay ee ae Ax. 
dy _ 
ene Ans. 


We may also write this 


pei (8 ei ee eee 
y = 7 (Ba? +5) =6a. 


ILLUSTRATIVE EXAMPLE 2. Differentiate x? —2x2+ 7. 


Solution. Place 


First Step. 


Second Step. 


Third Step. 


Fourth Step. 


Or 


ILLUSTRATIVE EXAMPLE 38. 


Solution. Place 


First Step. 


Second Step. 


Third Slep. 
Fourth Step. 


Or 


y=u—224+4+7. 
y + Ay = (x + Ax)? — 2(2 + Ax) +7 


=23+32?-Axr+3x- (Ax)? + (Ax)? —-24—2-Ax+7. 
y + Ay =23 +38 22-Ax+3ax- (Ax)? + (Ax)? -22—2-Ax+7 


y = 


Ay= 3 a2?-Ax+32x- (Ax)? + (Ax) 


A 
Ay = 82? +82 Ax + (Az)? —2, 


dy a re 2a 
dx 


pd a Saud 
y =a 22+7)=32?—2. 


Differentiate ©. 
x2 


c€ 
y= 3" 


bo 


x 
c 
yt+Ay=c ap 
ps al aan 
c 
y Saas 
Ae c _ £6 Ax(2-c+ Az) 
(7+ Axz)2 x? x?2(a + Ax)? 
Ay 224. 2+ Ar 
Ax x? (a + Ax)? 
dy 6. fy Be eR a 
eS (m2 eS he 


—22 


+7 
—2-Az 


DIFFERENTIATION 


PROBLEMS 
Use the General Rule in differentiating each of the following functions: 
dy f 
ly=42?. Ans. ~=8x. = 10, p= ——=—. fies Lye 
da Pog Cee Ge 
2y=3—- 2, Wes ll.y=3e—« y=x?—-1 
_1l-2z on padi 
etsa ae i ee ae A Sree 
dt 
= dp _ [seg ‘= 1 
4.p=@—3 0. [Ta Yy eee y (1 — x)? 
ee dy +2 ctA4 
oy = iis y= : ‘=— 
y=mz+b qn 14. y 2 y 2 
: dz 
6. 2=8-28, @—61-62 px gas pote 
dt Soa aaa Y= @+1? 
2 dy 4 
1wWy= >: — = 
ae dx 16.u=—=—- (Nie aah MeO 
e es Cee (v? + 1)? 
Be a ER ahs 7. eat +8. pee Od Cm 
2t+1° dt (2t+1)? 18.y=(2+2)2, y'=2a4+4, 
19n.y=527-6xe+7. %4y=(84+2)4 —-2). jarrgune: Lis 
20.s=4—t-282. 25. y = (b+ 2). 1—? 
21. p=90—3 03, —a2e Tipe. 
v eee 20 saa Y= rie 
22. ¥ = (a — x). 
a7. y= 22. 30. y= 5 
23. y= (ex + 1)(@+4 2). x—2 2-2 


28. Interpretation of the derivative by geometry. We shall now 
consider a theorem which is fundamental in all applications of the 


differential calculus to geometry. It is 
necessary to recall the definition of the 
tangent line to a curve at a point P on 
the curve. Let a secant be drawn through 
P and a neighboring point Q on the curve 


(see figure). Let Q move along the curve 
and approach P indefinitely. Then the 


secant will revolve about P, and its limiting position is the tangent 


line at P. Let 


(1) y =f(2) 


be the equation of a curve AB. This curve is the graph of f(x) 


(see figure). 
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Now differentiate (1) by the General Rule and interpret each step 
geometrically from the figure (p. 25). We choose a point P(x, y) 
on the curve, and a second point Q(a + Az, y+ Ay) near P, also 
on the curve. 


FIRST STEP. y + Ay =f(x + Az) = NQ 
SECOND STEP. y + Ay =f(x + Ax) = NQ 
y = f(x) = MP=NR 


Ay = f(x + Ar) — f(x) = RQ 
Ay _ f(a +Ax) — f(x) __ RQ _ RQ 
THIRD STEP. ica Ne = AN GEDP 
= tan 2 = tale 
= slope of secant line PQ. 


At this point, therefore, we see that the ratio of the increments Ay 
and Az equals the slope of the secant line drawn through the points 
P(x, y) and Q(a + Az, y + Ay) on the graph of f(x). 

Let us examine the geometric meaning of the Fourth Step. The 
value of x is now regarded as fixed. Hence P is a fixed point on the 
graph. Also, Az is to vary and approach zero as a limit. Obviously, 
therefore, the point Q is to move along the curve and approach P as a 
limiting position. The secant line drawn through P and Q will then 
turn about P and approach the tangent line at P as its limiting 
position. In the figure, 


¢ = inclination of the secant line PQ, 
7 = inclination of the tangent line PT. 


Then lim ¢=7. Assuming that tan ¢ is a continuous function (see 
Az— 0 


Art. 70), we have, therefore, 
FOURTH STEP. We f' (x) = lim tan ¢ = tan 7; 
dx Az 0 
= slope of the tangent line at P. 


Thus we have derived the important 


Theorem. The value of the derivative at any point of a curve is equal 
to the slope of the tangent line to the curve at that point. 


It was this tangent problem that led Leibnitz* to the discovery of 
the differential calculus. 


* Gottfried Wilhelm Leibnitz (1646-1716) was a native of Leipzig. His remarkable 
abilities were shown by original investigations in several branches of learning. He was 
first to publish his discoveries in calculus in a short essay appearing in the periodical Acta 
Eruditorum at Leipzig in 1684. It is known, however, that manuscripts on Fluxions 
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ILLUSTRATIVE EXAMPLE. Find the slopes of the tangents to the parabola y = x? 
at the vertex and at the point where x = 3. 


Solution. Differentiating by the General Rule (Art. 27), we get 
(2) a = 2x =slope of tangent line at any point (x, y) on curve. 


To find slope of tangent at the vertex, substitute x =0 in (2), 
giving dy _ 5 
dx : 
Therefore the tangent at the vertex has the slope zero; that 
is, it is parallel to the x-axis and in this case coincides with it. 
To find the slope of the tangent at the point P, where x = 3, 
substitute in (2), giving 


Ww 


dx } 
that is, the tangent at the point P makes an angle of 45° with the z-axis. 


PROBLEMS 


Find by differentiation the slope and inclination of the tangent line 
to each of the following curves at the point indicated. Verify the result 
by drawing the curve and the tangent line. 


1. y= 4 — x?, where x = 2. Ans. —4; 104° 2’, 
24 —4 4 — x72, where x = 2. Os O% 
3. y =% where x = 3. —1; 135°. 

e 4. y =x? — 5» where x = 0. —4; 153° 26’. 
5. y= 2° — 3 x, wherex=1. 2 We, 

— 6. y=22—x°, wherex=-—1. —1; 135°. 


In each of the three following problems find (a) the points of inter- 
section of the given pair of curves; (b) the slope and inclination of the 
tangent line to each curve, and the angle between the tangent lines, at 
each point of intersection (see (2), p. 3). 


%y=2—7?, Ans. Angle of intersection = are tan 4 = 53° 8’. 
= as 

hs 0) Sa = By are tan 3 = 71° 34’ and arc tan 75 = Om oe 
A ouei—20 s 

9y=xu?—2xe+1, are tan #8, = 28° 4’. 


y=T4+24— 22. ; 
10. Find the angle of intersection between the curves y= 7 and 

y = 6 — x? at the point (2, 2). 
written by Newton were already in existence, and from these some claim Leibnitz got the 
new ideas. The decision of modern times seems to be that both Newton and Leibnitz 


invented the calculus independently of each other. The notation used today was intro- 
duced by Leibnitz. 


CHAPTER IV 
RULES FOR DIFFERENTIATING ALGEBRAIC FORMS 


29. Importance of the General Rule. The General Rule for differen- 
tiation, given in the last chapter (Art. 27) is fundamental, being found 
directly from the definition of a derivative, and it is very important 
that the student should be thoroughly familiar with it. However, the 
process of applying the rule to examples in general has been found 
too tedious or difficult : consequently special rules have been derived 
from the General Rule for differentiating certain standard forms of 
frequent occurrence in order to facilitate the work. 

It has been found convenient to express these special rules by 
means of formulas, a list of which follows. The student should not 
only memorize each formula when deduced, but should be able to 
state the corresponding rule in words. 

In these formulas uw, v, and w denote functions of x which are 
differentiable. 


FORMULAS FOR DIFFERENTIATION 


dc 
I apes 
dx 
II ages 
d pa due u0l aw 
Il de Cae oe eer 
d dv 
IV ay 6c) ee 
d ae du du 
V qq UY) = ai gkes 
d dv 
VI 2p \S = Ge. 
irae baer dx 
Via a (x) = nxr-1 
dx 3 
du dv 
vil ES 
dx\v v2 
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29 
du 
Vil a £() ox, 
dx\c c 
dy dy dv 
Vill = oe ax’ Y being a function of v. 
d 
IX = = a y being a function of x. 
dy 


30. Differentiation of a constant. A function that is known to have 


the same value for every value of the independent variable is con- 
stant, and we may denote it by 


As x takes on an increment Az, the function does not change in 
value, that.is, Ay = 0, and 


ANY 
Ax =. 
Ay _ dy _ 
But Ee Nene at 
. dc 
I ae: 


The derivative of a constant is zero. 


This result is readily foreseen. For the locus of y = ¢ is a straight 
line parallel to OX, and its slope is therefore zero. But the slope is 
the value of the derivative (Art. 28). 


31. Differentiation of a variable with respect to itself 


Let y=. 
Following the General Rule (Art. 27), we have 
FIRST STEP. y+ Ay=x+ Az. 
SECOND STEP. Ay = Ae. 
THIRD STEP. se = 
x 
FOURTH STEP. we ==1; 
. x 
. ax 
II Se 1 


The derivative of a variable with respect to itself is unity. 


This result is readily foreseen. For the slope of the line y = x is 
unity. 
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32. Differentiation of a sum 


Let y=utv—w. 
By the General Rule, 
FIRST STEP. y+ Ay=u+t Au+o+ Av—w-— Aw. 
SECOND STEP. Ay = Au + Av — Aw. 
Ay Au, Av Aw. 
THIRD STEP. aa a 0 
Now (Art. 24), 
fim 24294; jim 22-82) Sim See? 


apd AL 2 dt “xpno At wae ase mee 
Hence, by (1), Art. 16, 
dy du,dv dw 


FOURTH STEP. pad Dee peda AS eh ak Teka 
di dE rs 


ad _du,dv_ dw 
III ste mise ere ber 
A similar proof holds for the algebraic sum of any number of 
functions. 
The derivative of the algebraic sum of n functions is equal to the same 
algebraic sum of their derivatives, n being a fixed number. 


33. Differentiation of the product of a constant and a function 


Let Ope 
By the General Rule, 
_ FIRST STEP. y + Ay =c(v+ Av) = cv + cAr. 
SECOND STEP. Ay = cA?. 
Ay _ Av, 
THIRD STEP. Ape ns 
Whence, by (4), Art. 16, 
dy _ , dv, 
FOURTH STEP. ec de 
d dv 
IV oo =c—: 
FRAG Fare 


The derivative of the product of a constant and a function is equal to 
the product of the constant and the derivative of the function. 


34. Differentiation of the product of two functions 
Let y = U0. 

By the General Rule, 

First STEP. y + Ay = (w+ Au)(v + Av). 


RULES FOR DIFFERENTIATING ALGEBRAIC FORMS 31 


Multiplied out, this becomes 
y + Ay = uv + uAv + vAu + AudAr. 
SECOND STEP. Ay = uAv + vAu a AuAv. 


ie ae 
Ax “fg a nee oe i 


Applying (2) and (4), Art. 16, noting that lim Au = 0, and hence 


THIRD STEP. 


Ar 0 
that the limit of the product Au si is zero, we have 

dy dv du 

T : = 4 — —- 
FOURTH STEP Fes rar re 

d dv du 

V oS =u— . 
FEE at ap Oars 


The derivative of the product of two functions is equal to the first 


function times the derivative of the second, plus the second function 
times the derivative of the first. 


35. Differentiation of the product of n functions, n being a fixed 


number. When both sides of V are divided by wv, this formula 
assumes the form 


dap) de dy 
as — de , de, 
“ww 


If, then, we have the product of » functions 


Yio ees 
we may write P 
d dv a = 
7 (0102 Un) i, (v203 Un) 
0102 °° * Un a V7 OPE OO OU 
dv dz a =p esta - Un) 
_ Us Bie 
oy V2 304° * + Un 
dv dvz dts dn 
ie . tikes MG bs dx 
aor of = 7s a 7 + = a 


Multiplying both sides by 1172 --- In, we get 


d 
+ (0102 +++ Un) = (0203 * + + Un) nee (v103 °° Un) oe 


+ (0102 ++ + Un—1) Bical 
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The derivative of the product of n functions, n being a fixed number, 
is equal to the sum of the n products that can be formed by multiplying 
the derivative of each function by all the other functions. 

36. Differentiation of a function with a constant exponent. The 
Power Rule. If the n factors in the above result are each equal to 2, 
we get | 


es dv 
AB dx 
————$S = In: 
yn v 
° d 70 tao ee 
VI oa ate Ae 


When v = 2, this becomes 


d 

VI — 

e! dx 

We have so far proved VI only for the case when 1 is a positive 

integer. In Art. 65, however, it will be shown that this formula 

holds true for any value of n, and we shall make use of this general 
result now. 


(x2) = nxe-t, 


‘The derivative of a function with a constant exponent is equal to the 
product of the exponent, the function with the exponent diminished by 
unity, and the derivative of the function. 

This rule is called the Power Rule. 

37. Differentiation of a quotient 


Let y= 2 (v ¥ 0) 
By the General Rule, 
_u+tAu 
First STEP. y+ Ay= TE 
SECOND STEP. Ay = UtAu_u_v-Au—w- Av 
4 v+Av v v(v + Av) 
Au Av 


THIRD STEP. a Fe ee ee 
Ax v(v + Av) 


Applying (1)-(4), Art. 16, 


FOURTH STEP. — = 


VI ies () svdxiuedsy 
v2 
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The derivative of a fraction is equal to the denominator times the 
derivative of the numerator, minus the numerator times the derivative 
of the denominator, all divided by the square of the denominator. 


When the denominator is constant, set » = c in VII, giving 


du 
dx\c c 
[ Since a = de = | 


We may also get VII a from IV as follows: 


du 
Tee 


The derwwative of the quotient of a function by a constant is equal to 
the derivative of the function divided by the constant. 


PROBLEMS* 
Differentiate the following : 
i, pS ae 
Solution. dy = cas (a?) =3 2?. Ans. By Via 
dx dx 
fe = 84 
2.4 = axt — bz?. 
: dy_ a _ ne permed a by III 
Solution. ap ads (ax* — bx?) = = (ax*) ia (bx?) Vy 
an SLE Tale AI oe by IV 
Set Ce) b—, @) y 
=4ax3 —2 bx. Ans. By VI a 
3.y=rt +5 
om ee = ty by III 
Solution. Ae de (a3) + ig (5) My 
= 3 xe. Ans. ; By Via and I 
eee he We8 
4,.y= /2 yg t 80. ; 
ton, a= 3 ot) — £ (7 - + £ (8 3: ~ by II 
Solution. ae de (845) mE (12-3) + ae (8 x7) y 
=29g8 +L a F4+2ta-7, Ans. By IV and Vl a 


* When learning to differentiate, the student should have oral drill in differentiating 
simple functions. 
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5. y = (a? — 3)4. 
i dy = 2— 9)4 a 2s by VI 
Solution. ae 5(x 3) aE (a 3) y 


[v = x? — 3, andn=5.] 


= 5(@2 — 3)4-2%=10 x(a? —3)4. Ans. 


We might have expanded this function by the Binomial Theorem ((8), 
p. 1), and then applied III, ete., but the above process is to be preferred. 


6. y = Va? — x, 
Solution. 22 = (2 — 22)t=+ (g2 — 22)-3 £ (@? — 2?) by VI 
(hey (alee 2 dx 
[v = a? — x2, andn = t. 
pa Pr ee a ae ee oe 
=5 (a x?)—3 (—22)= aaa Ans. 
7y=(80?+2) V14+ 5 x?. 
; dy _ 2 a 2)4 24 @ 2 
Solution. ee ar Dery Canes be ag Oy AEE opal 26: + 2) by V 


(u=322+2, andv=(1+522)?.] 
= (30? +2)2 (14522) 3 2 (1+522)+(14+522)462 byVlete. 


= (342 +2)(14+522)-25x24+62x(1 +522)? 
—52(82°+2). 6 qa pp n titlee 4, 


V1+5 2x? V1+52? 
2 2 
(yee Ae 
a2 — x2 
id d 1 
ep, la? pom hig a ome (Cte et Narn i 
lihon ee 
Solution a eS by VII 
— 2 x(a? — x?) + x(a? + x?) 
(a? — a2)3 


[Multiplying both numerator and denominator by (a? — x2)3,] 
Pe ae 

it 3 a2 a wil 
(a? — x?)3 


Verify each of the following differentiations: 


ns. 


a ia = 7 He 
9.7, (6x 20+ 5) = 18 7? — 2: 
a Deere 
10.7 (6 +32% v6) =627— 6 29 
d 


12. a (ax” — rx*) = ar(x?-1 — 22-1), 
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Lg A es 

18. 7 (5 yh +6) = 2-4, 

14, a (42-1 —7 4-2) =— 44-24 14 7-8, 


1 


16. 4 (6  — 9 #2) = 2 1-3 — 67-3. 


17. a (12 + 12 + 12 1-3 =9 ¢-4 — 971-3. 


Gh 8 2 an 
18 qg@ CB) = 3H Ze 
1 1 1 
19. y = 2Vx —- ——. ee 
id oN a ees 4aVx 
+ bt + ct? a b 3cVvi 
S0e sg aor Cte. s) = — —— 4+ —— + F; 
Vi HN OR 
1 Dien 
2 V2 6. ——- 7 = ——_— 
V26 20V20 
2 
22.y=V3442. fae ae 
4 V38+42 
oe 1 
p 28: y= V/4—-3 2. ‘= — 
bee ra? YG =8 a 
iy a0 
24.y= V1 +522, Oe ale Ae 
i a Z WALES ae) 
1 . x 
25. = Y= AC 
J Va? a x? (a? = x?)2 
26. f(x) =. fits. f'(e) == —— 
2efi+¢ 
xv 
27, F(0) = (2—5 6)8. = 
(2—5 6) 
28. dy) = (8 + 5 y?)3. $'(y) = 380 (3 + 5 y?)2, 
aye dy _2a+3bz 
ey, — Vv bx. + = ———_—__. 
29.y=2Va-+ bx ie Sate 
3 ds_1412—2¢ 
30. s=t2 V6t—1. Sees ee 
: EMG F152 
C= 2 dy _ 2a 


ata de (@+x)? 
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1+ 62 dr 24 Oem 

32. Seay pa. do (1 — 62)? 
enh Cat dy ogee LSA 
Bee ate gh dx V4 — 33 
x dy sit tee bere. 

tt BEN pe arr dx ~~ (ya — Byh 


dy _ 2(x? +4042) 


y= 2)Va2+4 2x. 
ET Beater N78 dx Vx? + 4x 


——— ds_14¢—5?# | 
.s=tPV7—2t. = = SS 
ie di V\7a3t 
91. y= M2462. Cig aciake a 
x dz 472246 x)8 
= dy 4x+2 
38. y = (x —1)Wz +1. nad Se Shey 
dt “3(@+1)3 
apes dy _P, 
39. y¥ = V2 px | a 
2 
AO oN ae. ae 
a dx a’y 
— (qt — x3)? dy o/Y 
41. y = (a3 — x3)?. ae 2 


Differentiate each of the following functions: 


42. f(a) = 28 —2Vi + 47. F(0) = V3 6? — 10. 
x 
2—3 2? ; 
cae Soper 48.y=xV7—6 22. 


x 
th 3 
oS seat 49.y= [got S: 
45. f(r) = fp. 50 ene 
Ve244 


46.s= Oi: st 8 
3 5l.y=V1i+22V14 30. 
In each of the following problems find the value of au for the given 
value of x: 
52. y = (vw? — 2)8; +=2, Ans. 48. 


mle 
: 


68. y= V2z+,/2; ti Vid 
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Sh earn ti ers Ans. 2. 


| 
dle 


66. y=V18—52; c=1. 


|" 


57. y = V25— 22; c= 4. ar 
58. y=xV64+52; c= 2, 5A. 
bo. y= Ve tes cae — 3. 
‘hip viii VO Sere ial 2. 
6l. y= (24—3)3; x=1. 64. y= V13—22; c=2. 
62.y=V2n+V4e2; 2=4, 65. y= 2V25—22; c= 4. 
63 y= Fat, 66. y= Votes, pee 


38. Differentiation of a function of a function. It sometimes hap- 
pens that y, instead of being defined directly as a function of z, is 
given as a function of another variable v, which is defined as a func- 
tion of x. In that case y is a function of x through v and is called a 
function of a function. 


ye 20 
For example, if Y ia 
and v= 1— x2, 


then y is a function of a function. By eliminating v we may express y 
directly as a function of x, but in general this is not the best plan 


when we wish to find dy , 
“dx 


If y = f(v) and v = ¢(x), then y is a function of x through v. Hence, 
when we let x take on an increment Az, v will take on an increment Av 
and y will also take on a corresponding increment Ay. Keeping this 
in mind, let us apply the General ;Rule simultaneously to the two 


functions PaO ERT escieak 
First Step. y+Ay=f(v+ Av) y+ Av= ¢o(4+ Az) 
SECOND STEP. y+Ay=f(v+ Av) y+ Av= o(a+4+ Az) 
Wiese J (0) serene Uae pee OUT) coe ee ee 
Ay=fiu+Ar)—f)  Av=o(@+Ax)— o(@) 
muepSrap, AY f@+A0)—fo), Av_d@+Ax)—4@), 


Av Ao Az Az 
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The left-hand members show one form of the ratio of the increment 
of each function to the increment of the corresponding variable, and 
the right-hand members exhibit the same ratios in another form. Be- 
fore passing to the limit let us form a product of these two ratios, 
choosing the left-hand forms for this purpose. 


Sod Ay Av , Ay 
This gives AG a his which equals Te 
Write thi Ay _ Ay Av 

rite this ee Ue 


FourtH Step. When Ax — 0, then also Av > 0. Passing to the 
limit, 


(A) dy _ dy dv, By (2), Art. 16 
dx dv dx 

This may also be written 
dy =H) oF XG 

@) Y= S)- $'@). 


If y=f(v) and v = (2), the derivative of y with respect to x equals 
the product of the derivative of y with respect to v by the derivative of v 
with respect to x. 

39. Differentiation of inverse functions. Let y be given as a func- 
tion of x by means of the relation 


y = f(a). 
It is often possible in the case of functions considered in this book 
to solve this equation for x, giving 
x= oy); 
that is, we may also consider y as the independent and x as the 
dependent variable. In that case 
f(x) and ¢$(y) 


are said to be inverse functions. When we wish to distinguish between 
the two it is customary to call the first one given the direct function 
and the second one the inverse function. Thus, in the examples which 
follow, if the second members in the first column are taken as the 
direct functions, then the corresponding members in the second 
column will be respectively the inverse functions. 


y=o +1, e=+Vy—1. 
Y= a”, 6 log, Y. 
y=sing, x =arcsiny. 
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Let us now differentiate the inverse functions 


y=f(x) and x= ¢(y) 
simultaneously by the General Rule. 


First Step. y+Ay=f(z+ Az) x+Ax= (y+ Ay). 
SECOND STEP. y+Ay=f(x-+ Az) x+ Axv=d(y+ Ay) 
y = f(x) x = (y) 


Ay=f(z+Ax)—f@)  Az=(y+Ay)— oy) 
THIRD STEP. au _f@+Az)—f@) Ax _ oy+ ae — oy), 
y 


NG Ay 
Taking the product of the left-hand forms of these ratios, we get 
Nye cae 1 
Mee Ny? 
Ay_ 1 
or iy We 
Ay 


FOURTH STEP. When Ax — 0, then also, in general, Ay— 0. Pass- 
ing to the limit, 


dimen 
(C) aes by (38), Art. 16 
2 
or 
D 74 
o a ra) y 


The derivative of the inverse function is equal to the reciprocal of the 
derivative of the direct function. 


40. Implicit functions. When a relation between x and y is given 
by means of an equation not solved for y, then y is called an implicit 
function of x. For example, the equation 

(1) x2-—A4y=0 
defines y as an implicit function of x. Evidently x is also defined by 
means of this equation as an implicit function of y. 

It is sometimes possible to solve the equation defining an implicit 
function for one of the variables and thus obtain an explicit function. 
For instance, equation (1) may be solved for y, giving 


1 
Up = 7 oo 
showing y as an explicit function of z. In a given case, however, 


such a solution may be either impossible or too complicated for 
convenient use. 
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41, Differentiation of implicit functions. When y is defined as an 
implicit function of x, it was explained in the last article that it 
might be inconvenient to solve for y in terms of « or x in terms of y 
(that is, to find y as an explicit function of x, or x as an explicit 
function of y). 

We then follow the rule: 


Differentiate the equation as given, regarding y as a function of x, 
: dy 
and solve for TE 


This process will be justified in Art. 215. Only corresponding 
values of x and y which satisfy the given equation may be substi- 
tuted in the derivative. d 

Let us apply this rule in finding = from 


ax® + 2 x3y — y7x = 10. 


C2 RO a 3 d .4 d ; 
Chen e (ax®) + ie (2 x%y) — 7 (y't) = rT (10) ; 
dy dy 
5 3 ay OP pd Phy il ay _ q. 
6ar°+ 22 qe + OVY y 2 pete: 


(228 — Tay?) Hh = y? — 6 ax8 — 6 0%y; 
dy y’ — 6 ax>— 6 xy 
dx BaF — T xy gh 


The student should observe that in general the result will contain 
both x and y. 


PROBLEMS 


Find “a from each of the following equations: 


1. y2 = 2 px. Annee: 
des 7 
2. 2? + y2 = 2, dy__ &, 
: Fr : 
"8. b22? + a2y2 = a?b?2, dy __ bx, 
dx ay 
Pay dy _ bx 
OA be dx a’y 
5. sy=c dy__y 
dx a 
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2 2 2 d 8 | 
7o+ys=as, Ans. ve — yt. 
8.22°+ y3—38ary=0. i ae 

dx y*—ax 
Sa — 2ay y= 1. 12. x?y? — at -—2y*=6. 

1 10.2+ Veyt+y=a. 13. x Vy — y Vz = 10. 

ll.c+2Ve-—yt+4y=c. 14.24 L=o, 


Find the slope of each of the following curves at the given point: 
15. 77 +3c¢y+y?+1=0; (2,-1). Ans. — 
1657-9 eyed = 0; (1; — 1). _ 
17. V2+ Vy=5; (4, 9). | — 
18. V22—WVy=1; (4, 1). 

19. 23 — ary +2 ay2= 23; (a, a). 
20. x7 =6y—y?; (—2, 2). 


colko colt NIE boloo BIR BIH 
. °. . clas 5 


21. Show that the parabolas y? = 2 r(e + 5) and y2=2 (8 si 2) 
intersect at right angles. 


22. Show that the circle x2 + y?-—10x=0 is tangent to the circle 
x? +y?—162+8y — 20 =0 at the point (2, 4). 


23. At what angle does the line y = x cut the curve x? + xy + y?=12? 


CHAPTER V 
VARIOUS APPLICATIONS OF THE DERIVATIVE 


42. Direction of a curve. It was shown in Art. 28 that if 


y =f(x) 


is the equation of a curve (see 
figure), then 

ay = slope of the line tangent 

* to the curve at PGst): 


The direction of a curve at 
any point is defined as the direction of the tangent line to the curve 
at that point. Let 7 = inclination of the tangent line. Then the 
slope = tan 7, and 
dy 


ea tan 7 = slope of the curve at any point P(x, y). 


At points such as D, F, H, where the direction of the curve is 
parallel to the x-axis and the tangent line is horizontal, 
Tt = 0; therefore nt =a (3 
At points such as A, B, G, where the direction 
of the curve is perpendicular to the x-axis and 
the tangent line is vertical, 


Tt = 90°; therefore “ becomes infinite. 


ILLUSTRATIVE EXAMPLE 1. Given the curve y == — x? +2 (see figure). 
(a) Find the inclination + when x = 1. 
(b) Find 7 when « = 38. 


(c) Find the points where the direction of the curve is parallel to OX. 

(d) Find the points where rt = 45°. 

(e) Find the points where the direction of the curve is parallel to the line 
2%—3y=6 (line AB). 


Solution. Differentiating, ou = 77 —2 4 = tan 7. 


42 


VARIOUS APPLICATIONS OF THE DERIVATIVE 43 


(a) When x = 1, tanz = 1 —2 =~—1s; therefore r = 135°. Ans. 

(b) When « = 3, tan7 =9—6=8; therefore r= 71° 34’. Ans. 

(c) When 7 = 0, tan7 =0; therefore x2 -22=0. Solving this equation, we 
get x=0 or 2. Substituting in the equation of the curve, we find y =2 when 
x=0, y=% when x=2. Hence the tangent lines at C(0, 2) and D(2, 2) are 
horizontal. Ans. 


(d) When T= 45°, tant =1; therefore x2 -22=1. Solving this equation, we 
get x=1+ V2=2.41 and — 0.41, giving two points where the slope of the curve 
(or tangent) is unity. 

(e) Slope of the given line= 43; therefore 22—2x2=2. Solving, we get 
ies Ie \/ $ = 2.29 and — 0.29, giving the abscissas of the points F and # where 
the direction of the given curve (or tangent) is parallel to the line AB. 

Since a curve at any point has the same direction as its tangent 
line at that point, the angle between two curves at a common point 
will be the angle between their tangent lines at that point. 

ILLUSTRATIVE EXAMPLE 2. Find the angle of intersection of the circles 

(A) y+y?—42=1, 

(B) Coy? — 2 yi 9: 

Solution. Solving simultaneously, we find the points of intersection to be 
(3, 2) and (1, — 2). 

Let m: = slope of the tangent to the circle A at (x, y), 
and mz = slope of the tangent to the circle B at (a, y). 


¥) 


OY Be 
Then from (A), m= = ae , by Art. 41 
dy 2 
=o = : B : 
and from (B), Me re tae y Art. 41 


Substituting « = 3, y = 2, we have 
m, = — 4 =slope of tangent to (A) at (8, 2). 
mz = — 8 =slope of tangent to (B) at (3, 2). 
The formula for finding the angle 8 between two lines whose slopes are m 
and mz is 


m — M2 
= ——. 2), Art. 3 
ce 0 FE eS (2) 
Substituting, tan @ = Seats =1; .».6=45°. Ans. 


This is also the angle of intersection at the point (1, — 2). 

43. Equations of tangent and normal; lengths of subtangent and sub- 
normal. The equation of a straight line passing 7 
through the point (x, y1) and having the slope a 
Ts y—y=m(e—2). (8), Art. 3 
Ifsthis line is tangent to the curve AB at the 
point P:(21, y1), then m is equal to the slope of 
the curve at (21, y:). Denote this value of m by m. Hence at the 
point of contact Pi(xi, yi) the equation of the tangent line TPi is 


(1) y — yi = m1 (xX — 1). 


MN xX 
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The normal being perpendicular to the tangent, its slope is the 
negative reciprocal of m: ((2), Art. 3). And since it also passes 
through the point of contact Pi(e1, yi), we have for the equation 
of the normal PiN, 


@) y-n=-=(@-n). 


That portion of the tangent which is intercepted between the 
point of contact and OX is called the length of the tangent (= TP), 
and its projection on the z-axis is called the length of the subtangent 
(= TM). Similarly, we have the length of the 4 
normal (= P,;N) and the length of the sub- a 
normal (= MN). 


In the triangle TP:M, tan r= m= a, : 
therefore r MN X 
(3) PM Ties ee = length of subtangent. 
My, a 
In the triangle MPN, tan 7 = m = a therefore 
1 
(4) MN* = mM P, = my; = length of subnormal. 


The length of the tangent (7Pi) and the length of the normal 
(PiN) may then be found directly from the figure, each being the 
hypotenuse of a right triangle having two legs known. 

When the length of subtangent or subnormal at a point on a curve 
is determined, the tangent and normal may easily be constructed. 


PROBLEMS 


1. Find the equations of tangent and normal and the lengths of sub- 
tangent, subnormal, tangent, and normal, at the point (a, a) on the cissoid 


y= Stake ¥ 
2a-—-2 
Solution. ot) = A ae 
dx y(2a—2x)? 
Substituting x = a, y = a, we have F{aa) 
3 Ne 
Me ee slope of tangent. oar oy 


a(2a— a)? 
Substituting in (1) gives ; 
y =2 x —a, equation of tangent. 
Substituting in (2) gives 
2y+2=8 a, equation of normal. 
* Tf the subtangent extends to the right of 7, we consider it positive; if to the left, 


negative. If the subnormal extends to the right of M, we consider it positive; if to the 
left, negative. 
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Substituting in (8) gives SE ; = length of subtangent. 
Substituting in (4) gives MN = 2 a=length of subnormal. 
— (TM)? & (MPs ja? a 
Also, PT = V(TM)? + (MP)? = VGt@=5 V5 = length of tangent, 


and PN = V(MN)? + (MP)? = V4 a? + a2= aV5 = length of normal. 


2. Find the equations of the tangent and normal at the given point 
on each of the following curves: 


(a) y=a2?7—32+2; (0, 2). Ans. 8x+y=2,7-—3y=-—6. 
wae Da bee es 


(C3 cy ye + 10; (2,1), 
(dy? —2y+3a=8; @, 1). 


3. Show that the subtangent to the parabola y? = 2 pz is bisected at 
the vertex, and that the subnormal is constant and equal to p. 


4. Find the equations of the tangent and normal, and the lengths of 


the subtangent and subnormal, at the point (21, yi) on the circle x? + y2=r?. 
2 
Ans. mxt+yy=r?, ny —yx=0,- ae — %. 
1 
5. Find the equations of the tangent and normal at (x, y:) to the 
ellipse 62x? + a?y? = a?b?. 
Ans. 62x02 + a?yyy = a?b?, a®yrx — b2ary = r1y1(a? — 62). 


6. Find the equations of the tangent and normal, and the lengths of 
the subtangent and subnormal, to each of the following curves at the 
points indicated : 


@)y="; aa IMSS 0 0] Sy 0 OS By, Aly, ale 
-~ (b) x2+4y?=25; (8,2). Ans. 834+ 8y=25,8x%—3y=18, —18, — 3. 


(every = 12553, 4). 
(d) «? —2 y? =18; (6, — 3). 


7. Find the area of the triangle formed by the z-axis and the tangent 
and the normal to the curve y? = 8 x at the point (2, 4). Ans. 16. 


8. Find the area of the triangle formed by the y-axis and the tangent 
and the normal to the curve 4 x? + y? = 20 at the point (1, — 4). 


9. Find the angles of intersection of each of the following pairs of 
curves : 


(Qqay=a74 472 — 8 — 2 y. AW Se TO ue 
yp (b) 4y=22?-34,4y=274+4. 
Ans. At (4,5), 9°28’; at (—1, #), 33°41’. 
(c) w=2?— 4,272 +y?-627+4=0. 
(acy 0, 12-2? = "29. 
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10. Find the points of contact of the horizontal and vertical tangents 
to each of the following curves: 

(a) y= xu? —62. Ans. Horizontal, (3, — 9). 

(b) x=3y—y?. Vertical, ({, 3). 

(c) a2 +4y?—8x=0.> 

(d) 22+ 2y+ y? =4. 

Ans. Horizontal, (+ 2/3, + 4vV/3) ; vertical, (+ svV3, 3 2V3). 

(e) x? —ay+4y?=16. 

(f) 2? +4ay—y?=9. 

11. Show that the hyperbola x? — y? = 5 and the ellipse 4 72+ 9 y?=72 
intersect at right angles. 


3 
12. Show that the circle x? + y? = 8 ax and the cissoid y? = 3 ae ; 
(a) are perpendicular at the origin ; 


(b) intersect at an angle of 45° at two other points. 


13. Show that the tangents to the folium of Descartes x? + y? = 8 axy 
at the points where it meets the parabola y? = az are parallel to the 
axis of y. 


14. Find the equation of the normal to the parabola y? = 16 x which 
makes an angle of 45° with the x-axis. 


15. Find the equations of the tangents to the circle x? + y? = 41 which 
are parallel to the line 4 a+ 5y=12. 


16. Find the equations of the tangents to the hyperbola 4 x? — y? = 36 
which are perpendicular to the linex+2y=4. 


17. Find the equations of the two tangents to the ellipse x2 + 4 y? = 18 
which pass through the point (2, 2). Ans. x+2y=6,x+14y = 30. 


18. Show that the sum of the intercepts on the codrdinate axes of the 
tangent line at any point to the parabola x? + y? =a? is constant and 
equal to a. 


19. Show that for the hypocycloid x? + ys =a the portion of the tan- 
gent line at any point included between the codrdinate axes is constant 
and equal to a. 


ae cthecanieear 
100’ e€ unlt oO 


distance is 1 yd., the x-axis being horizontal, and the origin being the 
point from which the ball is thrown. (a) At what angle is the ball thrown? 
(b) At what angle will the ball strike a vertical wall 75 yd. from the 
starting point? (c) If the ball falls on a horizontal roof 16 yd. high, at 


20. The equation of the path of a ball is y=a— 
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what angle will it strike the roof? (d) If thrown from the top of a build- 
ing 24 yd. high, at what angle will the ball strike the ground? (e) If 
thrown from the top of a hill which slopes downward at an angle of 45°, 


at what angle will the ball strike the ground? x 


i 21. The cable of a suspension bridge hangs in z 
the form of a parabola and is attached to support- 
ing pillars 200 ft. apart. The lowest point of the cable is 40 ft. below 
the points of suspension. Find the angle between the cable and the sup- 
porting pillars. 


200—__> 


44, Maximum and minimum values of a function; introduction. In 
a great many practical problems we have to deal with functions 
which have a greatest (maximum) value or a least (minimum) 
value,* and it is important to know what particular value of the 
variable gives such a value of the function. 

For instance, suppose that it is required to find the dimensions of 
the rectangle of greatest area that can be inscribed in a circle of 
radius 5 inches. Consider the circle in the following figure. Inscribe 
any rectangle, as BD. 

Let CD =x; then DE = V100 — x?, and the area of the rectangle 
is evidently 


(1) A=2xV 100 — x? 


That a rectangle of maximum area must exist may be seen as follows: 
Let the base CD (=) increase to 10 inches (the diameter); then 
the altitude DE = V 100 — x? will decrease to zero and the area will 
become zero. Now let the base decrease to 
zero; then the altitude will increase to 10 
inches and the area will again become zero. 
It is therefore evident by intuition that there 
exists a greatest rectangle. By a careful study 
of the figure we might suspect that when the 
rectangle becomes a square its area would be 
greatest, but this would be guesswork. A 
better way would evidently be to plot the 
graph of the function (1) and note its behavior. To aid us in draw- 
ing the graph of (1), we observe that 

(a) from the nature of the problem it is evident that x and A must 
both be positive; and 

(b) the values of x range from zero to 10 inclusive. 

Now construct a table of values and draw the graph, as in the 
figure on page 48. 


* There may be more than one of each, as illustrated on page Bp, 
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What do we learn from the graph? 


pl 


* 


0 
1 
2 
3 
4 
5 
6 
tl 
8 
9 
0 


i 


tb --~-—~--——-—— —- --—- - ~~ ~~ - —_ 


(a) If carefully drawn, we may find quite accurately the area of 
the rectangle corresponding to any value of x by measuring the length 
of the corresponding ordinate. Thus, 


when “= OM = 3n., 

then A= Mie 25.Ge0ninus 

and when ON = eine 

then A= NQ = about 39.8 sq. in. (found by measurement). 


(b) There is one horizontal tangent (RS). The ordinate TH from 
its point of contact T is greater than any other ordinate. Hence this 
discovery: One of the inscribed rectangles has evidently a greater area 
than any of the others. In other words, we may infer from this that 
the function defined by (1) has a maximum value. We cannot find 
this value (= HT) exactly by measurement, but it is very easy to 
find by the calculus. We observed that at 7 the tangent was 
horizontal; hence the slope will be zero at that point (Art. 42). To 
find the abscissa of 7 we then find the derivative of A with respect 
to x from (1), place it equal to zero, and solve for x. Thus we have 


(1) A=2V100 — x, 
dA _ 100-2 2? 100 — 2 4? _ 
dx /100—22 ~V100—22 — 
Solving, r=5 V2. 
Substituting, we get DE = V100 — x2 = 5vV2. 
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Hence the rectangle of maximum area inscribed in the circle is a 
square of area * 
A=CD X DE = 5V2 x 5V2 = 50 sq. in. 
The length of HT is therefore 50. 


Take another example. A wooden box is to be built to contain 
108 cu. ft. It is to have an open top and a square base. What must 
be its dimensions in order that the amount of material required shall 
be a minimum; that is, what dimensions 
will make the cost the least? 


Let x = length of side of square base in feet, 
and y= height of box. 

Since the volume of the box is given, how- 
ever, 'y may be found in terms of x. Thus, 
y 108 


42 


Volume = x?y = 108; 


We may now express the number (= M) of square feet of lumber 
required as a function of x as follows: 


Area of base = x? sq. ft., 


and Area of four sides = 4 xy = Ce sq. ft. Hence 
(2) Man +S 


* 
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is a formula giving the number of square feet required in any such box 
having a capacity of 108 cu. ft. Draw a graph of (2), as in the figure. 
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What do we learn from the graph? 


(a) If carefully drawn, we may measure the ordinate correspond- 
ing to any length (= x) of the side of the square base and so deter- 
mine the number of square feet of lumber required. 

(b) There is one horizontal tangent (RS). The ordinate of its 
point of contact T is less than any other ordinate. Hence this dis- 
covery: One of the boxes evidently takes less lumber than any of the 
others. In other words, we may infer that the function defined by 
(2) has a minimum value. Let us find this point on the graph ex- 
actly, using the calculus. Differentiating (2) to get the slope at any 
point, we have 

dM _ 432 


et 


At the lowest point T the slope will be zero. Hence 


ge lah 
x2 


that is, when x = 6 the least amount of lumber will be needed. 
Substituting in (2), we see that this is 


M = 108 sq. ft. 


The fact that a least value of M exists is also shown by the follow- 
ing reasoning: Let the base increase from a very small square to a 
very large one. In the former case the height must be very great and 
therefore the amount of lumber required will be large. In the latter 
case, while the height is small, the base will take a great deal of 
lumber. Hence M varies from a large value, grows less, then in- 
creases again to another large value. It follows, then, that the graph 
must have a “lowest’’ point corresponding to the dimensions which 
require the least amount of lumber and therefore would involve the 
least cost. 

We will now proceed to the treatment in detail of the subject of 
maxima and minima. 

45. Increasing and decreasing functions.* Tests. A function y= f(z) 
is said to be an zncreasing function if y increases (algebraically) when 
az increases. A function y = f(x) is said to be a decreasing function 
if y decreases (algebraically) as x increases. 

The graph of a function indicates plainly whether it is increasing 
or decreasing. For instance, consider the graph in Fig. a, p. 51. 


* The proofs given here depend chiefly on geometric intuition. The subject of maxima 
and minima will be treated analytically in Art. 125, 
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As we move along the curve from left to right the curve is rising ; 
that is, as x increases the function (= y) increases. Obviously, Ay 
and Ax agree in sign. 

On the other hand, in the graph of yy 
Fig. b, as we move along the curve from 
left to right the curve is falling; that is, 
as x increases, the function (= y) always 
decreases. Clearly, Ay and Ax have op- 
posite signs. 

That a function may be sometimes increasing and sometimes 
decreasing is shown by the graph (Fig. c) of 

GQ) y=22?—9 274 122-8. 

As we move along the curve from left to 
tight the curve rises until we reach the point 
A, falls from A to B, and rises to the right of 
B. Hence 

(a) from x=— 0 to x=1 the function ts 
increasing ; 

(b) from x=1 to x=2 the function is de- 
creasing ; 

(c) from x=2 to r=+ 0 the function is 
increasing. Fig. 6 


Ay 
Aa 


FIG. a 


y 


At any point, such as C, where the function is increasing, the 
tangent makes an acute angle with the x-axis. The slope is positive. 
On the other hand, at a point, such as D, where 
the function is decreasing, the tangent makes 
an obtuse angle with the x-axis, and the slope is 
negative. Hence the following criterion: 


4 


A function is increasing when tis derivative 1s 
positive, and decreasing when its derivate 1s 
negative. 

For example, differentiating (1) above, we 
have 

(2) ot = f"(2) Bee? 11S a AOC Cee) 


FIG. c 


When x < 1, f’(x) is positive, and f(x) is increasing. 
When 1 < x < 2, f’(x) is negative, and f(x) is decreasing. 
When x > 2, f’(z) is positive, and f(x) is increasing. 
These results agree with the conclusions arrived at above from 
the. graph. 
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46. Maximum and minimum values of a function; definitions. A 
maximum value of a function is one that is greater than any value 
immediately preceding or following. 

A minimum value of a function is one that is less than any value 
immediately preceding or following. 

For example, in Fig. c, Art. 45, it is clear that the function has a 
maximum value MA (= y= 2) when x =1, and a minimum value 
NB (= y= 1) when x = 2. 

The student should observe that a maximum value is not neces- 
sarily the greatest possible value of a function nor a minimum value 
the least. For in Fig. c it is seen that the function (= y) will have 
values to the right of B that are greater than the maximum M4, and 
values to the left of A that are less than the minimum NB. 

If f(z) has a maximum value when xz = 4, it is clear that f(x) is 
an increasing function of « when z is slightly less than a, and a de- 
creasing function of « when z is slightly greater than a. That is, 
f'(z) changes sign from + to — as x increases through a. Therefore, 
if continuous, f’(2) must vanish when x = a. 

Thus, in the above example (Fig. c), at C, f’(x) is positive; at 
ernie) = 0; at D, i (eis negauves 

On the other hand, if f(x) has a minimum 
value when x = a, then f(x) is a decreasing func- 
tion when « is slightly less than a, and an in- 
creasing function when 2 is slightly greater 
than a. Hence f’(a) changes sign from — to + 
as x increases through a. Therefore, if con- 
tinuous, f’(x) must vanish when x = a. Fic. ¢ 

Thus, in Fig. c, at D, f’(x) is negative; at B, f’(c)=0; at E, 
f’ (x) is positive. 

We may then state the conditions in general for maximum and 
minimum values of f(x). 


f(x) is a maximum if f’(x) = 0 and f’(x) changes sign from + to —. 
f(x) is a minimum if f’(x) = 0 and f’(x) changes sign from — to +. 


MeN 
1 ee 


The values of the variable satisfying the equation f’(x) = 0 are 
called critical values; thus, from (2), Art. 45, x = 1 and x = 2 are the 
critical values of the variable for the function whose graph is shown 
in Fig.c. The critical values determine turning points where the 
tangent is parallel to OX. 

To determine the sign of the first derivative at points near a 
particular turning point, substitute in it, first, a value of the variable 
slightly less than the corresponding critical value, and then one 
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slightly greater. If the first sign is + and the second —, then the 
function has a maximum value for the critical value considered. 

If the first sign is — and the second +, then the function has a 
minimum value. 

If the sign is the same in both cases, then the function has neither 
a maximum nor a minimum value for the critical value considered. 
For example, take the above function in (1), Art. 45, 


(1) Y— f(t) == 2 7? — 944-19 es. 
Then, as we have seen, 
(2) f'() = 6@ — 1)(@ — 2). 


Setting f’(x) = 0, we find the critical values x =1, 7 =2. Let us 
first test ¢ = 1. We consider values of x near this critical value to be 
substituted in the right-hand member of (2), and observe the signs 
of the factors. (Compare Art. 45.) 

When x < 1, f’(~) = (—)(—) =+. 

When « > 1, f’(a) = (4)(—) =. 
Hence f(x) has a maximum value when x= 1. By the 
table, this value is y = f(1) = 2. 

Next, test « = 2. Proceed as before, taking values of x now near 

the critical value 2. : 

When x < 2, f’(x) = (4+)(—) = -. 

When x > 2, f’(z) = (+)(4) = +. 
Hence f(x) has a minimum value when x = 2. By the table above, 
this value is y = f(2) = 1. 

We shall now summarize our results in a working rule. 

47. First method for examining a function for maximum and mini- 
mum values. Working rule. 


First Step. Find the first derivative of the function. 

SECOND STEP. Set the first derivative equal to zero and solve the resulting 
equation for real roots. These roots are the critical values of the variable. 

THIRD STEP. Considering one critical value at a time, test the first 
derivative, first for a value a trifle less* and then for a value a trifle greater 
than the critical value. If the sign of the derivative is first + and then —, 
the function has a maximum value for that particular critical value of the 
variable; but if the reverse is true, then tt has a minimum value. If the 
sign does not change, the function has nerther. 

* In this connection the term “little less,’’ or ‘‘ trifle less,” means any value between the 


next smaller root (critical value) and the one under consideration; and the term ‘“‘little 
greater,” or ‘‘trifle greater,” means any value between the root under consideration and 


the next larger one. 
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In the Third Step, it is often convenient to resolve f’(x) into 
factors, as in Art. 46. | 
ILLUSTRATIVE EXAMPLE 1. In the first problem worked out in Art. 44 we showed 
by means of the graph of the function 
A=2V100 — x? 


that the rectangle of maximum area inscribed in a circle of radius 5 in. con- 
tained 50 sq. in. This may now be proved analytically as follows by applying the 


above rule. 


Solution. f(x) = xV 100 — x?. 
First Step. {oa as 
V100 — x2 
Second Step. Setting f’(x) = 0, we have 
a= 5V2=7.07, 


which is the critical value. Only the positive sign of the radical is taken, since, 
from the nature of the problem, the negative sign has no meaning. 

Third Step. When x < 5V2, then 2 x? < 100, and f’(zx) is +. 

When x > 5V2, then 2 x2 > 100, and f’(z) is —. 

Since the sign of the first derivative changes from + to —, the function has a 
maximum value f(5V2) =5V2-5V2=50. Ans. 


ILLUSTRATIVE EXAMPLE 2. Examine the function (x — 1)?(x+1)3 for maxi- 
mum and minimum values. 
Solution. f(x) = (a — 1)2(x +1). 
First Step. f'(x) =2(@—1)(x«+1)3+38(a#—1)?(@ +1)? =(a@—-1)(44+1)2(5xa—1). 
Second Step. (x —1)(x+1)2(5”%—1) =0. 
Hence x = 1, — 1, 3, are the critical values. 
Third Step. f'(w) = 5(a —1)(a + 1)?(a — 2). 
Examine first the critical value « = 1 (C in figure). 
When x < 1, f’(x) = 5(—)(+)2(+) =. 
When x > 1, f’(x) = 5(+)(+)?(4) = +. 
Therefore, when x = 1 the function has a minimum value f(1) = 0 (= ordinate 


OL 1G). 
Examine now the critical value x = + (B in figure). 


When «x < 3, f’(x) = 5(—)(+)2(—) = +. 
When x > 4, f’(x) = 5(—)(+)2(+) =-. 
Therefore, when x = ? the function has a maximum value f(¥) =1.11 (= ordi- 
nate of B). 
Examine lastly the critical value x = — 1 (A in figure). 
When x < — 1, f’(x) = 5(—)(—)2(—) = +. 
When x > — 1, f'(x) = 5(—)(+)2(—) = +. 


Therefore, when + = — 1 the function has neither a maximum nor a minimum 
value. 
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48. Maximum or minimum values when f’(x) becomes infinite and 
f(x) is continuous. Consider the graph in the figure. At B, or G, 


f(x) is continuous and has a maximum value, but f’(x) becomes in- 
finite, since the tangent line at B is parallel to the y-axis. At E, f(x) 
has a minimum value, and f’(x) again becomes infinite. In our dis- 
cussion of all possible maximum and minimum values of f(x), we 
must therefore include as critical values also those values of x for 
which f’(x) becomes infinite, or, what is the same thing, values of x 
satisfying 


(1) : 


a) D 
The Second Step of the rule of the preceding section must then 
be modified as indicated by (1). The other steps are unchanged. 


In Fig. d above, note that f’(x) also becomes infinite at A, but the 
function is neither a maximum nor a minimum at A. 


0. 


ILLUSTRATIVE EXAMPLE. Examine the function a — b(x — c)? for maxima and 
minima. 


Solution. f(z) =a — d(x — c)3. 
f'(@)=- a 
3(x — c)? 
io Oo ce)? ‘ 
f(x) 2b 
Since « = c is a critical value for which ay = 0 (and f’(x) = ©), but for which 


f(x) is not infinite, let us test the function for maximum and minimum values when 


REC, 
When x < ¢, f’(x) =+. 


When «>, f(x) =-. 


Hence, when x =c =OM. the function has a maximum value f(c) =a = MP. 
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PROBLEMS 


Examine each of the following functions for maximum and minimum 


values: 
a 


19. 


20. 
21. 


eel 
wv 


2023 —9 x? — 244-12. 
doi —292-22742. 


. 23 +12 224+ 86 x2 — 50. 


~154+92-—38 22-2. 
. et —2 x?. 

. 6 x? — xt. 

~ 24+ 24 x? — x4. 


. e*— 8x24 22 42-2424 12. 


2 —§het+5e24+1 


6 


108 
2—-—: 
"2 


1 
ne amend 


6x 


“72417 


ee nk 
c 
42 
eed) 


. (% — 1)2(x — 3)2. 
. (w+ 2)2(a” — 1)2. 
. (« — 8)3(a — 6)3. 


x(6 + x)?(6 — x)8, 


b+ c(x —a)*. 
a — b(x — c)3. 


Ans. x =—1, gives max. = 1. 
x = 4, gives min. = — 124. 
x= — 1, gives max. = 12. 
x = 2, gives min. = — §. 
x = — 6, gives max. = — 50. 
x = — 8, gives min. = — 77. 


ii), panies ieee, = (We 
x=+1, gives min. = — 1. 


x = 0, gives min. = 0. 
x= + V3, gives max. = 9. 


x% = 1; gives mins —93- 
tie CIV CS Maxie 
x = 8, gives min. = 3. 


{= 2, gives minn— 2s 


eo +1) gives ming—2. 


x =—1, gives min. = — 3. 
= lL) pivessmaxy—'o- 


x = 4, gives max. = V4 =1.6. 
x = 6, gives min. = 0. 

x = — 6, gives max. = 0. 

x = — 3, gives min. = — 19,683. 
x = 2, gives max. = 8192. 


x =a, gives min. = b. 
No max. or min. 
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99, &— a) — 2) | A ee er ae ba)? 


a? a+b 4 ab 
a® b? (a + 6)? 
Don at = —— 3 Ca SS es 
ee a ies a gives max, = 7 
2 
a == 5” gives min. = Koala 
= a 
2 rT . 
24. ease es gives max. = ze 
== (0) NES iain, = — I 
ar al ; : 
25. Se Sree, c= 3, gives min. = — qi: 
26. (x — 2)§(2 x + 1)4. x = — 4, gives max. = 0. 
“= 74, gives min. = 126. 
x = 2, gives neither. 
27. (2x4 — a)3 (x _ a)s. ai a4, gives max. = — 
A SO, CANNES Teabhol, == (0). 
ay gives neither. 
28. x(a + x)2(a — x)3. x =— a, gives max. = 0. 
r= —4%, gives min. = — en ar 
Za 64 
x = a, gives neither. 
99, UE CES ENS x = 4, gives max. = 1. 
«—10 VU Oeelvesmnina—2b. 
(a — x)? ne ge a3 
30. ae x = 7? gives min, 39 0 


49. Maximum and minimum values. Applied problems. In many 
problems we must first construct, from the given conditions, the 
function whose maximum and minimum values are required, as was 
done in the two examples worked out in Art. 44. This sometimes ' 
offers considerable difficulty. No rule applicable in all cases can be 
given, but in a large number of problems we may be guided by the 
following 


General directions 

(a) Set wp the function whose maximum or minimum value is in- 
volved in the problem. 

(b) If the resulting expression contains more than one variable, the 
conditions of the problem will furnish enough relations between the varia- 
bles so that all may be expressed in terms of a single one. 
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(c) To the resulting function of a single variable apply the above rule 
(p. 53) for finding maximum and minimum values. ~ 

(d) In practical problems it 1s usually easy to tell which critical value 
will give a maximum and which a minimum value, so rt is not always 
necessary to apply the third step. 

(e) Draw the graph of the function in order to check the work. 

The work of finding maximum and minimum values may fre- 
quently be simplified by the aid of the following principles, which 
follow at once from our discussion of the subject: 

(a) The maximum and minimum values of a continuous function 
must occur alternately. 

(b) When c¢ is a positive constant, cf(x) is a maximum or a mini- 
mum for such values of x, and such only, as make f(x) a maximum or a 
minimum. 


Hence, in determining the critical values of x and testing for max- 
ima and minima, any constant factor may be omitted. 

When c is negative, cf(x) is a maximum when f(x) is a minimum, 
and conversely. 

(c) If ¢ is a constant, f(x) and c+ f(x) have maximum and mini- 
mum values for the same values of x. 


Hence a constant term may be omitted when finding critical values 
of x and testing. 


PROBLEMS 


» 1. It is desired to make an open-top box of greatest possible volume 
from a square piece of tin whose side is a, by cutting equal squares out 
of the corners and then folding up the tin to form the sides. What should 
be the length of a side of the squares cut out? 


Solution. Let w =side of small square = depth of box; 
then a — 22x =side of square forming bottom of box, 
and volume is V = (a—2 x)22, 
which is the function to be made a maximum by varying 2. 
Applying the rule, p. 53, 


First Step. © = (a—22)?—42(a—22) =a? Bart 122%," 


Second Step. Solving a2 — 8 ax + 12 x2 = 0 gives critical values x = : and = 


It is evident from the figure that x = : must give a minimum, for then all the 

tin would be cut away, leaving no material out of which to make a box. By the usual 
a. : P 3 

test, 2 = 6 is found to give a maximum volume = - Hence the side of the square to 


be cut out is one sixth of the side of the given square, 


L 
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The drawing of the graph of the function in this and the following problems is 
left to the student. 


, 2. Assuming that the strength of a beam with rectangular cross sec- 
tion varies directly as the breadth and as the square of the depth, what 
are the dimensions of the strongest beam that can be sawed 
out of a round log whose diameter is d? 


Solution. If «= breadth and y = depth, then the beam will 


have maximum strength when the function xy? is a maximum. 
From the figure, y2 = d? — x?; hence we should test the function 


J(x) = x(@? — x7). 
First Step. f'(e) =-2224+@—22 =a —-3 22. 


Second Step. d?-—3227=0. ..c%= ads = critical value which gives amaximum. 
Therefore, if the beam is cut so that 
Depth = V2 of diameter of log, 
and Breadth = V4 of diameter of log, 
the beam will have maximum strength. 
3. What is the width of the rectangle of maximum area that can be 
inscribed in a given segment OA4A’ of a parabola? 
Hint. If OC =h, BC=h—«x and PP’=2y; there- 
fore the area of rectangle PDD’P’ is 
~ = 2h—x)y. 
But since P lies on the parabola y? = 2 px, the function to 
be tested is 


AL = f(x) =2(h — 2) V2 pz. 
Ans. Width = %h. 
4. Find the altitude of the cone of maximum volume that can be 
inscribed in a sphere of radius r. = 
Hint. Volume of cone = 3 72x?y. But 
x2=BCxCD=y2r—y); 
therefore the function to be tested is 


fy) =z var—y). 
Ans. Altitude of cone = #r. 


A= a a7 


6. Find the altitude of the cylinder of maximum volume that can be 
inscribed in a given right cone. 


Hint. Let AC =r and BC =h. Volume of cylinder = 7x?y. 
But from similar triangles ABC and DBG, 


rix=h:h—y. ena thw. 
Hence the function to be tested is 
2 
fy) =k — wy. 
Ans. Altitude = $ h. 


<\ 
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6. A rectangular flower bed is to contain 432 sq. ft. It is surrounded 
by a walk which is 4 ft. wide along the sides and 3 ft. wide across the 
ends. If the total area of the bed and walk together is a minimum, what 
are the dimensions of the flower bed? Ans. 18 ft. x 24 ft. 


7. A rectangular field to contain 3200 sq. rd. is to be fenced off along 
the bank of a straight river. If no fence is needed along the river, what 


must be the dimensions requiring the least amount of fencing? 
Ans. 40 rd. x 80 rd. 


8. The legs of an isosceles triangle are each 10 in. long. Find_the 
length of the base if the area is a maximum. Ans. 10V2 in. 


9. A trough is to be made of a long rectangular piece of tin by bending 
up the two long edges so as to give a rectangular cross section. If the 
width of the piece is 25 in., how deep should the trough be made in order 
that its carrying capacity may be a maximum? Ans. 6% in. 


10. A rectangular box is to be made from a sheet of tin 16 in. by 20 in. 
by cutting a square from each corner and turning up the sides. Find the 
edge of this square so that the volume is a maximum. Ans. 2.94 in. 


11. The cross section of an open irrigation canal is to be of the form 
of an isosceles trapezoid with the slope of the sides equal to 4. The area 
of the cross section is to be 448 sq. ft. What are the dimensions if the 
retaining surface (bottom plus sloping sides) is to be a minimum? 

Ans. 40 ft. wide at top, 16 ft. at bottom, 16 ft. deep. 


12. A rectangular box with a square base and a cover is to be built 
to contain 1000 cu. ft. If the cost per square foot for the bottom is 25¢, 
for the top 40¢, and for the sides 20¢, what are the dimensions for a mini- 
mum cost? 


13. A telephone company agrees to put in a new exchange for 100 sub- 
scribers or less at a uniform charge of $40 each. To encourage a larger 
list of subscribers the company agrees to deduct 20¢ from this uniform 
charge for each subscriber in excess of the 100 (that is, if 110 subscribe, 
the flat rate would be $38). What number of subscribers would give the 
telephone company the maximum gross income? Ans. 150. 


14, A farmer is 12 mi. from A, the nearest point on a straight railway. 
The railroad company agrees to put in a siding anywhere he designates, 
and to haul his produce to B, 80 mi. along the track from A, for 10¢ per 
ton per mile. If he can haul by truck for 26¢ per ton per mile, where 
should the siding be located in order that the cost of transportation of his 
crops to B may be a minimum? (Assume a straight road from the farm 
to the new siding.) Ans. 5 mi. from A. 


15. A rectangular box with a square base and an open top is to be 
made. Find the volume of the largest box that can be made from 400 sq. ft. 
of material. 
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16. A man having 120 ft. of fence desires to inclose a rectangular 
field and also build a fence across the field parallel to two of the sides. 
What is the maximum area he can inclose? Ans. 600 sq. ft. 


17. A rectangular field containing 2400 sq. rd. is to be inclosed by a 
fence and then to be divided into two lots by another fence parallel to one 
of the sides. What must be the dimensions of the field if the total amount 
of fencing is to be a minimum? Ans. 40 rd. x 60 rd. 


18. The strength of a rectangular beam varies as the product of the 
breadth and the square of the depth. Find the dimensions of the strong- 
est beam that can be cut from a log whose cross section is an ellipse of 
semiaxes a and b. Ans. Breadth = b wes depth = an/?. 


19. The stiffness of a rectangular beam varies as the product of the 
breadth and the cube of the depth. Find the dimensions of the stiffest 
beam that can be cut from a cylindrical log whose radius is a. 

Ans. ax av3. 


20. A telephone company finds there is a net profit of $15 per instru- 
ment if an exchange has 1000 subscribers or less. If there are over 1000 
subscribers, the profits per instrument decrease 1¢ for each subscriber 
above that number. How many subscribers would give the maximum 
net profit? Ans. 1250. 


21. A piece of wire 10 ft. long is to be cut into two pieces, one of 
which is to be bent into the form of a square and the other into the form 
of a circle. Show that in order to make the sum of the areas of the square 
40 tt 
+4 °° 


22. One base of an isosceles trapezoid is a diameter of a circle of 
radius @, and the ends of the other base lie on the circumference of the 
circle. Find the length of the other base if the area isa maximum. Ans. a. 


and circle a minimum, the length used for the square must be fa 


23. A window is in the form of a rectangle surmounted by an isosceles 
triangle, the altitude of which is 3 of its base. If the perimeter is 30 ft., 
find the dimensions for admitting the maximum amount of light. 

Ans. Rectangle, 8 ft. x 6 ft. 


24. Given a sphere of radius 6 in. Calculate the altitude of each of 
the following solids: 
(a) inscribed right circular cylinder of maximum volume; 
(b) inscribed right circular cylinder of maximum total surface; 
(c) circumscribed right cone of minimum volume. 
Ans. (a) 4V3 in.; (b) 6.31 in.; (c) 24 in. 


25. Two roads intersect at right angles, and a spring is located in an 
adjoining field 20rd. from one road and 10rd. from the other. How 
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should a straight path just passing the spring be laid out from one road 
to the other so as to cut off the least amount of land? How much land 
is cut off? Ans. 400 sq. rd. 
What would be the length of the shortest road that could be run 
across? Ans. (20% + 103)? rd. 
26. What should be the diameter of a tin can holding 1 qt. (58 cu. in.) 
and requiring the least amount of tin (a) if the can is open at the top? 

(b) if the can has a cover? 
Ans. (a) ~ = ).29 ite oD) : aa == 4-20 Ine 


27. The distance between the centers ae two spheres of he a and B, 
respectively, is c. Find from what point P on the line of centers AB the 
greatest amount of spherical surface is visible. (The area of the curved 
surface of a zone of height h is 2 mrh, where r is the radius of the sphere.) 


Ans. —°— units from A. 
a? + b? 
28. Find the dimensions of the largest rectangular parallelepiped with 
a square base which can be cut from a solid sphere of radius r. or 


Ans. h=— 
V3 


29. If the cost per hour for fuel required to run a given steamer varies 
as the cube of its speed and is $40 per hour for a speed of 10 mi. per hour, 
and if other experses amount to $200 per hour, find the most economical 
speed for a distance of 500 mi. Ans. 13.6 mi. per hour. 


30. Prove that a conical tent of a given capacity will require the least 
amount of canvas when the height is V2 times the radius of the base. 
Show that when the canvas is laid out flat it will be a circle with a sector 
of 152° 9’ cut out. How much canvas would be required for a tent 10 ft. 


high? IWS PORTO Thre 
31. Find the smgeriets of the largest rectangle which can be in- 
scribed in the ellipse ae + n= = il, Ans. avV2 x bW2. 


32. Find the area of the largest rectangle which can be drawn with 
its base on the x-axis and with two vertices on the witch whose equation 


: 8 a3 . 

is y= ery (See figure in Chapter X XVI.) Ans. 4 a?, 
33. On the circle whose equation is x? + y? = 17 find the codrdinates 

of the point which is nearest to the point (6, 3). Ans) (4,1), 


34. What point on the curve 4 y = x? is nearest to the point (0, 4)? 
Ans. (+ V8, 2), 
35. A wall 27 ft. high is 8 ft. from a house. Find the length of the 
shortest ladder that will reach the house if one end rests on the ground 
outside of the wall. Ans. 18V13 ft. 
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36. The distance between two sources of heat A and B, with intensi- 
ties a and 6 respectively, is 1. The total intensity of heat at a point P 
between A and B is given by the formula 


a b 
I=—+———,» 
ae (bea 
where x is the distance of P from A. For what position of P will the tem- 
perature be lowest? asl 
Ans. x= — = 
as + 63 
37. Find the altitude of the right cylinder of maximum volume that 
can be inscribed in a sphere of radius r. ou 
Ans. —=: 
V3 
38. Find the altitude of the right cylinder of maximum curved sur- 
face that can be inscribed in a sphere of radius r. Ans. rvV2. 


39. Show that the least volume of a right cone circumscribed about a 
given sphere is twice the volume of the sphere. 


40. A right circular cone of maximum volume is inscribed in a given 
right circular cone, the vertex of the inside cone being at the center of 
the base of the given cone. Show that the altitude of the inside cone is 
one third the altitude of the given cone. 


41. What are the dimensions of the right hexagonal prism of minimum 
surface whose volume is 36 cu. ft.? io 
Ans. Altitude = 2V3 ft.; side of hexagon = 2 ft. 


42. A segment is bounded by the line x=8 and the hyperbola 
x? — y2=16. Find the dimensions of the largest rectangle which can be 
inscribed in this segment. AMOS, Biss X< VAe. 


43. Find the point on the hyperbola x? — y? = 16 which is nearest to 
the point (0, 6). Ans. (5, 8). 


44. The lower base of an isosceles trapezoid is the major axis of an 
ellipse; the ends of the upper base are points on the ellipse. Show that 
the maximum trapezoid of this type has the length of its upper base 
half that of the lower. 

45. An isosceles triangle with vertex at (0, 6) is to be inscribed in the 
ellipse 62x? + a2y? = a2b?. Find the equation of the base if the area of 
the triangle is a maximum. Ans. 2y+6=0. 

46. An electric current flows through a coil of radius r and exerts a 
foree F on a small magnet the axis of which is on a line drawn through 
the center of the coil and perpendicular to its plane. This force is given 
bya —— » where x is the distance to the magnet from the center 

(y2 + x)? P 
of the coil. Show that F is a maximum for x = oa 
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47. Let P(a, b) be a point in the first quadrant of a set of rectangular 
axes. Draw a line through P cutting the positive ends of the axes at A 
and B. Calculate the intercepts of this line on OX and OY in each of the 


following cases: 
(a) when the area OAB is a minimum; 
(b) when the length AB is a minimum; 
(c) when the sum of the intercepts is a minimum; 
(d) when the perpendicular distance from O to AB is a minimum. 
Ans. (a) 2a,2b; (b)a+ asbs, b+ asbs ; 
— 2 2 2 2 
(c) a+ Vab, b+ Vab; (d) % = ee a ‘ 
50. Derivative as the rate of change. In Art. 23 the functional 
relation 


(1) Y= x? 
gave as the ratio of corresponding increments 
Ay _ 
(2) ae 2x2-+ Az. 
When x = 4 and Az = 0.5, equation (2) becomes 
Ay _ 
(3) m= G.De 


Then, we say, the average rate of change of y with respect to x 
equals 8.5 when x increases from x = 4 to x = 4.5. 
In general, the ratio 


(A) 2! = average rate of change of y with respect to x when x changes 
from x to x + Az. 
Constant rate of change. When 


(4) y = ax +b, 
we have re = 


That is, the average rate of change of y with respect to x equals a, 
the slope of the straight line (4), and is constant. In this case, and 
in this case only, the change in y (Ay), when x increases from any 
value x to x + Az, equals the rate of change a times Az. 

Instantaneous rate of change. If the interval from x to x+ Ax 
decreases and Ax — 0, then the average rate of change of y with 
respect to x in this interval becomes at the limit the instantaneous 
rate of change of y with respect to x. Hence, by Art. 24, 


d : 
(B) ie = instantaneous rate of change of y with respect to x for a 
definite value of x. 
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For example, from (1) above, 


dy 
5 <2 
(5) de 
When t= 4, the instantaneous rate of change of y is 8 units per 
unit change in x. The word “instantaneous” is often dropped in (B). 
Geometric interpretation. Let the graph of 


(6) y =f(a) 
be drawn, as in the figure. When x in- 
creases from OM to ON, then y increases 
from MP to NQ. The average rate of 
change of y with respect to x equals the 
slope of the secant line PQ. The instanta- 
neous rate when x = OM equals the slope of the tangent line PT. 


Hence the instantaneous rate of change of y at P(x, y) ts equal to 
the constant rate of change of y along the tangent line at P. 


When x = xo, the instantaneous rate of change of y, or f(x), in (6) 
is f’(xo). If x now increases from 2 to ao + Az, the exact change in 
y is not equal to f’(ao)Az, unless f’(a) is constant, as in (4). We shall 
see later, however, that this product is equal to Ay, nearly, when Ax 
is sufficiently small. 

51. Velocity in rectilinear motion. Important applications arise 
when the independent variable in a rate is the time. The rate is 
then called a time-rate. Velocity 


Mereculinesr amouone alords a ——.————s—__ 08) 
AO P P’ B 


simple example. 

Consider the motion of a point P on the straight line AB. Let 
s be the distance measured from some fixed point, as O, to any posi- 
tion of P, and let t be the corresponding elapsed time. To each value 
of ¢t corresponds a position of P and therefore a distance (or space) s. 
Hence s will be a function of t, and we may write 


s=7 (i). 
Now let ¢ take on an increment At; then s takes on an increment 
As, As being the distance passed over in the time At, and 


(1) As _ the average velocity 


At 
of P when the point moves from P to P’, during the time interval Af. 
If P moves with uniform motion (constant velocity), the above ratio 
will have the same value for every interval of time and is the velocity 
at any instant. 
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For the general case of any kind of motion, uniform or not, we 
define the velocity (time-rate of change of s) at any instant as the mit 
of the average velocity as At approaches zero as a limit ; that is, 


ds 
(C) v= Gt 


The velocity at any instant is the derivative of the distance (= space) 
with respect to the time, or the time-rate of change of the distance. 


When » is positive, the distance s is an increasing function of t, 
and the point P is moving in the direction AB. When 2 is negative, 
s is a decreasing function of t, and P is moving in the direction BA. 
(Art. 45.) 

To show that this definition agrees with the conception we al- 
ready have of velocity, let us find the velocity of a falling body at 
the end of two seconds. 

By experiment it has been found that a body falling freely from 
rest in a vacuum near the earth’s surface follows approximately the 
law 

(2) s=161 4, 
where s= distance of fall in feet, t= time in seconds. Apply the 
General Rule (Art. 27) to (2). 


First STEP. s+As=16.1(t+ At)? = 16.1 #? 4+ 32.2 t- At+ 16.1(At)?. 


SECOND STEP. As = 32.2t-At+16.1(At)?. 


THIRD STEP. ose 32.2t+16.1 At= average velocity throughout 


At the time interval At. 
Biatingie-i2; 
(8) 7 = 64.4+ 16.1 At = average velocity throughout the 
time interval At after two 
seconds of falling. 


Our notion of velocity tells at once that (3) does not give us the 
actual velocity at the end of two seconds; for even if we take At very 
small, say +00 OF tooo Of a second, (8) still gives only the average 
velocity during the corresponding small interval of time. But what 
we do mean by the velocity at the end of two seconds is the limit of 
the average velocity when At diminishes toward zero; that is, the ve- 
locity at the end of two seconds is, from (3), 64.4 feet per second. 
Thus even the everyday notion of velocity which we get from experi- 
ence involves the idea of a limit, or, in our notation, 


— jim, (55)= 64.4 ft. per second. 
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52. Related rates. In many problems several variables are in- 
volved each of which is a function of the time. Relations between 
the variables are established by the conditions of the problem. The 
relations between their time-rates of change are then found by 
differentiation. 


As a guide in solving rate problems use the following rule: 


FIRST STEP. Draw a figure illustrating the problem. Denote by x, 
Yy, 2, etc. the quantities which vary with the time. 

SECOND STEP. Obtain a relation between the variables involved which 
will hold true at any instant. 

THIRD STEP. Differentiate with respect to the time. 

FOURTH STEP. Make a list of the given and required quantities. 

FIFTH STEP. Substitute the known quantities in the result found by 
differentiating (third step), and solve for the unknown. 


PROBLEMS 


Z 1. A man is walking at the rate of 5 mi. per hour toward the foot of 
a tower 60 ft. high. At what rate is he approaching the top when he is 
80 ft. from the foot of the tower? 


Solution. Apply the above rule. 


_ First Step. Draw the figure. Let x = distance of the man from the foot, and 
y = his distance from the top, of the tower at any instant. 


1 
\ 
> 


Second Step. Since we have a right triangle, 


I 
y2 = x? + 3600. i 
Third Step. Differentiating, we get i 
| 
dy _5 , dx 
2y 4, = 20 a) OF es 
dy _% du. 
i) diy dt 


This means that at any instant whatever 
(Rate of change of y) = i) times (rate of change of x). 


Fourth Step. = 30); a = 5 mi. an hour 
= 5 x 5280 ft. an hour. 
y= Vx? +3600 dy _ 2 
= 100: dt 
Fifth Step. Substituting in (1), 
Dien sD. x 5 x 5280 ft. per hour 


dt 100 
= 4 mi. per hour. Ans. 


68 DIFFERENTIAL CALCULUS 


9. A point moves on the parabola 6 y = x? in such a way that when 
x = 6 the abscissa is increasing at the rate of 2 ft. per second. At what 


rate is the ordinate increasing at that instant? 
La 


Solution. First Siep. Plot the parabola. 


Second Step. 617 102 
dy _ 9, % 
Third Step. 6 it Pave at’ or 
dy _x dx. 
(@) dt 3 dt 


This means that at any point on the parabola 
(Rate of change of ordinate) = ta times (rate of change of abscissa). 


dx 


Fourth Step. iO" Ae 2 ft. per second. 
as tes dy _ 9 
Ts 6. ae 
Fifth Step. Substituting in (2), 
dys Bin 
ats x 2=4 ft. persecond. Ans. 


From the first result we note that at the point P(6, 6) the ordinate changes twice 
as rapidly as the abscissa. 

If we consider the point P’(— 6, 6) instead, the result is ay = — 4 ft. per second, 
the minus sign indicating that the ordinate is decreasing . 
as the abscissa increases. 


8. A circular plate of metal expands by heat so 
that its radius increases at the rate of .01 in. per 
second. At what rate is the surface increasing 
when the radius is 2 in.? 


{7 


Solution. Let x = radius and y= area of plate. Then . 


OP Se 
dy _ dx 
(3) Flom Goer 


That is, at any instant the area of the plate is increasing in square inches 2 rx 
times as fast as the radius is increasing in linear inches. 


(ht OL, dy _ 5 


se aaa dt 


Substituting in (3), 


dy 


rT 2m xX 2 .01 =.04 wsq. in. per second. Ans. 


4. An are light is hung 12 ft. directly above a straight horizontal 
walk on which a boy 5 ft. tall is walking. How fast is the boy’s shadow 


a 
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lengthening when he is walking away from the light at the rate of 168 ft. 
per minute? 


Solution. Let x = distance of the boy from a point directly under the light L, 
and y = length of boy’s shadow. From the figure, 


8) sie BP 8 


or y=3 x. 
Differentiating, dy = oe ; 
ahi ah 


that is, the shadow is lengthening # as fast as the boy is 8 
walking, or 120 ft. per minute. 


5. In a parabola y? = 12 x, if x increases uniformly at the rate of 2 in. 
per second, at what rate is y increasing when x = 3 in.? 


Ans. 2 in. per second. 
(lhe Gp as +4 -, find (a) the average rate of change of y with respect 


to “ as x increases ae to 4; (b) the instantaneous rate when x = 2; 
(c) the actual change in y when x changes from 2 to 2.5. 
Ans. (a) 0.875; (b) 0.75; (ce) 0.4. 
7. A particle falls according to the law s=16?#?. Find its average 
velocity during the first 5 sec. What is the speed at the end of 4 sec.? 
How far does it fall during the next 0.1 sec.? 
Ans. 80 ft. per second; 128 ft. per second; 12.96 ft. 


8. Two ships are at the same point. The first leaves at 10 A.M., sail- 
ing east at the rate of 9 mi. per hour. The second starts at 11 A.M. and 
sails south 12 mi. per hour. How fast are they separating at noon? 


9. At a certain instant a ship bound north is 6 mi. west of another 
ship, which is bound east. If the first ship is sailing at the rate of 15 mi. 
per hour and the second ship at the rate of 12 mi. per hour, how fast are 
they separating at the end of one hour? Ans. 18.8 mi. per hour. 


10. The period (P sec.) of a complete oscillation of a pendulum of 
length / in. is given by the formula P = 0. 324V1. Find the rate of change 
of the period with respect to the length when /=9 in. By means of this 
result approximate the change in P due to a change in / from 9 to 9.2 in. 

Ans. 0.054 sec. per inch; 0.0108 sec. 


11. A ladder 24 ft. long leans against a vertical wall. If the lower end 
is being moved away from the wall at the rate of 3 ft. per second, how fast 
is the top descending when the lower end is 8 ft. from the wall? When 
are the lower and the upper ends moving at the same rate? 

Ans. 1.06 ft. per second; when the bottom is 16.97 ft. from the wall. 


12. Find the rate of change of the area of a square nen the side 6 is 
increasing at the rate of a units per second. 
Ans. 2 ab square units per second. 
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13. A conical funnel is 14 in. across the top and 12 in. deep. A liquid 
is flowing in at the rate of 30 cu. in. per second and flowing out at the 
rate of 10 cu. in. per second. Find how fast the surface of the liquid is 
rising when the liquid is 6 in. deep. Ans. 0.52 in. per second... 


14. Assuming that the volume of the wood in a tree is proportional to 
the cube of its diameter, and that the latter increases uniformly year by 
year when growing, show that the rate of growth when the diameter is 
3 ft. is 36 times as great as when the diameter is 6 in. 


15. The volume of a sphere is increasing at the rate of 16 cu. in. per 
second. How fast is the radius increasing when it is 6 in.? How fast is 
the surface increasing ? 


Ans. i 


S) ar 
16. A rope ABC, 28 ft. long, runs over a pulley B, which is 12 ft. 

above the level track on which the ends A and C are moving. If the rope 

is taut, and the end C moves to the right 13 ft. © 

per second, how fast will A move when C is 

5 ft. from EH, a point on AC directly below B? 

Ans. 8% ft. per second. 


= (0.035 in. per second; 5% sq. in. per second. 


17. The volume of a right circular cone 
remains constant. If the radius of the base 
is increasing at the rate of 2in. per second, 
how fast is the altitude changing when the 
altitude is 6 in. and the radius 4in.? Ans. Decreasing 6 in. per second. 


A E Cc 


18/ Sand is being poured on the ground from the orifice of an elevated 
pipe, and forms a pile which has always the shape of a right circular cone 
whose height is equal to half the radius of the base. If sand is falling at 
the rate of 6 cu. ft. per second, how fast is the height of the pile increasing 
when the height is 5 ft.? 


19. Sand is being poured on the ground, forming a conical pile with 
its altitude equal to } of the radius of its base. If the sand is falling at 
the rate of 12 cu. ft. per second, how fast is the altitude increasing at the. 
time when the volume is 100 cu. ft.? 


20. The radius of a cone is decreasing at the rate of 2 in. per minute, 
and the altitude is increasing at the rate of 3 in. per minute. When the 
radius is 18 in. and the altitude is 20 in., find (a) the rate at which the 
volume is changing; (b) the rate at which the curved surface is changing. 

Ans. (a) Decreasing 156 7 cu. in. per minute; 
(b) decreasing 118.6 sq. in. per minute. 


21. A rhombus ABCD is made by fastening together with hinges four 
rods each 10 in. long. If the points A and C are drawn apart at the rate 
of 4 in. per minute, at what rate is the area of the rhombus changing when 
the diagonal AC is 16 in. long? 
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22. A man 6 ft. tall walks away from an arc light 15 ft. high at the 
rate of 3 mi. per hour. (a) How fast is the farther end of his shadow 
moving? (b) How fast is his shadow lengthening? 

Ans. (a) 5 mi. per hour; (b) 2 mi. per hour. 


23. A cistern is in the shape of an inverted circular cone, with its 
diameter equal to its height, each being 10 ft. How fast is the water 
pouring in when it is 5 ft. deep and rising 4 in. per minute? 

Ans. “s cu. ft. per minute. 

24. If y= x?, and x is increasing at the rate of 4 linear unit per min- 
ute when x = 2, find (a) how fast y is changing; (b) how fast the slope 
of the graph is changing. Ans. (b) 1 unit per minute. 


25. A balloon is in the shape of an ellipsoid of revolution, its longer axis 
being twice each of the two shorter ones. If gas is being poured in at the 
rate of 100 cu. ft. per minute, when the balloon is 10 ft. long and expand- 


ing uniformly, how fast is the length increasing? Ans. “ ft. per minute. 


(The volume of an ellipsoid is V = 4 aabc, where a, b, c are the semi- 
axes. ) 


26. The hypotenuse AB of a right triangle ABC is constantly 5 in. 
long. The side AC is increasing 2 in. per minute. At what rate is the 
area of the triangle changing when AC is 3 in.? 4in.? What is approxi- 
mately the change in area when AC increases from 8 to 3.04 in.? 


27. The velocity (feet per second) of a jet of liquid issuing from an 
orifice is given by the formula v? = 2 gh, where h is the height of the 
liquid surface above the orifice. If hk is decreasing at the rate of 3 in. per 
minute, find how fast the velocity of flow is changing when h = 100 ft. 

Ans. Decreasing 0.1 ft. per second per minute. 


28. A rod 10 ft. long moves so that its ends A and B remain constantly 
on the x- and the y-axis respectively. If A is 8 ft. from the origin and 
is moving away at the rate of 2 ft. per second, 

(a) at what rate is the end B coming down? 
(b) at what rate is the area formed by AB and the axes changing? 
(c) if P is the middle point of AB, at what rate is OP changing? 


29. The point P(x, y) moves along the parabola y? = 16 x so that x 
decreases at a constant rate of 4 units per second. (a) At what rate is y 
changing when P is at the point (9, 12)? (b) The vertices of a triangle 
are P, the focus, and the vertex of the parabola. At what rate is the area 
of the triangle changing? 


30. If y2= 2, and x is decreasing at the rate of 0.25 unit per min- 


ute, find how fast the slope of the graph is changing at the point (8, — 4). 


Ans. Decreasing 34¢ unit per minute. 
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81. The adiabatic law for the expansion of air is PV'4=C. If ata 
given time the volume is observed to be 10 cu. ft. and the pressure is 
50 lb. per square inch, at what rate is the pressure changing if the volume 
is decreasing 1 cu. ft. per second? 

1 Ans. Increasing 7 lb. per square inch per second. 

82. ‘A spherical balloon is being inflated so that the volume increases 
uniformly at the rate of 40 cu. in. per minute. How fast is the surface 
increasing when the radius is 8in.? Find approximately how much the 
radius will increase during the next half minute. 

33. A candle is moving directly away from the center of a sphere of 
radius 5 ft. at the rate of 2 ft. per second. At what rate is the surface 
‘illuminated by the candle increasing when the candle is 10 ft. from the 
center of the sphere? Ans. 5 7 sq. ft. per second. 

34.A point moves along the parabola whose equation is 4 y = x? so 
that the abscissa increases at the constant rate of 2 units per second. At 
what rate is the distance between this point and the point (0, 4) changing 
when x = 2 and when x = V8? 


Ans. Decreasing See SS 0.55 unit per second; 0. 
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CHAPTER VI 


SUCCESSIVE DIFFERENTIATION AND APPLICATIONS 


53. Definition of successive derivatives. We have seen that the 
derivative of a function of x is in general also a function of x. This 
new function may also be differentiable, in which case the derivative 
of the first derivative is called the second derivative of the original 
function. Similarly, the derivative of the second derivative is called 
the third derivative; and so on to the nth derivative. Thus, if 


y=3 x4, 
nn = 12 2%, 
rE (it)= 36 2?, 
‘alae (qe) |= 72% Bie 


Notation. The symbols for the successive derivatives are usually 
abbreviated as follows: 


2(ét) 24, (21) 24, a 


CLG) OT OL O27) Oe? 
If y=f(x), the successive derivatives are also denoted by 
7 d? / v1 ° 
Hay =f); Feay"=f"@); 
vt = yf = FOR) § 5 ou. =y™ =f). 
x 


In the example given above, the notation y=3 24, y’ = 122%, 
y" = 36 x2, y'” = 722, y” = 72 is most convenient. 
54. Bremen differentiation of implicit functions. To illustrate the 


process we shall find —, dy : Y from the equation of the hyperbola 


dx? 
(1) 62x? — a2y? = a7b?. 
73 
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Differentiating with respect to x (Art. 41), 
dy _~ 


2y — 29, —Z 
2 b?4 —2a*y Ae 0, 
or i ‘e 
Of ee 
) dx a’y 
Differentiating again, remembering that y is a function of z, 
dy 
29jh2 — h2rq2 —Z 
Ey a*yb b2xra oF 
dxz2 aty? 
Substituting for a its value from (2), 
bx 
2h2a, — q2h2 ee 
tye aos aaa “(By _ _ b2(bx? — ay?) , 
dx aty? ai aty? 


But, from the given equation, 62x”? — a?y? = a?b?. 


50 a Oe 
"* daz ay? 
PROBLEMS 
Verify each of the following differentiations: 
lLy=22°+42?-—72+9. TYE oe eee, 
dx? 

— x3 iv = [4 
2) ae J OF eat 
8.u=V44 2. au _ Arar 

di? (440)3 
BAY = Nees pa Weepe 
dx? (1 —22)3 
te ds 4 
5. s==—- a ee eens 

2—t dt? (2— 18 
6. y= af . ey SET 

Va+2 dx? 4(x + 2)3 

6? d? 2 
16 p= ° p = 9 

06+1 dé? (6+ 1)3 

7 qd” | 
8. Y= . oe — 1)? ————_.. 

dict dic” 2(— 1) (1+ 2x)"+1 


HINT. Reduce the fraction to the form — 1 + 7 = before differentiating. 
ts 
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9. 227+ y2=r?, Cy ete 
dxz2 yp 
NO; @F = 4) che: yy ere a?) 
dx2 ys 
11. b2x? + a?y? = a2b?2, IS a pli ha ha hace 
dx? azy3 > dx atys 
12. ax? + 2 hay + by? =1. diye 9 h2 abe 
dx? (ha + by)3 
13. o? —xy+y2?=0. d*y _ 2cy+3y*. 
dx? (x — 8 y?)8 
14, 724+ 2 y2-—22y—z=0. Cal] & 2 


dx? (4y—2x)3° 
In Problems 15-19 find the values of y’ and y’ for the given values 
of the variables. 


LV Go Sa Lae 
15. y= V30+ a ses Ans. y’=— 6, 9" = Tos. 
16.y= V4024+9; r=4. y' =7, y"” =— TSF. 
Ret i EN 1G = 5, y' = 2, y=}. 
18.2? +4y?= 25; r=3, y=2. y =— 3,9" =—- fy 
19. 2? — ay ty? =7; 2=2,y=—1. y= hy" =a. 
20. y = (x2 +198; c= 1. 23.y = V1l—32; 2=1. 
— x . _ 
LY eng a Ss 24. 4 x? — y2= 64; = 5, 0) = Oe 
22.y= V10—32; x=2. COR at ye Oe 
In each of the following examples find oY, 
o 
26.y=2? +5. 29.7 =a Va? — x2. 
Q7.y=V/38 0 — 5. 30. y2 — 2 ay =a?. 
= od ° 3 Gpess — 
28. y rem 31 ey — 3 ary = 10. 


55. Direction of bending 
of acurve. When the point 
P(a, y) traces a curve, the 
slope of the tangent line at 
P varies. When the tan- 
gent line is below the curve 
(Fig. a), the are is concave upward; when above the curve (Fig. 6), 
the are is concave downward. In Fig. a the slope increases when 


HIGad Fic. 6 
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P describes the are AP’. Hence f’(x) is an increasing function of z. 
On the other hand, in Fig. b, when P describes the arc QB, the slope 
decreases, and f’() is a decreasing function. In the first case, there- 
fore, f’’(x) is positive; in the second case, negative (Art. 45). Hence 
we have the following criterion for determining the direction of 
bending at a point: 

The graph of y=f(x) ts concave upward if the second derivative of 
y with respect to x is positive, and concave downward if this derivative 
is negative. 

56. Second method for testing for maximum and minimum values. 
At A in Fig. a of the preceding section, the arc is concave upward, 
and the ordinate has a minimum value. That is, f’(x) = 0 and f’’(x) 
is positive. At B in Fig. b, f(x) = 0 and f’’(x) is negative. 

We may then state the sufficient conditions for maximum and 
minimum values of f(x) for critical values of the variable as follows: 
f(x) is a maximum if f’(x) = 0 and f’’(x) = a negative number. 
f(x) is a minimum if f’(x) = 0 and f’’(x) = a positive number. 

Following is the corresponding working rule for applying this test 
for maximum and minimum values: 

First STEP. Find the first derivative of the function. 

SECOND STEP. Set the first derivative equal to zero and solve the result- 
ing equation for real roots in order to find the critical values of the variable. 

THIRD STEP. Find the second derivative. 

FOURTH STEP. Substitute each critical value for the variable in the 
second derivative. If the result is negative, then the function is a maxi- 
mum for that critical value; of the result is positive, the function is a 


When f’’(x) = 0 or does not exist, the above process fails, al- 
though there may even then be a maximum or a minimum; in that 
case the first method given in Art. 47 holds, being fundamental. 
Usually the second method does apply, and when the process of 
finding the second derivative is not too long or tedious, it is generally 
the shortest method. 


ILLUSTRATIVE EXAMPLE 1. Let us now apply the above rule to test analytically 


the function 
found in the example worked out on page 49. 
Solution. f(x) = x? +- 432 | 
c 


First Step. f'(2) =2a4— AE p 
x 
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Second Step. 2¢%—-——=0, 
xv 
x = 6, critical value. 
Third Step. f'@) =2 +93. 
Fourth Step. f’"(6) =+. 
Hence f(6) = 108, minimum value. 


ILLUSTRATIVE EXAMPLE 2. Examine xz? —3%2—92+5 for maxima and 


minima. Use the second method. 


3 


Solution. f@) =a? — 3 22 —9 2+ 5. 
First Step. f'@) =3 22 —62—9. 
Second Step. 38227-—6x%-9=0; 

hence the critical values are Cleanse 
Third Step. i Aco) = 6a — Ge 


Fourth Step. f’(—1) = — 12. 
..f(— 1) = 10 = (ordinate of A) = maximum value. 
f’6) =+12. .«. f(8) = — 22 (ordinate of B) = minimum value. 


PROBLEMS 


Examine each of the following functions for maxima and minima: 
1. 22 —3 27+ 5. ANS meci—10 MOlvies ma xe "oe 
i= 2 eelviese nal itl 


2.273 —38 72-9242. x =—1, gives max. = 7. 
x = 3, gives min. = — 25. 
8.9 —242+15 x? — 2 x3. x=1, gives min. = — 2. 
a == 4, WES ine, = 25). 
4.423 —18 224+ 152 — 20. = 4, gives max. = — 33. 
x = $, gives min. = — §2. 
5.23 +3272?+92—5. No max. or min. 
6. 3 2t —4 23 — 36 x? + 60. x= — 2, gives min. = — 4. 
Li MoTVessimMaxa—aO0e 
c= 3, gives mins = — 149. 
7.28 —5 x? —2024+10. v2 = — 2, gives max. = 58. 
x = 2, gives min. = — 388. 
ci, Ce x=, gives max. = 4. 
ate 2 = — a, gives min. = — 4. 
9.223 —8272-—1227+4. 
10.2+382-—42?— 72°. 12.24 —2. 0? + 10. 
; 1 
11. (¢ + 1)?(@ — 2)?. ; 13507" — a 
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14. A box with a square base and lid is to contain 360 cu. ft. If the 
bottom costs 8¢, the lid 12¢, and the sides 6¢ per square foot, what are 
the dimensions for minimum cost? Ans. 6 {to xi6 1tex10r: 

15. The base of a right circular cone is a circle of radius 1 ft., and its 
altitude is 2 ft. Find the radius of the right circular cylinder of maximum 
or minimum curved surface which can be cut from the cone. Determine 
whether this is a maximum or a minimum. 

16. A rectangular garden is to be laid out along a neighbor’s lot and 
is to contain 432 sq. rd. If the neighbor pays for half the dividing fence, 
what should be the dimensions of the garden so that the cost to the owner 
of inclosing it may be a minimum? Ans. 18rd. x 24rd. 

17. A right prism, the base of which is an equilateral triangle, has a 


volume of 2 cu. ft. Find the edge of the base for minimum total surface. 
Ans. 2 ft. 


18. Show that of all triangles inscribed in a circle of radius a the 
equilateral triangle has the greatest area. 

19. A sheet of paper for a poster is to contain 16 sq. ft. The margins 
at the top and the bottom are to be 6in., and those on the sides 4 in. 
What are the dimensions if the printed area is to be a maximum? 

Ans. 4.90 ft. x 3.27 ft. 

20. A solid wooden sphere weighs wlb. What is the weight of the 
heaviest right circular cylinder which can be cut from the sphere? 


Ans. lb. 
V3 
21. The slant height of a right circular cone is a given constant a. 
Find the altitude if the volume is a maximum. a 
Ans. ae 


22. A brick conduit, designed to accommodate underground cables, is 
to be built with a cross section in the form of a rectangle surmounted by 
a semicircle. The area of the cross section is to be 24 sq. ft. If the cost 
of construction is assumed to be proportional to the perimeter of the cross 
section, find the width which will involve the least cost. Ans. 5.18 ft. 


23. The shore of a lake is a straight line, and B 
two towns, A and B, are located 4 mi. and 8 mi., 
respectively, from D and E, the nearest points 


on the lake shore, the distance DE being 9 mi. ei 

One pumping station on the lake shore is to 

supply both of the towns with water. Where 

must it be located in order that the length of the a 
mains to the towns may be a minimum? Ans. 3 mi. from D. 


24. Given a point on the axis of the parabola y? = 2 px at a distance a 
from the vertex; find the abscissa of the point of the curve nearest to it. 
Ans. t=a—p. 
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25. The sum of the areas of a sphere and of a cube is a constant. 
What is the relation between the diameter of the sphere and the edge 
of the cube if the total volume is a minimum? 


Ans. Edge of cube = diameter of sphere. 
26. If the total waste per mile in an electric conductor is 


t2 
W=c*r+-> 
r 


where c = current in amperes, r = resistance in ohms per mile, and t=a 
constant, what is the relation between c, r, and t when the waste is a 
minimum? IMS, CP St 


57. Points of inflection. A point of inflection (or inflectional point) 
on a curve separates arcs having opposite directions of bending (see 
Art. 55). 

In the figure, B is a point of inflection. When the tracing point 
on a curve passes through such a point, the second derivative will 
change sign, and if continuous must vanish at the point. Hence we 
must have 


(1) At points of inflection, f’’(x) = 0. 


Solving the equation resulting from (1) gives the abscissas of the 
points of inflection. To determine the direction of bending in the 
vicinity of a point of inflection, test f’’(x) for val- 
ues of x first a trifle less and then a trifle greater 
than the abscissa at that point. 

If f’’(x) changes sign, we have a point of in- 
flection, and the signs obtained determine if the 
curve is concave upward or concave downward in the neighborhood. 

The student should observe that near a point where the curve is 
concave upward (as at A) the curve lies above the tangent, and at 
a point where the curve is concave downward (as at C) the curve 
lies below the tangent. At a point of inflection (as at B) the tangent 
evidently crosses the curve. 

Following is a rule for finding points of inflection of the curve whose 
equation is y = f(x). This rule includes also directions for examining 
the direction of bending. 


First STEP. Find f’’(x). 

SECOND STEP. Set f’’(x) = 0, and solve the resulting equation for real 
roots. 

THIRD Step. Test f’’(x) for values of x first a trifle less and then a 
trifle greater than each root found in the second step. If f’’(x) changes 
sign, we have a point of inflection. 
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When f(x) =, the curve is concave upward _+_.* 


When f’’(x) = —, the curve ts concave downward ——>~. 


Before the Third Step it is sometimes convenient to factor f’’ (2). 
It is assumed that f’(x) and f’’(x) are continuous. The solution 
of Problem 2, below, shows how to discuss.a case where f’(x) and 
f’’(a) are both infinite. 
PROBLEMS 


Examine the following curves for points of inflection and direction of 
bending : 
lLy=32t—422+1. 
Solution. f(x) =38ae*-—42°41. 
First Step. it Ae) Oa Ae 
Second Step. 86 «7? —242=0. 
“a = 2% and x = Oare the roots. 
Third Step. f(z) = 36.0 —9). 
When x < 0, f’(x%) =+. 
When 2>2>0,f"(x) =-—. 
Therefore the curve is concave upward to the left and concave downward to 
the right of x = 0 (A in figure). 
When 0:< 2 fe) =i 
When x > 3, f(x) =+. 
Therefore the curve is concave downward to the left and concave upward to 
the right of « = 3 (B in figure). 
Hence the points A(0, 1) and B(2, $4) are points of inflection. 
The curve is evidently concave upward everywhere to the left of A, concave 


downward between A(0, 1) and B(2, $4), and concave upward everywhere to 
the right of B. 


2. (y— 2)? = (a — 4). 


Solution. y=24+(a-— 4)3, 
: dy shee Were 
First Step. came (v1 — 4)~3, 
digas mz 
Fe foal VS her A 
Second Step. When x = 4, both first and second derivatives become infinite. 
Third Step. When zx < 4, cu =+. 
When « > 4,24 =_, 
da? 


a * This may easily be remembered if we say that a vessel shaped like the curve where 
it is concave upward will hold (+) water, and where it is coneave downward will spill 
(—) water. 
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We may therefore conclude that the tangent at (4, 2) is perpendicular to the 
“-axis, that to the left of (4, 2) the curve is concave upward, and to the right of 
(4, 2) it is concave downward. Therefore (4, 2) is a point of inflection. 


By Oy SS ae. Ans. Concave upward everywhere. 

4.y=5—-—22—2?. Concave downward everywhere. 

i. OS Concave downward to the left and 
concave upward to the right of 
(0, 0). 

Cai ae Concave upward everywhere. 

7.y=223—38 x? — 36 x4 25. Concave downward to the left and 
concave upward to the right of 
cas. 

= ye oe tie 1 

Cai 24 LY REP rat 10. y= x? + =- 

; oC 


58. Curve-tracing. The elementary method of tracing (or plotting) 
a curve whose equation is given in rectangular codrdinates, and one 
with which the student is already familiar, is to solve its equation for 
y (or x), assume arbitrary values of x (or y), calculate the correspond- 
ing values of y (or x), plot the respective points, and draw a smooth 
curve through them, the result being an approximation to the re- 
quired curve. This process is laborious at best, and in case the equa- 
tion of the curve is of a degree higher than the second, it may not be 
possible to solve the equation for y or x. The general form of a curve 
is usually all that is desired, and the calculus furnishes us with 
powerful methods for determining the shape of a curve with very 
little computation. 

The first derivative gives us the slope of the curve at any point; 
the second derivative determines the intervals within which the curve 
is concave upward or concave downward, and the points of inflection 
separate these intervals; the maximum points are the high points, 
and the minimum points are the low points on the curve. As a guide 
in his work the student may follow the 


Rule for tracing curves, using rectangular coordinates 


First Step. Find the first derivative; place it equal to zero; solve 
to find the abscissas of the maximum and minimum points. Test these 
values. 

SECOND STEP. Find the second derivative; place rt equal to zero; 
solve to find the abscissas of the points of inflection. Test these values. 

Turrp Step. Calculate the corresponding ordinates of the points 
whose abscissas were found in the first two steps. Calculate as many 
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more points as may be necessary to give a good idea of the shape of the 
curve. Make a table such as is shown in the problem worked out below. 

Fourtu Step. Plot the points determined and sketch in the curve to 
correspond with the results shown in the table. 


If the calculated values of the ordinates are large, it is best to 
reduce the scale on the y-axis so that the general shape of the curve 
will be shown within the limits of the paper used. Codrdinate plot- 
ting paper should be employed. Results should be tabulated as in 
the problems solved. In this table the values of x should follow one 
another, increasing algebraically. 


PROBLEMS 


Trace the following curves, making use of the above rule. Also find 
the equations of the tangent and normal at each 
point of inflection. 

ly=2v?-927?+ 2424-7. 

Solution. Use the above rule. 


YA 


First Step. y' =3 22-1824 24, 
32?—18%+24=0, 
Ci eee 
Second Step. 4 = 60 — LS: 
6a —18=0; 
Third Step. ==) 


Remarks Direction of Curve 


} concave down 


* concave up 


J 


. Fourth Step. Plotting the points and sketching in the curve, we get the figure 
shown. 
To find the equations of the tangent and normal to the curve at the point of 
inflection P;(3, 11), use formulas (1), (2), Art. 48. This gives 3 x + y = 20 for the 
tangent and 3 y — x = 30 for the normal. 
2.y=x2—-—62x?—-— 3627+ 5. 
Ans. Max. (— 2, 45); min. (6, — 211); point of inflection, (2, — 88); 
tangent, y + 48 x —13=0; normal, 48 y —x+ 3986 = 0. 
8. y= xt —2 27?+4+ 10. 
Ans. Max. (0, 10); min. (+1, 9); points of inflection, (+ oe =F 
4.y=$at—8 27742. v3 
Ans. Max. (0, 2); min. (+ V3, —$); points of inflection, (+ 1, — +) 
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6 x 
is ip . 
- er 
Ans. Max. (1, 3); min. (— 1, —38); points of inflection, (O30); 
(4 v3, UM 
6. y=12 4 —-— 23. Ans. Max. (2, 16); min. (— 2, — 16); point 
of inflection, (0, 0). 
7TAyta23-38272?+4=0. Max. (2, 0); min. (0, — 1). 
P20.) = 3 t- — 1. 17. y = x(a — 2)?(a + 4)2. 
9.3 y=18 x — x3. Ty pea 
c 
10.6y= 362-3 x2? —2 23. 19: y = 27(4? — 4), 
11. 6y¥ =x? + 12 x? + 36 x. O0Nay = ete 
a 
— 74 2 os 48 
12. 12 y= 24 — 24 x? + 24. ONO rier 
} 8 a3 
13. y = 3 2° — 10 x3. t = 
3. y x Ox 4 22. y eLseD 
14. y=25—5x. 23. 8 xy — 7° + 32 =0. 
15) 7 =2' > — 5 x2. 24. wy —8y—23=0. 
= Brod 3 ee bs yp ney, 
Cope 0k, 25. y (a + 8)2 


59. Acceleration in rectilinear motion. In Art. 51 velocity in rec- 
tilinear motion was defined as the time-rate of change of the distance. 
We now define acceleration as the time-rate of change of the velocity. 
hac is; 


(A) Acceleration = a = = 

From (C), Art. 51, we obtain also, since » = S, 
d?s 

(B) a= de 


Referring to Arts. 45, 47, and 56, we have the following criteria 
which apply to a definite instant ¢ = fo: 

If a > 0, v is increasing (algebraically). 

If a < 0, v is decreasing (algebraically). 

If a> 0 and v= 0, s has a minimum value. 

If a < 0 and »=0, s has a maximum value. 

If a=0 and changes sign from + to — (from — to +) when t 
passes through to, then v has a maximum (a minimum) value when 


= 05 
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In uniformly accelerated rectilinear motion, a is constant. Thus 
in the case of a body falling freely under the action of gravity only, 
a = 32.2 ft. per second per second. Namely, from (2), Art. 51, 


OSae aoe. 
Cheval e? p= = 82.2 D = di Oo 


PROBLEMS 


1. By experiment it has been found that a body falling freely from rest 
in a vacuum near the earth’s surface follows approximately the law 
s = 16.1 t2, where s=space (height) in feet, t= time in seconds. Find 
the velocity and acceleration (a) at any instant; (b) at end of the first 
second; (c) at end of the fifth second. 


Solution. (Las 16a 
(a) Differentiating, c SSP 

or, from (C), Art. 51, (2) v=82.2 tft. persecond. 
Differentiating again, a EOD oN 

or, from (A) above, (8) a= 82.2 ft. per (sec.)2, 


which tells us that the acceleration of a falling body is constant; in other words, the 
velocity increases 32.2 ft. per second every second it keeps on falling. 
(b) To find v and a at the end of the first second, substitute ¢ = 1 in (2) and (8). 


Then v = 32.2 ft. per second, a= 32.2 ft. per (sec.)?. 
(ec) To find v and a at the end of the fifth second, substitute t = 5 in (2) and (3). 
Then v= 161 ft. persecond, a= 82.2 ft. per (sec.)2. 


2. Given the following equations of rectilinear motion; find the dis- 
tance, velocity, and acceleration at the instant indicated. 


@) sa 37 SH72 f=, INOS GS OS ho CC 

(b) s=80t— 16 ??; Ge s = 64, v= — 48, a= — 82. 
(Ck 40 iat oe x= 48,1=—8 a=— 16. 
Qy=se=— st? t=2. ii Sanh Oe 
OS rea et s=3,0=—3,a=9%. 


Gf) c= 80? —20¢+5; t=38. 
(g) y= 25¢—10t?; ¢= 2. 
(h) s=l45; he 

GQ) Rs 120112 tet 5, 

3. A point moves in a straight line directed vertically upward ac- 
cording to the law s = 96 t — 16 t?. Find (a) its velocity and acceleration 
after 4 sec.; (b) how high it will rise; (c) how far it will move in the fifth 
second. 

Ans. (a) v= — 82,a=-— 82; (b) 144 ft.; (ec) 48 ft. downward. 


SUCCESSIVE DIFFERENTIATION AND APPLICATIONS — 85 


4. Find the acceleration, having given 


Qv=100— 320. f= 4. Ans. — 32. 

(p) (S72 = B78 7 Sey Be 
ty 

(Ce rare 


5. If the equation of a rectilinear motion is s = Vt + 1, show that the 
acceleration is negative and proportional to the cube of the velocity. 


6. Given the following equations of rectilinear motion. Find the posi- 
tion and acceleration when the particle first comes to rest. 
(a) s = 40 ¢ — 16 #?. ANS. S = 205.01 oa. 
(b) s= 50¢t— 102. 
(c)s=241+37—8#. 
@js=etS, 


’-%. The height (s ft.) reached in t sec. by a body projected vertically 
upward with a velocity of v, ft. per second is given by the formula 
s = v,t — 4 gt?. Find a formula for the greatest height reached by the body. 


t 8. In the preceding problem suppose v; = 160, g = 82. Find (a) the 
velocity at the end of 4 sec. and at the end of 6sec.; (b) the distance 
moved during the fourth second and during the sixth second. 


9. In ¢ hr. a train had reached a point (4 t4— 4 2 +16 ¢?) mi. distant 
from the starting point. (a) Find its velocity and acceleration. (b) When 
will the train stop to change the direction of its motion? (c) Describe the 
motion during the first 10 hr. 

Ans. (a) v= — 12 #? + 32%, a=3  — 241+ 32; 
(b) at end of fourth and eighth hours ; 

(c) forward first 4 hr., backward the next 

4 hr., forward again the remaining 2 hr. 


CHAPTER VII 


DIFFERENTIATION OF TRANSCENDENTAL FUNCTIONS. 
APPLICATIONS 


We consider now functions such as 
sin 27,023), 0 logue t*), 


called transcendental functions, as distinguished from the algebraic 
functions hitherto discussed. 

60. Formulas for derivatives; second list. The following formulas, 
grouped here for convenience of reference, will be derived in this 
chapter, and, with the formulas of Art. 29, comprise all formulas for 
derivatives used in this book. 


dv 
d abe ah teal 
s dx (Be) = = 5 ag 
d _ logio e du 
Xa aE (logio v) = re pe 
d vv) — Uv dv 
XI a logea =: 
d era 
Xl a a (e")=e ape 
d dv 
— (uw)= Lo nama, 
XII aps (u’) = vue + logeu - u” Ws 
dee dv 
XIII x (sin v) = cos v re 
XIV eens ») cine 
dx dx 
XV fe (tan v) = sec? v ay 
dx dx 
XVI i (cot v) = — csc? v ne 
dx dx 
d a dv 
XVII ap (sec v) = sec v tan v ae 
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XVIII 


XIX 


XX 


XXI 


XXII 


XXIII 


XXIV 


XXV 


XXVI 


TRANSCENDENTAL FUNCTIONS 


d bi! dv 
am (csc v) = — csc vcot uv aE 
d ay 
ap (vers v) = sin v aR 
du 
: dx 
—- (arc sin v) = 
dx V1 — v? 
dv 
d dx 
— (arc cos v) = — 
dx V1 — v? 
du 
eds 
Ps (arc tan v) = TEE 
dv 
d eee cy 
a (arc cot v) = — feat 
dv 
dx 
— (arc sec v) = 
dx vV v2 — 1 
dv 
dx 
— (arc csc v) = — 
dx vVv?2—1 
du 
i (arc vers v) = pee UNO, 
di Vav— 8 
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61. The number e. Natural logarithms. One of the most important 
limits in the calculus is 


(1) 


1 
lim (1 + 2)? = 2.71828 ---. 
x0 


This limit is denoted by e. To prove rigorously that such a limit e 
exists is beyond the scope of this book. For the present we shall 


content ourselves with plotting the locus of the equation 


(2) 


1 
and showing graphically that as x — 0 the function (1+ 2)? (=y) 


1 
y = (1 + &)* 


takes on values in the near neighborhood of 2.718--- and therefore 
e = 2.718 - - - approximately. 
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As x — 0 from the left, y decreases and approaches e as a limit. 
As x — 0 from the right, y increases and also approaches ¢ as a limit. 


y 


y= 
4.0000 
2.8680 y=1 
2.7320 
2.7195 =I x 


The fact expressed in (1) is used in Art. 68. 

As x — + 0, y approaches 1 as a limit; and as x — — 1 from the right, 
y increases without limit. The lines y = 1 and x = — 1 are asymptotes in 
the figure. 

In Chapter XX we will show how to calculate the value of e to any 
number of decimal places. 

Natural, or Napierian, logarithms are those which have the number 
e for base. These logarithms play a very important réle in mathe- 
matics. When the base is not indicated explicitly, the base e is 
always implied in what follows in this book. Thus log, v is often 
written simply log »v. 

By definition, the natural logarithm of a number N is the exponent 
x in the equation 

(8) C= Nea that is =o ae 

liig= 0, N = 1, and: log. t=.0. 

lite c=) N = 6; andilog, eri). 

If x — — ©, then N — 0, and we write log, 0 = — . 

The student is familiar with the use of tables of common loga- 
rithms, where the base is 10. The common logarithm Se a number N 
is the exponent y in the equation 


(4) 10X¥= N, or y=logio N. 
Let us find the relation between the common and natural loga- 
rithms of a number N 


In (8), take logarithms of both members to the base 10. Then we 
have, from (2), p. 1, 


(5) x login e = logio N. 


Solving for x, which equals log, N, by (3), we get the desired 
relation 


(A) logs .V == 
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That is, we obtain the natural logarithm of any number by dividing 
its common logarithm by logio e. 
Equation (A) may be written 


(6) logio N = logio e - log. N. 


Hence the common logarithm of a number is obtained by multiplying 
us natural logarithm by logio e. This multiplier is called the modulus 
(= M) of common logarithms. 


By tables, logio e = 0.4848, and = 4308), 
logio € 

Equation (A) may now be written 

(7) log. N = 2.803 logio N. 


Tables of natural logarithms should be at hand. 
62. Exponential and logarithmic functions. The function of x de- 
fined by 


(1) y=e (e = 2.718 - - +) 


is called an exponential function. Its graph is shown in the figure. 

The function is an increasing function for all values of x, as we shall 

see later, and it is everywhere continuous. 
From (1), we have, by definition, 


(2) eee loexy: 


The functions e” and log, y are inverse functions 
(Art. 39). Interchanging x and y in (2), we have 


(3) y= log. 2, 


in which y is now a logarithmic function of x. The graph is shown in 
the figure. The function is not defined for negative values of x, nor 
for «=0. It is an increasing function for all 
values of x > 0, and is everywhere continuous. 
That is (Art. 17), for any value a of x greater 
than zero 


(4) lim log. x = log, a. 
When x — 0, then ae —oo, as remarked above. The y-axis is an 


asymptote in the graph. 
The functions a? and log. x (a > 0) have the same properties as 


e’ and log, x and graphs similar to the above. 
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63. Differentiation of a logarithm 

Let y = 102, 0> ° (v> 0) 

Differentiating by the General Rule (Art. 27), considering v as the 
independent variable, we have 

FIRST STEP. y + Ay = log, (v+ Ad). 


SECOND Step. Ay = log, (v-+ Av) — log, v 
v+ Av Av : 
= log. (“+ jel OL. (4 1" ¥ ) By (2), p. 1 


a Smo (t+) 
Av Ao lone el os 

We cannot evaluate the limit of the right-hand member as it 
stands by Art. 16, since the denominator Av approaches zero as a 
limit. But we can rewrite the equation as follows: 


ae oes (1) 


| Multiplying by = 


THIRD STEP. 


iL 


= 
=~ log. (1 + a)". By (2), p. 1 
The expression following log. is in the form of the right-hand 
member of (2), Art. 61, with x = , 
FOURTH STEP. “2 Zs , log. e = t 


ES Avs 0 22-3 0. eiencs lim tS) =e “4 
v Av Vv 
(1), Art. 61. Using (4), Art. 62, we have the result. 


Since v is a function of x and it is required to differentiate log, v 
with respect to x, we must use formula (A), Art. 38, for differentiating 
a function of a function, namely, 


dy _dy dv. 


dx dv dx 


Substituting the value of dy from the result of the Fourth Step, 
we get dv 
dv 


d ax 
ms = (Of) ee 
ay 08 v) ae; 
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The derivative of the natural logarithm of a function is equal to the 
derivative of the function divided by the function (or the reciprocal of the 
function times its derivative). 


Since logio v = logio e log. v, we have at once (IV, Art. 29) 


Xa = (logio p) = Seine Be. 

64. Differentiation of the exponential function 

Let eave (a > 0) 
Taking the logarithm of both sides to the base e, we get 


log y = v log a, 


log y il 
or = = —_ + 
i; loga loga fo 
Differentiating with respect to y by formula X, 
de Ae 
dy loga y 


dy 084° Y 

or 
dy _ ae 
(1) dp 7 108 4 a”. 


Since v is a function of x and it is required to differentiate a’ with 
respect to x, we use formula (A), Art. 38. Thus we get 


dy _ ge 2. 
Pe te ode 
OS yp a. 
XI Ob a a 
When a =e, log a = log e = 1, and XI becomes 
- d vy = y av 
XIa Fee ie eas 


The derivative of a constant with a variable exponent is equal to the 
product of the natural logarithm of the constant, the constant with the 
variable exponent, and the derivative of the exponent. 
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65. Differentiation of the general exponential function. Proof of the 
Power Rule 
Let f= (u > 0) 
Taking the logarithm of both sides to the base e, 
log. y = v log, u, 


Ora y = e? eu, By (8), Art. 61 
Differentiating by formula XIa, 
“ = eroen @ (v log u) 
=e re (2 oe + log u ) by V and X 
XII ogo) = ww 1H + Dogue @. 


The derivative of a function with a variable exponent is equal to the 
sum of the two results obtained by first differentiating by VI, regarding 
the exponent as constant, and again differentiating by XI, regarding the 
function as constant. 

Let v = n, any constant ; then XII reduces to 


CAPR pay Pog) 
dx a) ae dx 

Thus we have shown that the Power Rule VI holds true for any 
value of the constant n. 


ILLUSTRATIVE EXAMPLE 1. Differentiate y = log (x? + a). 
d 


é (2? + a) 
Solution. dy _ dx by X 
da x? +a 
[v= 2? +a.) 
Beer Aioe 
eae ot Ans. 
ILLUSTRATIVE EXAMPLE 2. Differentiate y = log V1 — 22, 
d 1 
— (1-2)? 
Solution. dy _ dx ‘ 
de (1-2 yX 
_ 3(1~2)-4F(_2¢ 
by VI 


(1 — 42)? 
: Ans. 
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ILLUSTRATIVE EXAMPLE 3. Differentiate y=ae, 
5 d ee 
Solution. e = log a: a3* < (3 wx?) by XI 
=6-2loga:a3*. Ans. 


ILLUSTRATIVE EXAMPLE 4. Differentiate y = be” +. 


. dy d eee 
Solut ¥ —2 — fh — (ec tz 
olution FE, oe (e ) by IV 


= be? +2? “. (c2? + 22) by XI a 
= 2 bre*t2"_ Ans, 


ILLUSTRATIVE EXAMPLE 5. Differentiate y = x°”. 


dx 


= ete -1 4 4 log x + eF 


: dy ceed x d 
Solut Z —~ = ete" -1 = € — (ez 
olution. era aR (x) +2 log x = (e”) by XII 


= et” ie + log n). Ans. 


66. Logarithmic differentiation. Instead of applying X and Xa at 
once in differentiating logarithmic functions, we may sometimes 
simplify the work by first making use of one of the formulas of (2) 
on pagel. Thus Illustrative Example 2 above may be solved as 
follows: 


ILLUSTRATIVE EXAMPLE 1. Differentiate y = log V1 — x2. 
Solution. By using (2), p. 1, we may write this in a form free from radicals, as 


follows: y = 4 log (1 — 2?). 


d 
eon e978) 
dye dz 
aT —=- by X 
an dx 2 1-2 f 
NT an ee Cd, 
2° 1—a2” 22-1 ADS 
2 
ILLUSTRATIVE EXAMPLE 2. Differentiate y = log ./ ioe. 
Solution. Simplifying by means of (2), p. 1, 
y = 4 [log (1 + x?) — log (1 — 2?)). 
Lapa 2-2) 
Then pe cue ly dt ee ae by III and X 
Gig YA A) Sa 1— 2? 
ap ee 
Hine hy ery eee Ans. 


‘ 


In differentiating an exponential function, especially a variable 
with a variable exponent, the best plan is first to take the natural 
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logarithm of the function and then to differentiate. Thus Illustrative 
Example 5, Art. 65, is solved more elegantly as follows: 


ILLUSTRATIVE EXAMPLE 3. Differentiate y =x. 
Solution. Taking the natural logarithm of both sides, 
log y = e” log x. By (2), p. 1 


Now differentiate both sides with respect to x. 


dy 
dx d d 
— —er— eat pe. Vv 
‘ e* 7, (log x) + log # = (e*) by X and 
= oF 2 + log x e%, by X and XIa 
dye 
or ae u (z+ log 2) 


= ere e + log x) . Ans. 


ILLUSTRATIVE EXAMPLE 4. Differentiate y = (4 x2 — 7)2+ V#—5, 
Solution. Taking the natural logarithm of both sides, 

logy = (2+ Vx? — 5) log (4 x? — 7). 
Differentiating both sides with respect to x, 


1 dy _ ay PRY ae 8 x Be a7 \ ee eee 
hae a ti 5) toa t los 4x 7) Waa 


aU = a4 x2 — nasal 


8(2 + Va? — 5) | log (at 1) (ae 
4z?7—7 Vans 


In the case of a function consisting of a number of factors it is 
sometimes convenient to take the natural logarithm and simplify 
by (2), p. 1, before differentiating. Thus, 


= (x — 1)(x — 2) : 

(x — 3)(% — 4) 
Solution. Taking the natural logarithm of both sides, 

log y = $[log (x — 1) + log (x — 2) — log (x — 3) — log (x — 4)]. 


Differentiating both sides with respect to x, 


a eel 


ILLUSTRATIVE EXAMPLE 5. Differentiate y 


ydx 2 
Pte 2”?-10%+11 
(« —1)(% — 2)(x —8)(x — 4)’ 
a Y 2. ee eee 
(w — 1)3(x — 2)3 (a — 3)3(a — 4)3 
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Verify each of the following differentiations: 


i 


2. 


3. 


14. 


ess 


16. 
Gh 
pis. — 


19. 


ay = log ah 


-y=log 5 


Ss = log 


y = log (e+). 
y = log (ax + 6). 


y = log ax”. 


1 
c+b 


. y = log (ax? + b). 


. y= log (78 —4 27+ 6). 


y = log x3, 


y = log? x [= (log x)?]. 


. y = logio (2Vz). 


2+ x? 
— x? 


.y = log (eVa+ 2). 
Ge Se 
efx) = log 7 


a+ ba 
— bx 


f(x) =log (x + V1 +4 2?). 


er 
1—t 
fet = ae 


a a" = na” log a. 
dx 


d e = 8 xe", 


20. 


21. 


23. 


dy _3, 
dx «x 
dy _ 3 log? x 
ikp ke 
dy _ logio €, 
dca 2%: 
dy 8x 
dx 4—24 
dy_ 2a+382, 
dx 2z(a+2) 
i (oi == Lt logia: 
' 2 ab 
UCT er yen G RCE 
, 1 
t)\ = 
M@) V1 + 2? 
ds__1 
dt 1-# 
(Cen 
dt 2Vi 
d ..=  102log 10 
BEG 1 ye 
mY 2 
99 4 Ot EO! 
doo) Vive 
d S— os 
ate = (s+ 1). 


ay 1 

de «+a 
dy _ a 

de axr+b 
dy _ 1, 

One a 

dy a 
dx ax+b 
dy___2an_. 
dx ax?+b 
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37. 


In Problems 38-47 find the value of 
38. 


39. 
40. 


41. 
42. 


43. 


44, 
45. 
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om ‘a(a? — v2) 


i= 2" Ge pele. 


y=log Ve2—4: 2=3. 


y= e243 2 =). 

y=logn(2e+8); v= 2. 
y=xaxilog (n+ 1)5 a= 4, 
ae TER eso ee 
SOR es 
Op . see 0s 


y = logioV15 — x?; «=38. 


y= 1074; 2'= 4. 


dy _x+1, 
dx Ap 

dye 
dx 1+ée 
dy Bae 


ee (+ 1)? 
ue xe (ax + 2). 


dx 

x ay 
ty 1(c4 66) 
dy _ 4 


dx (e* + e-*)? 
ds_1—tlogt. 
Ci tes 

9 


a 


SSE 


y’ =a (1 log): 


i 
,_ (1 — log x 
py peal a Sa 
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L— 24. y = log (xe*). 
e* 
25. y = log Tae 
_e—1 
26.y = mT aT 
Nhs Sa 
hal 
28. y=tla—e i) 
GAS AGSS 
29. y —ayrer 
30. s = rg 
V 72 ae, 
31. f(x) 0g Saad ed. 
Ver+1+2 
HINT. First rationalize the denominator. 
32. y = x. 
1 
33. ¥ = 2 
ay \ de = (2V fine aye 
34. 9=($) aay (lo8 ¢ 1) 
35, y = 222+), ou — y|? sss): 
5 aed dx tn PAGpo eh Siete al 
_ Vx? + a? dy _ Es 1 
33. dx 4 eel 
dy _ E at |. 
dx x at+bxr 
: for the given value of zx. 
Ans. y' =. 
y’ = 6.09. 
Of = Ose 
Yara} 
y’ = 0.804. 
y’ = — 0.024. 
y’ = — 0.217. 


Ya rA Gils 
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2 \ a 
46.y= (5); o=2. Ans. y= — 1. 
EY Ee 
a7. ya Na aa, y! = 26. 
V20—32 
2 
48. Find at for each of the following functions: 
(a) y = log cz. (d) y = xe-*. 
(b) y =e. (e) y = e log x. 
-—(c) y= a log a. y= =. 


Differentiate each of the following functions: 


49. log (x Va? — x?). 1 
56. e” log = 
50. x log Va? — x?. vs 
Vi logiot 
22 +3 57. 10™* logiot. 
SE UGS are 58. (ae). 
FP fp 59. 3° 58, 
se rere 60. (2). 
3 eS 
53. x logio V6 x. 61 ev3+4a. 
54, x2e—2", " avert 1 
a5. 22. go, (A+ Bu)(C + Ds), 
b/s ‘(H+ Fx)(G + Hz) 


67. The function sin x. The graph of 

(1) . y = sin x 
is shown in the figure. Any value of x is assumed to be the measure 
of an angle in radians (Art. 2). 


Thus for x=1, y=sin (1 radian) = sin 57° 18’ = 0.841. The 
function sin x is defined and is continuous for all values of «. It is 
important to note that sin is a periodic function with the period 
2a. For sin (c+ 2 7) =sin x. 

That is, when the value of «x is increased by a period, the value 
of y is repeated. 
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The property of periodicity has the following interpretation in the 
graph on page 97: The portion of the curve for values of x from 0 to 2 7 
(arc OQBRC in the figure) may be displaced parallel to OX eather to 
the right or left a distance equal to any multiple of the period 2 7, and 
it will be part of the locus in its new position. 

68. Theorem. Before differentiating sin x (Art. 69) it is necessary 


to prove that 
(B) lim 


x00 Xx 


This limit cannot be found by Art. 16. We 


proceed by geometry and trigonometry. 
Let O be the center of a circle whose radius 
is unity. Let =angle AOM measured in radians. Since the radius 


is unity, arc AM = g, also. 
Lay off are AM’ = arc AM and draw MT and M’T tangent to 


the circle at M and M’ respectively. From geometry, 
MM' < are MAM’ < MT+ M’T. 


Or, by trigonometry, 


2 SUV ae ie eee Call ee 
Dividing through by 2 sin x, we get 
gg pal is <4 else 
snz cosz 
Replacing each term by its reciprocal and reversing the inequality 


signs, we have sin x 
Ls ne: > COS 2. 


Therefore when x is small, the value of a lies between 1 and cos zx. 


But when x — 0, lim cos x = cos 0 = 1, since cos x is continuous for 
x = 0 (see Art. 17). Thus we have proved (B). 

It is interesting to note the behavior of this function from its 
graph, the locus of equation 


Pe Siie 


The function is not defined for 2 =0. Let us, however, assign 
the value 1 to it for x=0. Then the function is defined and is 
continuous for all values of x (see Art. 17). 
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69. Differentiation of sin v 
Let Yy =sin v. 


By the General Rule, Art. 27, considering v as the independent 
variable, we have 


FIRST STEP. y + Ay = sin (v + Av). 

SECOND STEP. Ay = sin (v + Av) — sin ». 

The right-hand member must be transformed in order to evaluate 
the limit in the Fourth Step. To this end, use the formula from 


(6), Dion ; 
sin A — sin B= 2 cos $(A + B) sin 3(A — B), 


setting 7 ee A 
Then $(A+B)=v0+4 Av, 4(A—B)=3 Ad. 
Substituting, 
sin (vy + Av) — sin v = 2 cos (v + $ Av) sin 4 Av, 


Hence Ay = 2 cos (0 + ~ ) sin “. 
sin Av 
Ay Av 2 
THIRD STEP. —% — ale. 4 
Te cos (v + 5 ) Do 
74 


FOURTH STEP. dy 
dv 
Av 


sin = 
2 
Since lim =1, by Art. 68, and lim cos (» + A2) = cos. 
Av>0\ Av Av 0 2 
#s 


Substituting this value of a. 2 ~ in (A), Art. 38, we get 


aes 

dx dx 

Da re 

XIII eae (sin v) = cos v oP 


The statement of the corresponding rules will now be left to the 
student. 

70. The other trigonometric functions. The function cos x is de- 
fined and is continuous for any value of x. It is periodic, with the 
period 27. The graphof y—cosz 


is obtained from the graph of Art. 67 of sinx by taking the line 
x = 4 7 as the y-axis. 
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The graph of y= tang 
(see figure) shows that the function tan x is discontinuous for an 
infinite number of values of the independent variable x; namely, 
when « = (n + 4)7, where n denotes any positive or negative integer. 

In fact, when x — 4 7, tan x be- 
comes infinite. But from the rela- 
tion tan (7 + x) = tan x, we see that 
the function has the period 7, and 
the values « = (n+ 4)7 differ from 
4m by a multiple of the period. 

The function cot x has the period 
a. It is defined and is continuous 
for all values of x except «= n7, n being any integer as before. 
For these values cot x becomes infinite. Finally, secx and ese x 
are periodic, each with the period 2 7. The former is discontinuous 
only when « = (n+ 4)7, the latter only when z = nz. The values 
of « for which these functions become infinite determine vertical 
asymptotes in the graphs. 

71. Differentiation of cos v 


Let ¥ = COS ¥. 
By (8), p. 2, this may be written 
y = sin (Z ~ v). 
2 


Differentiating by formula XII, 


=—sinv au, 
dx 
[ Since cos G - ”)= sin v, by (3), p.2. | 
d ao aD 
XIV oS =— _: 
ax (cos v) sin v re 


72. Proofs of formulas XV-XIX. These formulas are readily de- 
rived by expressing the function concerned in terms of other functions 
whose derivatives have been found, and differentiating. 


Proof of XV. Let y= tan vv. 
By (2), p. 2, this may be written 
_ sing. 


~ @0s 0 


TRANSCENDENTAL FUNCTIONS 101 
Differentiating by formula VII, 


ie t Ne : d 
ah COS 0 Ae (sin v) — sin v oe (cos v) 


x COs? v 
dv : dv 
Dias pee 2 
ts Vag t Sin oy. 
COs? v 
dv 
da 2, a ; 
— =— —e 9 
Res sec? v cP Using (2), p. 2 
Pad meee UN 
XV so (tan v) = sec as 


To prove XVI-XIX, differentiate the form as given for each of 
the functions below. 


XVII. sec v = thes, XVIII. csc v = MES 


XVI. coty = : 
tan v COS v sin v 


XIX. versine v = vers v = 1 — cosv. 


The details are left as exercises. 
73. Comments. In the derivation of formulas I-XIX it was neces- 
sary to apply the General Rule, Art. 27, only for the following: 


III (utv—w) = oe. Algebraic sum. 
de edule 
V FE (uv) =u ae +0 da Product. 
du dv 
VII £ (2) Be wagen uotient. 
VIII n = ay . @. Function of a function. 
IX a = = . Inverse functions. 
dy 
dv 
xX (log v) = es Logarithm. 
CU ae Op dv, Sine. 
XIII pe (sin v) = cos v oF 


Not only do all the other formulas deduced depend on these, but 
all we shall deduce hereafter depend on them as well. Hence we see 
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that the derivation of the fundamental formulas for differentiation 
involves the calculation of only two limits of any difficulty, namely, 


lim ne 25] by Art. 68 
v7 0 
1 
and lim (1+ 0)?=e. By Art. 61 
PROBLEMS 


Differentiate the following : 


1. y = sin ax’. 
Solutior. dy = cos ax? ie (ax?) by XIII 
da dx 


[v= azx?.] 
=2axcosax?. Ans. 


Qo — tan Vv 
: dy _ noe Wipe aA AS 
Solution. dn 8° 1-2 FF (1 —2)? by XV 


we V/1—2.] 
=sece? V1 —2-3(1 —2)—2(—1) 
ga a al caus Ans. 
2V1—<2 


Sy = COS? ah 
Solution. This may also be written 
y= (eos @)8. 


dy _ od 

ie 3 (cos x) a (cos x) by VI 
[v=cosx and n=3.] 
= 3 cos? «(— sin x) by XIV 


=—3sinxcos?z. Ans. 
4. y=sin nx sin” x. 
Solution. dy = sin nx a (sin 7)” + sin” x a (sin nx) by V 
dx dx dx 
[wu=sin nx and v=sin” x.] 


: : ae 
=sin nx: n (sin x)"-! — (sin x) 
dx 
ove d 
+ sin” x cos nx oe (nx) by VI and XIII 

=nsin nx + sin”! x cos x + nsin” x cos nx 

=nsin" 1 (sin nx cos x + cos nx sin x) 

=nsin" 1 4sin (n+1)x. Ans. 
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6 SS Sia 2 ap 


5 
GarSi=-tCOsiol Ue 
7.u=tan2. 
U an 5 
8. y= | cot 3 x. 
Qn p= sec.) 0: 
—10. y=4ese2. 
2 
Paleo SIN 


ZIP, (DS CORE g. 


US, 0) = 1 
Vtan x 
14. s= Vsee 2 t. 


iss Gp = ae an aR 

16. f(@) = tan 0 — @. 
cos 0 

i — 7 
1837 = sin 2 sin 2 2. 
19. y = log cos x. 

y-20 7 — 10g V sin 2:2: 
Qype Sn ax. 


22. y¥ = e-* cos ue 
2 
vamp == lor cally. 
an 1 + sin x. 
BEF Sia Oe V1—sin a 
r— 25. f(x) =sin (2+) cos (x—a). 
EL cos 6) 
PT OK 1 — cos 0 
27. p= + tan?@ — tan0+ 0. 
28. y = xsinz, 
29. y = (sin x)". 
3057/= sin 2°. 


}-—81. p= cos a. 


32. wu = tan v. 


Ans. y’=2 cos 2%. 


Sa=—ro Sinise. 
pat eeg ly 
uU = 5 sec 9 


y’ = — ese? 3 x. 
p’ = 5sec 5 O tan 5 @. 
y 


ap ap 
‘= — 2 ese = cot =: 


Z 2 
dy ___cosx 
dx 2WVsin x 
dp _ , 
q6 = 3 SD 7] 
Gy sec? x 


da 2(tan x)? 


PAO SO 


dt 

y’ =x cos x+ sin x. 
{'(@) = tan7@: 

dp ___ @sin 6+ cos 6. 
dé 62 


y’ = 2sinx cos2x+ cos x sin 2 x. 
y’ = — tan x. 

DY ZS Oe A Ae. 

y’ = e*(a sin 7x + 7 COS TH). 


y= e(5 sin = + cos Z). 


2 2 

i 

dé sin 26 

oye sce ba. 

dx 

PQ) SOsZ a: 

AN ee 2 sin 0 
AN a (1 — cos 0)2 

p= tant, 


dy _ sine ) 
mee = + cos x log x). 


y’ = (sin x)* [log sin x + x cot x]. 


ORE, Bye 
a A sin 2 x. 


om =— a’ cos ae. 
d?u 


—— = 2? sec” y tan v. 
dv? 
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33. y = 2 sin x. Ans. 
34. y= eae 
35. y = e* sin x. 
36. y = e-* cos 2 x. 
37, =e} Sil 02. 


38. y =sin (x+y). 


39. ey = cos (x+y). 


40. sin y = log (x + y). 


In Problems 41—50 find the value of 


radians). 
41. y= 2sin 5; se 
AD i — COS Cee are 


AS 7 — lOO seh eel oe 
sin x 

44, y= Sak al 

45. y=sin27cosx; «= 4. 

AGS Yi— 7 SIN COS sau tek 

Wh iS =a aee. ae Gl. 

48. y= 10 e* cos rx; x=}. 


x 
y=5e@sin 521. 


z 
50.y=10e %cos2x; x=1. 


49. 


DIFFERENTIAL CALCULUS 


TY = 2 cos x — asin x. 

UT ea CA), COs 2. 

dx? xe 

TY = 2 e* cos x 

dy _ — x ] By 
ES ea (4sin2x+3cos2 2). 
oY = ee#[(a? — b?) sin bx + 2ab cos bz]. 
x 

dy_ _cos(r+y) _, 

dx 1—cos(x+ y) 

dye ain Cosy 
dx e+sin(x+y) 

CL ig APR al a 

dx (x+y)cosy—1 


dy 


oe for the given value of x (in 


Ans. y’ = 0.878. 


Differentiate each of the following functions: 


51. 2 sin ie ~ z): 
52. ; cos x. 
ax 
53. tan Me 
04. D COU ZT. 


55 sec 2 x 


y’ = — 2.284. 
y’ = — 0.238. 
y’ = — 0.301. 
y’ = 0.545. 
y’ = — 2.97 
aon eel 
y’ = — 51.78 
y’ =4.12; 
y’ = — 16.07 
2%, 
56. sec 5 
2 
¢Dp7. =. 
Pp log cos 2 
58. x log tan x. 
59. esinz, 
60. cos e?*, 
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74. Inverse trigonometric functions. From the equation 
(1) y= sin 2, 


we may read “x is the measure of an angle in radians whose sine 
equals y.” For a central angle in a circle with radius unity, x equals 
also the intercepted are (see Art. 2). The statement in quotation 
marks is then abbreviated thus 


(2) x = arc sin y, 


read ‘‘x equals an arc whose sine is y.”’ _Interchanging x and y in (2), 
we obtain 


(3) i aALCsilas; 


and arc sin x is called the inverse sine function of x. It is defined © 
for any value of x numerically less than or equal to 1. From (1) 


and (2), it appears that sin x and arc sin y are inverse functions 
(Art. 39). 


Equation (8) is often written y = sin—!1 x, read ‘‘the inverse sine of x.” 
This notation is inconvenient, for the reason that sin-! x, as thus written, 
might be read as sin x with the exponent — 1. 


Consider the value of y determined by x = 4 in (8), that is, by 
(4) y = arc sin 4. 


One value of y satisfying (4) is y = 4 a, since sin 4 a = sin 30° = 3. 
A second value is y = 2 7, since sin 2 7 = sin 150° =4. To each of 
these solutions any multiple of 2 7 may be added or subtracted. 
Hence the number of values of y satisfying (4) is without limit. The 
function arc sin x is then said to be ‘‘ multiple-valued.”’ 

The graph of arc sin x (see figure) shows this property 
well. When pa OM, y= MP1, MPs,-M Ps, 2+>, MQ, 
MMOs 

For most purposes in the calculus it is allowable 
and advisable to select one of the many values of y. We 
select, then, the value between —47 and 47, that is, 
the smallest numerical value. Thus, for example, 


(5) aresin} =} z, arcsin0=0, aresin (—1)=—} 7. 


The function arc sin x is now single-valued, and if 


(6) y=arcsinx, then —37=y = rT. 


In the graph we confine ourselves to the are QOP. 
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In the same manner each of the other inverse trigonometric func- 
tions may be made single-valued. Thus, for are cos 2, if 
(7) y=arccosx, then 0=y=7. 
As examples, 
arecost=4a, arccos(—4)=37, arccos(—1)=7. 
From (6) and (7) we now have the identical relation 
(8) arc sin x + are cos x =} T. 


In the graph of are cos x (see figure), we confine our- 


selves to the arc QPiP. 
Definitions establishing a single value for each of 
the other inverse trigonometric functions are given 


below. 
75. Differentiation of arc sin v 
Let y = arc sin v; (—$7SyS47n) 
then p= SiN Y. 
Differentiating with respect to y by XIII, 
Ce COS Y; 
dy : 
baal! 
therefore FF ion By (C), Art. 39 


Since v is a function of x, this may be substituted in (A), Art. 38, 
giving dys 1. do cout uemeas 


—_+— i ————— .. —— 


dx cosy dz aa pees acd 


cos y = V7 t= sin? y = V1 — v?, the positive sign of a few ay being 
taken, since cos y is positive for all values of y between — — 5 and 5 ~ T inclusive. 


dv 
d dx 
xX . i = ————-.- 
xX a (arc sin v) Wis 
If y= arc sin 2, y’ = dy [a= The graph is the 
Ch ee 


arc QP of the figure. The slope eee infinite at Q and 
P, and equals 1 at O. The function increases (y’ > 0) 
throughout the interval x =—1 to x=1. 

76. Differentiation of arc cos v 

Let y = are cos v; WE hi) 
then Vv = COS ¥. 
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Differentiating with respect to y by XIV, 


a sin y; 
dy 1 Y; 
therefore cacy tela By (C), Art. 39 
dv sin y NEE i 
But since v is a function of x, this may be substituted in (A), 
Art. 38, giving dy _ ea; 1 da. 


dx siny dx Wilkes PUES 
Es y =V1—cos?y = V1— v?, the plus sign of the radical being taken, 
since sin y is positive for all values of y between 0 and 7 inclusive. 


dv 

d dx 
XXI .% — (arc cos v) = — ————_... 
dx ‘ V1—v? 


If y= are cos x, then y’ = — = When « increases from 
—1to+1 (are PQ of the first figure on page 
106), y decreases from 7 to 0 (y’ < 0). 


77. Differentiation of arc tan v. Let Logie 
2 
(1) y = arctanv; then Vo 710 v 


(2) p= tan y. is ee 
The function (1) becomes single-valued if = ##| | 
we choose the least numerical value of y, that 
is, a value between —47 and 47, corresponding to are AB of 


the figure. Also, when » > —», y -—47; whenv>+,y —>3T. 
Or, symbolically, 
(3) arc tan (+ 0) =4a, aretan(—%)=— $7. 
Differentiating (2) with respect to y by XV, 
LLMs FOG 
aie sec? y ; 
)) et 
and —~ = ——_. By (C), Art. 39 
dv sec?y 
Since v is a function of x, this may be substituted in (A), Art. 38, 
giving ly ele Ce ee eek 


dx sec2?y dx 1+ 0? dx 
[sec2y =1+tan?y =1+0?.] 
dv 


oe cae 
XXII sit gp (BTC ta U) aes 
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If y =are tan x, then y’ = 5 and the function is an increasing 


function for all values of x. 


The function arc tan © furnishes a good 


example of a discontinuous function. Con- 
fining ourselves to one branch of the graph of 


1 
= ¢ t 7 
y = are tan = 


we see that as « approaches zero from the left, y approaches — 4 se asea 
limit, and as x approaches zero from the right, y approaches +iwas 
a limit. Hence the function is discontinuous when «= 0 (Art. 17). Its 
value for « = 0 can be assigned at pleasure. 


78. Differentiation of arc cot v. Following 
the method of the last article, we get 
dv 


d 
XXIII FP (arc cot v) = — ——; 


The function is single-valued if, 
when y=arcecotv, 0<y>rT, 
corresponding to the are AB of the figure. 
Also, if v >+ 0, y—>0;ifv >—%,y—7. Thatis, symbolically, 
are cot (+0) =0; arc cot (— 0) =z. 


79. Differentiation of arc sec v and arc csc v. Let 


(1) Yy = arc SEC Vv. 


This function is defined for all values of v except those lying be- 
tween — 1 and + 1. To make the function single-valued (see figure), 

when 2 is positive, choose y between 0 and 4 7 (arc AB); 

when v is negative choose y between — 7 and — 4 o (are CD). 

Also, if v>+0, yong; 
if v>— ow, yoe-ind, 

Solving (1), v=sec y. 


Differentiating with respect to y by XVII, 


dv 
dy SCY tan y; 


y EN 
therefore aan. Tae By (C), Art. 39 


sec y tan y 
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Since v is a function of x, this may be substituted in (A), Art. 38, 
giving 


—>- = CeO — ee eeeeeesés—SsesFse 


a =v, and tan y = V sec? y —1=V v2? —1, the plus sign of the radical being | 


since tan y is positive for all values of y between 0 and 4h and between — 7 and — a 


2 
dv 
seat? coat (arc sec) =e pam feed Bey 
dx vVv2—1 = 
Differentiation of arccsev. Let = = _ (cr ee ee 
y = arc csc 0; He 
then ) = csc y. Smee S 
Differentiating with respect to y by XVIII Dye 


and following the method of the last section, ====~--=34-4+--=s== 


we get | 
CUTTS Plage Se a 


d dx og 
XXV —(arccsc v) = — ————-- 
dx vVv2 —1 
The function y = arc esc v is defined for all values of v except those 


lying between — 1 and + 1, and is many-valued. To make the func- 
tion single-valued (see figure above), 


when 7 is positive, choose y between 0 and 4 7 (arc AB): 


when » is negative, choose y between — ma and — 4 m (are CD). 
S 


80. Differentiation of arc vers v 


‘ 2m 


Let y = arc vers v; * 
then v = Vers y. 


Differentiating with respect to y by XIX, 


Ce re 2 
dan sin y; 

therefore dy _ carla) By (C), Art. 39 
dv siny 


* Defined only for values of v between 0 and 2 inclusive, and many-valued. To make 
the function single-valued, y is taken as the smallest positive arc whose versed sine is 0; 
that is, y lies between 0 and 7 inclusive. Hence we confine ourselves to arc OP of the graph. 
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Since » is a function of x, this may be substituted in (A), Art. 38, 
Lae (ae a) Len de 


dz siny dx /2)— 72dt. 


sin y = VI — cos? Tp A) fe (1 — vers y)? = V20— v2, the plus sign of the el 
being taken, since sin y is positive for all values of y between 0 and 7 inclusive. 


dv 
d dx 
XXVI rie at (arc vers v) = -——————— 
x V2 vu —v2 
PROBLEMS 
Differentiate the following: 
124 are tan ax. 
d 
—— (ax?) 
Solution. a ie by XXII 
dx 1+ (ax?) 
[v = ax?.] 
—_2a%_ Ans, 
: Ise ee 
2. y = arc sin (8 + — 4 73), 
d 
— (3% —4 23) 
Solution. dy = we by XX 
dx V{— (38 x —4 43)2 
[v=3a—4 23,] 
en 3 —12 22 amie ae 
et aL V1—-9a? + 242-1629 Vi-@ ; 
3. y = are sec ~ . 
id x? —1 
d (= +1 
: dy dx \x2 — i) 
Solution. SL a te 
dv w+ (a SSE) 
7 oN esi 
[e== ns + | 
! x2—1 
= (2 —1)2 2 
a TA 
e+1. 20 aarp Pate 
“2— 1 92 — 1 
4. y= are cos =: Ans. dye Aral» 3: 
a de S\igie aa 
5. y = arc sec 2, dy _ a 


a CN ePay 5 Py 
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6. y = are tan L, Ans. Ce Se Len ¢ 
x dx v?+1 
7. y =aresin Ll, dy__ 1 : 
% dx aVn? —1 
_—8. y= are cse 2 x2. dy _ 2 
dx aV4 of —1 
9. y= are sin V2. Cy ene 
dx 2Veg— a8 
10. y = arc sec (1 — x). dy epee 2) Lae 
dx (l—2)Vz?-—2¢ 
dé 2 
11. 0 = rc vers p?. ES woe, 
dp ~/2— p? 
A ee al dy 1 
12. y = are sin ——'s NE eG 
V3 ih, Rea ae 
13. y = x arc sin x. a= are sin 2 + 
dy 2 40 
14. y= 2 arc cos 2 x. pe AT COC OS it ee 
dx V1—42? 
15. y = x? arc tan x. qua 2earetans +2. 
«16. y = log arc tan 3 2 = 2 . 


(4 + x2) are tan ; 


17. f(u) = uVa? — uv? + a? are sin 7 f'(u) =2Va? — v2. 


18. f(x) = Va? — x? + a are sin = f(a) = \[=2. 


atx 
195) = are sin : + V4 — 22. f’(x) = are sin - 
20. F(t) =3 log Te =+ : are tan i P(t) = ot tH. 
21. p= are tan". are 
SOm =n are ee eae z= oS 
28. y= — dare tan + a. ee 
94, = 2VE—4 + 2 are tan YO= 4. poe 


w 25. y=4 23 arc tan x — § v2 + § log (x? + 1). Uy are tan x. 
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Differentiate each of the following functions: 


26. arc sin x”. 32. Vx are.ese 2. 


27. arc cos 4 x. 83. e? arc sin x. 


x 
28. arc tan (x — 2). 34.e 2arc tan 22. 


99. arc cot =: 35. arc cos e”. 
; 2 


9 1% _X\/g9_y3 
30. are vers (1 — 2). She fet AE 2 et 
31. x are sec 5+ 37, 3 are siny/>+# + V2—a— a, 


PROBLEMS 


1. Sketch the following curves, and find the slope at each point where 
the curve crosses the axes of codrdinates: 


x 
L(a) y= e. Ans. y-axis, 3. 
l—(b) y = log (x + 2). x-axis, 1; y-axis, 3. 
(c) y = log (9 — x?). x-axis, + 4vV2; y-axis, 0. 
(d) y = logio 2. x-axis, 0.484. 


2. Find the point on the curve y = log x? where the tangent is (a) par- 
allel to the line x — 2 y + 6 = 0; (b) perpendicular to the linex + y—1=0. 
Ans. (a) (4, 2.7726); (b) (2, 1.3863). 

3. Find the equations of the tangent and the normal to the curve 

y = cos x at the point where x = 3- Ans. tty=Fia-yas: 
4, Find the lengths of the subtangent and subnormal to the curve 


y = sin x at the point where x = aa 


5. Find the angles which the curves y=sinz and y=coszx make 


with each other at their points of intersection. Ans. 109° 28’. 
6. Find the angles of intersection of the graphs of y = x — sin 2 x and 
y = x at the points where x = 0 and x= a Ans.” 905, 26° 3473 


7. Find the maximum, minimum, and inflectional points on the fol- 
lowing curves and draw their graphs: 


b—(a) y = log (1+ 2). Ans. Min. (0, 0); 
points of inflection, (+ 1, log 2). 
(b) y= a log «x. Min. (2, 1). 
eas. te 
~~) y= Touees Min. (e, e); 


point of inflection, (e, <). 
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(d) y = xe*. Ans. Min. (- 1,-— *) : 
point of inflection, (- 2,- *). 
(e) y= 9 (e* — e-*). Point of inflection, (0, 0). 


8. A submarine telegraph cable consists of a core of copper wires 
with a covering made of nonconducting material. If x denotes the ratio 
of the radius of the core to the thickness of the covering, it is known that 


the speed of signaling varies as x? log i. Show that the greatest speed 


1 
is attained when x = —-- 
Ve 


9. What is the minimum value of y = ae** + be-*«? Ans. 2Vab. 
10. Find the maximum point and the points of inflection of the graph 
of y = e-*’, and draw the curve. ae 
Ans. Max. (0, 1); points of inflection, (+ —, wal 
V2 Ve 
11. Show that the maximum rectangle with one side on the z-axis 
which can be inscribed under the curve in Problem 10 has two of its 
vertices at the points of inflection. 
12. Find the maximum, minimum, and inflectional points for the 
range indicated, and plot the curves. 
(a) y=x2+2sinz; (0 to2 =). 


Ans. Max. (2, 3.8265); min. (£2, 2.4567) ; 


points of inflection, (0, 0), (7, 7), (2 7, 2 7). 
(b)\yi= + sin 2 7; (0 tom): 


Ans. Max. (z. 1.9132) : min, iS 1.2284) ; 


points of inflection, (0, 0), (Z; ), Crem): 
(ec) y=sinx+cosz; (0to27). 
a i 
ANOS, IMIEDS (z, 1.4142) : min. ( 7 1.4142) ; 
‘ : é 37 CH 
points of inflection, (=. 0), os 0) 
(d) y= 7 cosa; (0 to 2 7). 


(e) y=2sinx—cosz; (0 to2 7m). 
(f) y=sin rz + cos 7x; (0 to 2). 
(g) y=5e-*sinz; (0 to2 7m). 


(h) y=10e 2cos at (0 to 4). 


13. The turning effect of a ship’s rudder is shown theoretically to be 

k cos 6 sin? 6, where @ is the angle the rudder makes with the keel, and 
k is a constant. For what value of 6 is the rudder most effective? 

Ans. About 55°. 
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14. Into a full conical wineglass of depth a and generating angle a 
there is carefully dropped a sphere of such size as to cause the greatest 
overflow. Show that the radius of the sphere is 

asin a 
sina+cos2a 


15. Find the dimensions of the cylinder of maximum volume which 
can be inscribed in a sphere of radius 6 in. (Use the angle @ subtended 
by the radius of the base of the inscribed cylinder as a parameter. Then 
r=6sin 0, h = 12 cos 0.) 

16. Solve Problem 15 if the convex surface of the cylinder is to be a 
maximum, using the same parameter. 


17. A tapestry 7 ft. in height is hung on a wall so that its lower edge 
is 9 ft. above an observer’s eye. At what distance from the wall should 
he stand in order to obtain the most favorable view ? PAT Sem atics 


Hint. The vertical angle subtended by the tapestry in the eye of the observer 
must be a maximum. 


18. When the resistance of air is taken into account, the inclination 
of a pendulum to the vertical may be given by the formula 
6 = ae-*.cos (nt + €). 


Show that the greatest inclinations occur at equal intervals . of time. 


19. If a projectile is fired from O so as to strike an inclined plane which 
makes a constant angle a with the horizontal at O, the range is given 
by the formula __ 2? cos @ sin (0 — a) 

a g cos? a i 
where » and g are constants and @ is the angle of elevation. Calculate 
the value of 6 giving the maximum range up the plane. 
pre Om 
Ans. = 4 + 9 

20. When a load is being pulled up an inclined plane of constant incli- 
nation a by a force making an angle @ with the horizontal, the efficiency 
of this device as a machine is given by the formula 


_ _cos (a + B— 9) sina 
sin (a + B) cos (a —8) 
where 8, the angle of friction, is also a constant. At what angle must the 
force be applied for maximum efficiency ? Ans. 0=a+ 8B. 
21. For a square-headed screw with pitch @ and angle of friction ro) 
the efficiency is given by the formula 
R= tan 0 , 
tan (0+ o)+f 


where fis a constant. Find the value of @ for maximum efficiency when 
¢ is a known constant angle. 


CHAPTER VIII 


APPLICATIONS TO PARAMETRIC EQUATIONS, POLAR 
EQUATIONS, AND ROOTS 


81. Parametric equations of a curve. Slope. The codrdinates x and 
y of a point on a curve are often expressed as functions of a third 
variable, or parameter, t, in the form 


r=), 
is {z=I0 
Ly = o(). 
Each value of ¢ gives a value of x and a value of y and determines a 
point on the curve. Equations (1) are called parametric equations 


of the curve. If we eliminate ¢ from equations (1), we obtain the 
rectangular equation of the curve. For example, 
ateaet COS:E, 
(2) ; 
\y=rsint 
are parametric equations of the circle in the 
figure, t being the parameter. For if we elim- 
inate ¢ by squaring and adding the results, we 
have 


x? + y? = r2(cos? t + sin? t) = r?, 
the rectangular equation of the circle. It is evident that if ¢ varies 


from 0 to 2 7, the point P(z, y) will describe a complete circumference. 
Since, from (1), y is a function of ¢, and ¢ is a function (inverse) 


of x, we have 
a 3 a a by (A), Art. 38 
=H. T; by (0), Art. 39 
Tah AR y (C), Art. 
dt 
that is, 
dy 
dy_dt_$#() _ 
(A) eae FO slope at P(x, y). 


dt 


By this formula we may find the slope of a curve whose parametric 


equations are given. 
115 
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ILLUSTRATIVE EXAMPLE 1. Find the equations of the tangent and normal, 
and the lengths of the subtangent and subnormal to the ellipse * 


(x=a cos q, 
(3) ly=bsin ¢ 


at the point where ¢ = 45°. 
Solution. The parameter being ¢, 5 = — asin ¢, a = bcos ©. 


Substituting in (A), a =— a =- : cot @ = slope at any point = m. 


Substituting @ = 45° in the given equations (3), we get 11. =}. aV2,y =} bvV2 
as the point of contact, and the slope m becomes 


m =—" cot 45° = — 2. 
Substituting in (1) and (2), Art. 43, and reducing, we get 
ba + ay = V2 ab =equation of the tangent, 
V2(ax — by) = a2 — b? =equation of the normal. 
Substituting in (3) and (4), Art. 43, 


1ov2 = 7) = — 4.aV2 = length of subtangent, 
3 bv2(— 5 =— ne = length of subnormal. 


ILLUSTRATIVE EXAMPLE 2. Given the equations of the cycloid} in parametric 
form, 
x = a(6 —sin 0) 
4 ’ 
(4) anaes 


6 being the variable parameter; find the lengths of the subtangent, subnormal, 
and normal at the point (1, y:) where 6 = ;. 


* As in the figure, draw the major and minor auxiliary circles of the ellipse. Through 
two points B and C on the same radius draw BA parallel to OY and DP parallel to OX. 
These lines will intersect in a point P(x, y) on the ellipse, 


b 
Sa dono x=OA=OBcos¢=a cos ¢ 


and y= AP=OD= OC sin ¢ = bsin 4, 
= Ya 
or A cos @ and Kia sin ¢. 


Now squaring and adding, we get 


neat ina ead 

saat pis cme ¢@+ sin? ¢=1, 
the rectangular equation of the ellipse. is some- 
times called the eccentric angle of the ellipse at the 
point P. 

t The path described by a point on the circumference of a circle which rolls without 

sliding ona fixed straight line is called a cycloid. Let the radius of the rolling circle be a, P 
the tracing point, and M the point of contact with the fixed line OX, which is called the 
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Solution. Differentiating, a = a(1 — cos @), au = asin 0. 
Substituting in (A), Art. 81, 
ym sin Oe. ea t : 
dx 1—cos§ ~~ ™ = Slope at any point. 


When 06= hi, y=Y1 = (Gl — cos 01), m=m = sin 6, a, 
l—cos@,  . 
Following Art. 43, we find (see figure at foot of this page) 


TN = subtangent = a(1 — cos 61)? | 


> NM =s b — i 
ait ; ubnormal = a sin @;. 


MP = length of normal = aV 2(1 — cos 6) =2 asin 4 6,. By (5), p.3. 


In the figure, PA = a sin (; (if 6 = 6,) = the subnormal NM as above. Hence 
the construction for the normal PM and tangent PB is as indicated. 


Horizontal and vertical tangents. From (A), and referring to Art. 42, 
we see that the values of the parameter ¢ for the points of contact of 
these tangent lines are determined thus: 


Horizontal tangents: solve a == Ord. 


Vertical tangents: solve “ = J 10M. 
ILLUSTRATIVE EXAMPLE 8. Find the points of 
contact of the horizontal and vertical tangents to 


the cardioid (see figure) 
1 


x =acos0—acos26—a, 
2) a rans 
Solution. Ga a(- sin 9 + sin 2 6); 4Y — a(cos 6 — cos 2 6). 


Horizontal tangents. Then cos 0 —cos26=0. Substituting (using (5), p. 3) 
cos 2 6 = 2 cos? 6 — 1, and solving, we get 0 = 0, 120°, 240°. 

Vertical tangents. Then —sin 6+sin 26=0. Substituting (using (5), p. 8) 
sin 2 6 =2 sin 6 cos 0, and solving, 0 = 0, 60°, 300°. 


base. If are PM equals OM in length, then P will touch at O if the circle is rolled to the left. 
We have, denoting the angle PCM by 8, 


2= ON =OM — NM = 28 —- asin #=a(6 —sin 6), 
y = PN = MC — AC =a —acos 6=a(1 — cos 9), 


the parametric equations of the cy- 
cloid, the angle @ through which 
the radius of the rolling circle turns 
being the parameter. OD = 2 ra 
is called the base of one arch of the 
cycloid, and the point V is called 
the vertex. Eliminating 0, we get 
the rectangular equation 


2 =aare cos(4 — Y)_/2 ay —y?. 


a 


V 
1a 
' 
a 
la 
H 
ele 


SS 


118 


DIFFERENTIAL CALCULUS 


The common root 6=0 should be rejected. For both numerator and de 
nominator in (A) become zero, and the slope is indeterminate (see Art. 12). From 
(5), « =y=0 when 6=0. The point O is called a:cusp. 

Substituting the other values in (5), the results are as follows: 

Horizontal tangents: points of contact (— sa,+ 3 av3). 

Vertical tangents: points of contact €: a, ++aV3). 

The vertical tangents coincide, forming a ‘‘ double tangent”’ line. 

These results agree with the figure. 


PROBLEMS 


Find the equations of the tangent and normal, and the lengths of 
subtangent and subnormal to each of the following curves at the point 


indicated : 


Tangent 


Subt. Subn. 


Normal 


8x2+2y—9=0, 


1. c=??,2y=t;t=1. Ans. r—4y+1=0, 2, ¢ 
hy P= Y= PS C- 12%—y—16=0, x++12y—98=0, 2, 96 
hy Pei ea a aa 32—2y—1=0, 24+3y—5=0, 2, 3. 
4.0=2e,y=e-:t=0. xt+2y—-4=0, 2x-y-3=0, —2, —i. 
5. x=sint,y=cos2t;t=7- Qy+4a—-8=0, 4y—2x—-1=0, —1, -1. 
= See Se 11 — costa — sini t=" 


to BSB, VSOrSies 
CS Sie S08 PaSee 


th Sy Sie3 pS Sil. 


0. 


1052 yt 
In each of the following examples plot the curves and find the points 
of contact of the horizontal and vertical tangents: 


t 12t—t? Ans. Horizontal tangents, (— 1, — 2), (1, 2); 
vertical tangents, none. 


17.x%=2+5cos 0,y=38+ 5sin 0. 
Ans. Horizontal tangents, (2, — 2), (2,8); 


16.2=5:49= 8 


2127-1 I! 


1G) a a) — 
Bhs ae rm y = 


_-18. x=4sin 0, y= 2(1 — cos 8). 


ID eee yi ear 
1322s tay — 2 COststt 


-19 


14.x=4 cost,y=3 sint; t=F: 


15. 2 = lett +2). 7 = Cates 


vertical tangents, (— 8, 3), (7, 3). 
20. c=sint, y=sin 22. 


21. x= costi, y=sintt. 


In the following curves (figures in Chapter XXVI) find lengths of 
(a) subtangent, (b) subnormal, (c) tangent, (d) normal, at any point: 


22. The curve 


{ 


x=a(cost+tsint), 
y = a(sint — t cost). 


Ans. (a) y cott, (b) y tan t, (c) eR (d) 


ete. 
cost 
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23. The hypocycloid (astroid) {* = 4acos*t, 


y=4asin3t. 
Ans. - tt, (b) — t ot Ee lifes 
(a) — ycott, (b) — y tant, (ce) te cna 
24. The circle Melee t, 
ey ——asinegs 
L-¥5. The cardioid Be Eh) 
y =a(2 sint — sin 2?). 
( St 
Piel P18 
26. The foli 
e folium 4 a 3 2 
{ 1+8 
f a 
— a cost, 
27. The hyperbolic spiral 4 
LY = 7 sin t 


82. Parametric equations. Second derivative. Using y’ as symbol 
for the first derivative of y with respect to x, then (A), Art. 81, will 
give y’ as a function of t, 


(1) y’ = hit). 


To find the second derivative y’’, use this formula (A) again, re- 
placing y by y’. Then we have 
dy’ 
» dy _ dt _ XO. 
dx dx f’(t) 
dt 


(B) 


Maj (@)sas nil )erArt. ol. 


ILLUSTRATIVE EXAMPLE. Find y’ for the cycloid (see Illustrative Example 2, 
Art. 81) 
x =a(0 —sin 8), 
y = a(1 — cos 8). 
in dx 
Solution. We found y’= accra and Ale a(1 — cos @). 
Also, differentiating, 
dy’ _ (1 — cos 8) cos 8 —sin? 0 _ Contes 1 . 
do (1 — cos 6)2 (1 — cos 6)? (1 — cos 6) 


Substituting in (B), 


1 
1 — _ ___—___, Ang, 
y a(1 — cos 0)? ee 


Note that y” is negative, and the curve therefore is concave downward, as in the 
figure for the cycloid, p. 117. 
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PROBLEMS 
1. In each of the following examples find ue and oe in terms of ¢t: 
(a)a=t-—ly=?+1. Ans. @ = 21, 4 =2. 
(b) s= Fs y=1-t. dy__ 1, @y_ i. 
OR CA fe e ie cae a p, peak t. 
Oa a ee odd ee 


2. Show that the curve x = sec 0, y = tan 6 has no point of inflection. 
3. In each of the following examples plot the curve and find the maxi- 
mum, minimum, and inflectional points: 


L— (a) © =2acot 0, y=2 asin? 0. ots 
Ans. Max. (0, 2 a); points of inflection, (+ as. Sh 


(b) & ="tan't, 7 ="sin f cos €. 
Ans. Max. (1, $); min. (— 1, — 3) 


points of inflection, = N/ te x8), (0, 0), (v3, ¥8), 


83. Curvilinear motion. Velocity. When the parameter ¢ in the 
parametric equations (1), Art. 81, is the time, and the functions f(t) 
and ¢(¢) are continuous, if ¢ varies continuously the point P(x, y) will 
trace the curve or path. We then have a curvilinear motion, and 


(1) r=f(t), y= ot) 
are called the equations of motion. 

The velocity v of the moving point P(x, y) at any instant is de- 
termined by its horizontal and vertical components. 

The horizontal component v, is equal to the velocity along OX 
of the projection M of P, and is therefore the time rate of change of zx. 
Hence, from (C), Art. 51, when s is replaced by x, we get 

dx 


(C) Mert 


In the same way the vertical component vy, 
or time rate of change of y, is 


dy 
D = o%. 
(D) Vy dt 
Lay off the vectors v, and v, from P as in the figure, complete the 
rectangle, and draw the diagonal from P. This is the required vector 
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velocity v. From the figure, its magnitude and direction are given 
by the formulas 


dy 

(E) v? = v,2 + v,?, (an ee 
Vx dx 

dt 


_ Comparing with (A), Art. 81, we see that tan 7 equals the slope 
of the path at P. Therefore the direction of v lies along the tangent 
line at P. The magnitude of the vector velocity is called the speed. 

84. Curvilinear motion. Component accelerations. In treatises on 
mechanics it is shown that in curvilinear motion the vector accelera- 
tion @ is not, like the vector velocity, directed along the tangent, but 
toward the concave side of the path of motion. It may be resolved 
into a tangential component, a;, and a normal component, a,, where 
er CU wag np RUE 

dition we Re 
(R is the radius of curvature. See Art. 105.) 

The acceleration may also be resolved into components parallel to 
the axes of codrdinates. Following the same plan used in Art. 83 
for component velocities, we define the component accelerations paral- 
lel to OX and OY, 


(F) a= ZT 


Also, if a rectangle is constructed with vertex P and sides a, and 
a,, then ais the diagonal from P. Hence 


(G) a = V/ (ax)? + (ay)?, 
which gives the magnitude (always positive) of the vector accelera- 
tion at any instant. 

In Problem 1 below we make use of the equations of motion of a 
projectile, which illustrate very well this and the preceding article. 


PROBLEMS 


1. Neglecting the resistance of the air, the equations of motion for a 
projectile are 


r=vcos¢-t, y=usingd-t—16.1?; 


where 1, = initial velocity, @ = angle of projection with 
horizon, and t= time of flight in seconds, x and y being © Pe 
measured in feet. Find the component velocities, com- 

ponent accelerations, velocity, and acceleration (a) at any instant; (b) at 
the end of the first second, having given 1 = 100 ft. per second, ¢ = 30°. 
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Find (c) the direction of motion at the end of the first second; (d) the 


rectangular equation of the path. 


Solution. From (C) and (D), 
(a) Vz = 01 COS MP; ty = %1 Sin d — 82.24. 


Also, from (£), v =V 0? — 64.4 tr, sin d + 1036.8 ¢. 
From (F) and (G), Q:=0; ay, = — 32.2; a = 32.2, direction downward. 
(b) Substituting ¢ = 1, v, = 100, @ = 30° in these results, we get 


vz = 86.6 ft. per sec. ee, (0 
Vy = 17.8 ft. per sec. ay = — 32.2 ft. per (sec.)?. 
v (speed) = 88.4 ft. per sec. a = 32.2 ft. per (sec.)?. 
17.8 


(c) 7 = arc tan %y — are tan ——= = 11° 37’ = angle of direction of motion with 
: s 86.6 
the horizontal. 
(d) When 7 = 100, @ = 30°, the equations of motion become 
a=50tV3, y=50t—-16.12. 
Eliminating f¢, the result is y = 5 - ue x?, a parabola. 


2. If a projectile be given an initial velocity of 200 ft. per second in a 
direction inclined 45° with the horizontal, find (a) the component velocities 
at the end of the third and sixth seconds; (b) the velocity and direction 
of motion at the same instants. 

Conditions are the same as for Problem 1. 


Ans. (a) When t = 8, v, = 141.4 ft. per sec., v, = 44.8 ft. per sec., 
when ¢ = 6, v, = 141.4 ft. per sec., v, = — 51.8 ft. per sec. ; 
(b) when ¢=3, v= 148.3 ft. per sec., 7 = 17° 35’, 
when t= 6, v= 150.5 ft. per sec., 7 = 159° 53’. 


3. If a point referred to rectangular codrdinates moves so that 
x=acost+b and y=asint+e, 
show that its velocity has a constant magnitude. 


4. If the path of a moving point is the sine curve 


ibe = at, 
y = bsin at, 
show (a) that the x-component of the velocity is constant; (b) that the 


acceleration of the point at any instant is proportional to its distance from 
the «x-axis. 


5. With the data as in Problem 2 find the greatest height reached by 
the projectile. If the projectile strikes the ground at the same horizontal 
level from which it started, find the time of flight and the angle of impact. 
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6. A point moves in a counterclockwise direction around the circle 

x? + y? = 100 (the unit of distance being 1 ft.) with a constant speed of 

6 ft. per second. Find the components of its velocity at the point (6, 8). 

Ans. v, = — 4.8 ft. per second; v, = 3.6 ft. per second. 

-— 7%. Given the equations of motion «= t?, y= (t—1)2. (a) Find the 

equation of the path in rectangular codrdinates. (b) Draw the path with 

the velocity and acceleration vectors for i= 4, t=1,t=2. (c) For what 

values of the time is the speed a minimum? (d) Where is the point when 
its speed is 10 ft. per second? 


Ans. (a) Parabola, a? + y?=1; (c)t=4; (d) (16, 9). 
8. Given the equations of motion x = t?, y= < (a) Find the equa- 
tion of the path in rectangular codrdinates. (b) Draw the path with the 
velocity and acceleration vectors for {=1, t=WV2, t= 2. (c) For what 
value of the time are the velocity and acceleration vectors at right angles? 
Ans. (a) Rectangular hyperbola, xy = 4; (c) t =V48. 
9. Given the equations of motion x= t?, y=4t—t?. (a) Find the 
equation of the path in rectangular coédrdinates. (b) Draw the path with 
the velocity and acceleration vectors for t=0, t=1, t=V3. (ec) For 
what values of the time is the speed a minimum or maximum? (d) At 
what point on the curve is the acceleration the least? 


Ans. (a) y2 = x(4 —x)?; (ec) §=0, a0, (d) (0, 0). 


4 ° 
10. Given the equations of motion += ??, y= t? — mi (a) Find the 


equation of the path in rectangular coérdinates. (b) Draw the path with 
the velocity and acceleration vectors for t=0, {=1, f=2. (c) Where 
is the point when it is moving parallel to the x-axis? (d) At what point 
2 

is the accelerationa minimum? Ans. (a) Parabola, y= x — we (c)a(Ze 1). 

- 11. Given the following equations of curvilinear motion, find at the 
given instant vz, vy, 0; Ar, dy, @; position of point (codrdinates) ; direction 
of motion. Also find the equation of the path in rectangular codrdinates. 


(et nyt nt — 2. (g) x=2sint, y=8 cost; t=. 
CO) Ci eee h) «=sint, y=cos2t;t=: 
(Ce = 177 y = 03 t= 3. SOE oe) oueed 


(d) c=2t,y=#+4+38; t=0. (i) r=2t,y=de'; t=0. 
CoH 1 i y= 2t; t= 2. bre —3t,y=—logt; t=1, 


(f) c=asint,y=acost;t=7-- (gato y aie te — se 


eu) 


Sl 85. Polar codrdinates. Angle between the radius vector and the tan- 
‘gent line. Let the equation of a curve in polar coérdinates p, 0, be 


(1) p=f(9). 
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We proceed to prove the 
Theorem. Jf W is the angle between the radius vector OP and the 
tangent line at P, then 


P 

tan — 

(H) pre 
,_ ap, 

where pe a6 


Proof. Through P and a _ point 
Q(p + Ap, 6+ A@) on the curve near 
P draw the secant line AB. Draw PR 
perpendicular to OQ. 

Then (see figure) OQ = p+ Ap, angle POQ= AO, PR= psin AQ, 
and OR=pcosA@. Also, 


()ie tan FOR — 5 Sook me pm mar cnr Ans 

Denote by y the angle between the radius vector OP and the 
tangent line PT. If we now let A@ approach zero as a limit, then 

(a) the point Q will approach P; 

(b) the secant AB will turn about P and approach the tangent 
line PT as a limiting position; and 

(c) the angle PQR will approach yw as a limit. 

Hence 

(8) tan y= jim 


° 


p sin A@ 
0p +Ap— pcos Ad 


To get this fraction in a form so that the theorems of Art. 16 will 
apply, we transform it as shown in the following equations: 


p sin Aé phn p sin A@ 
1—cosA mores Vr er 
p(1 — cos A@) + Ap Pye = al 


[Since from (5), p. 3, p — p cos A@ = p(1 — cos A?) = 2 p sin? =] 


_sin A@ 
_ A@ 
Ab sin 28 iN 
hie Ap 
psin 5 ao TAG 
2 


{Dividing both numerator and denominator by A@ and factoring.] 
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When A@ — 0, then, by Art. 68, 


sin A@ sin 
lim ING SStilje iat) itn == 1% 
2 
PAO sar 15. Ao md peat 
Also, lim sin 5 == (), lim 6 = ae 7?" 


Hence the limits of numerator and denominator are, respectively, 
pand p’. Thus (#) is proved. 

From the triangle OPT we get 

(D) rT=O0+y. 


Having found 7, we may then find tan 7, the slope of the tangent 
to the curve at P. Or since, from (J) and (4), p. 3, 


tan r = tan (6 py) = ene tan 


1—tan Otany’ 
we may calculate tan y from (H) and substitute in the formula 


tan 6+ tan py 


ope or tangen an 7 T= tan 6 tan y 


ILLUSTRATIVE EXAMPLE 1. Find yw and 7 in 
the cardioid p=a(1—cos@). Also find the slope 


a. 
at 0= 6 
Solution. ue = p'’=asin 6. Substituting in (A) 
gives 
=p 2 6G — cos 8) 
ak p’ asin 0 
2 asin? g 


oes es 92S = tan ¢. By (5), p. 3 


2a sin 5 cos 5 


Mheretore w= : inthe Grace ancl OP Tensile MOP MA ns. 


Substituting in (J), 7 = 0 +8 = > Ans. 


tan 7 = tan i = il, 4lys. 


Norte. Formulas (H) and (J) have been derived for the figure on page 124. In 
each problem, the relations between the angles y, T, and 0 should be determined 
by examining the signs of their trigonometric functions and drawing a figure. 
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To find the angle of intersection ¢ of two curves C and C’ whose 
equations are given in polar codrdinates, we may proceed as follows: 


Angle TPT’ = angle OPT’ — angle OPT, 
or o=y'—y. Hence 
_ _tany’—tany 
Ya i 1+ tan py’ tan yp 
where tan y’ and tan yw are calculated by 


(H) from the equations of the curves and 
evaluated for the point of intersection. 


ILLUSTRATIVE EXAMPLE 2. Find the angle of 
intersection of the curves p= asin2 06, p=acos2 0. 
Solution. Solving the two equations simultaneously, we get, at the point of 


intersection, 
tan. 2 0 = 1520 = 45") 0 = 2282 


From the first curve, using (4), 

tan y’ = 5 tan 2 0 = 3, for 0 = 224°. 
From the second curve, 

tan yy = — 3 cot 2 6 = — 3, for 0 = 223°, 


Substituting in (J), : 
tan ¢ = 209 =4. “.@ =arce tan $. Ans. 


The curves are shown in Chapter X XVI. 


86. Lengths of polar subtangent and polar subnormal. Draw a line NT 
through the origin perpendicular to the radius vector of the point P 
on the curve. If PT is the tangent and PN the normal 
to the curve at P, then 


T = length of polar subtangent, VA 
and ON = !ength of polar subnormal, Z 
of the curve at P. 


In the triangle OPT, tany = OT | Therefore 
p 
d 
(1) OT = ptany = p? a = length of polar subtangent.* 
In the triangle OPN, tany = ane Therefore 


A pean cP 
(2) ON rea Re aaa = length of polar subnormal. 


* When 0 increases with p, oi is positive and y is an acute angle, as in the above figure. 
Then the subtangent OT is positive and is measured to the right of an observer placed at O 
and looking along OP. When dp is negative, the subtangent is negative and is measured 
to the left of the observer. 
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The length of the polar tangent (= PT) and the length of the polar 
normal (= PN) may be found from the figure, each being the hypotenuse 
of a right triangle. 


ILLUSTRATIVE EXAMPLE. Find the lengths of the polar subtangent and polar 
subnormal to the lemniscate p? = a? cos 2 6 (figure in Chapter X XVI). 


Solution. Differentiating the equation of the curve, regarding p as an implicit 
function of 0, 


2p B= —2a*sin2 6, or spe ee 


Substituting in (1) and (2), we get 
Length of polar subtangent = — 


3 
a? sin2 0° 
a? sin 2 0 
p 


If we wish to express the results in terms of 6, find p in terms of 6 from the given 
equation and substitute. Thus, in the above, p=+avV cos 2060 6; therefore the 
length of the polar subtangent = + a cot 2 0V cos 2 0. 


Length of polar subnormal = — 


PROBLEMS 
_, 1. In the circle p = asin 0, find y and 7 in terms of 0. 
( ANS Vi 0,20. 
2. In the parabola p = a sec? g, show thatr+y=r7. 
3. Show that y is constant in the logarithmic spiral p = e#°. Since the 
tangent makes a constant angle with the radius vector, this curve is also 
called the equiangular spiral. 


4, Show that tan y= @ in the spiral of Archimedes, p=aé. Find 
_values of Y when 6= 2 7 and 4 7. ANS ey —= 50000 and ss oo i, 


5. Find the slopes of the following curves at the points designated : 


(a) p =a(1 — cos 8); d=F Ans. —1. 

(b) p=asec?0; p=2a. a 

(c) p=asin 4 6; origin. 0, : O,— he 
(d) p? =a? sin 4 0; origin. 0, fo ae 
(e) p=asin3 6; origin. 0, Vor: 


(f) p=acos 3 9; origin. 
(g) p=acos 2 6; origin. 


(k) p9=a; 0=5- 


(i) p=; O=F- (Dipaies 0 = 0; 


(hyip = aie. 2 6; 6=7: 
(i) p=asin3 0; d=% 
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6. Find the angle of intersection between the following pairs of curves: 
(a) pcos 0= 2a, p= 5asin 0. Ans. arc tan 3. 
(b) p=asin 0, p=asin2 0. 

Ans. At origin, 0°; at two other points, are tan 3V3. 


(c) psin 6=2a, p=asec? g. Ans. 45°. 
(d) p=4cos 0, p=4(1 — cos @). 60°. 
(e) p=8 cos 0, p= 2(1 + cos A). 30°: 
(f) p= sin 0,"p = ‘cos 210, 0° and are tan e 
(g) p?sin26=4, p?=16 sin 2 0. 60°. 


(h) p=a(1+ cos 8), p= b(1 — cos 8). 
(i) p=sin 2 6, p=cos20+1. 
(j) p?sin2 6= 8, p=2 sec 0. 
7. Show that the following pairs of curves intersect at right angles: 
(a )-0 = 2 inl, pe 2 COR: 
(bo = a0, pu. =a. 
(ec) p=a(1+cos @#), p=a(1 — cos @). 
(d) p? sin 2 0=a?, p? cos 2 0 = 62. 
0 ] 

- in oe Puce 

(e) p=asec 5° P b ese 5 


8. Find the lengths of the polar subtangent, subnormal, tangent, and 
normal of the spiral of Archimedes, p = aé. 


2 
Ans. Subtangent = ne tangent = Va? + p?, 
subnormal = a, normal = Va? + p?2. 
The student should note the fact that the subnormal is constant. 


9. Find the lengths of the polar subtangent, subnormal, tangent, and 
normal in the logarithmic spiral p = a?. 


oe = re 
Ans. Pub Ang ene aaa tangent = p /1  iobaa 


subnormal = p log a, normal = pV1 + log2a. 


When a=e, we notice that subtangent = subnormal, and tangent = 
normal. 


10. Show that the reciprocal spiral p§ = a has a constant polar sub- 
tangent. 


] 
~~ 87. Real roots of equations. Graphical methods. A value of x which 
_/” satisfies the equation 
(1) f(x) =0 
is called a root of the equation (or a root of f(x)). In applied mathe- 


matics real roots only are sought. Methods of determining such roots 
approximately will now be developed. 


PARAMETRIC AND POLAR EQUATIONS 129 


Location and number of the roots. 
First METHOD. If the graph of f(x), that is, the locus of 
(2) y =f(2) 
is constructed, following Art. 58, the intercepts on the x-axis are the 


roots. From the figure, therefore, we know at once the number of 
roots and their approximate values. 


: ILLUSTRATIVE EXAMPLE. Locate all real roots of 


(83) «#3 —922?4+242%-—7=0. 

Solution. The graph has been con- 
structed in Art. 58, Problem 1. It 
crosses the axis of x between 0 and 1. 
Hence there is one real root between 
these values, and there are no other real roots. 

The table gives the values of f(0) and f(1), show- 
ing a change of sign. 

The table of values of x and y used in 
plotting the graph may locate a root exactly, 
namely, if y= 0 for some value : y 
of x. If not, the values of y for “ fla) 
two successive values «=a, Ey 

a OP 0 J(to) = 0 
x = 6b may have opposite signs. b f(b) 
The corresponding points 
P(a, f(a)), Q(b, f(b)) are, therefore, on opposite sides of the x-axis, and 
the graph of (2) joining these points will cross this axis. That is, a root 
Xo will lie between a and b. 

An exact statement of the principle involved here is as follows: 

If a continuous function f(x) changes sign in an intervala< «<b 
and if its derivative does not change sign, then the equation f(x) = 0 has 
one root, and only one, between a and b. 

Location of a root by trial depends upon this principle. If a and b 
are not far apart, a further approximation can be found by interpo- 
lation. This amounts to determining the intercept on the x-axis of the 
chord PQ. That is, the portion of the graph joining P and Q is re- 
placed, as an approximation, by the chord. 


) 


z f(@)=y 
ILLUSTRATIVE EXAMPLE (CONTINUED). The root re Sey, 
between 0 and 1 may be located by calculation more 6a , : 
closely between 0.3 and 0.4. See table. Let 0.8+2 3 + 2(root) nat 
be this root. Then, by interpolation (proportion), 0.3 = (0) 
ge .883 F980 Diff. 0.1 1.807 


Ot 017807) 


i i i is i i the x-axis 
Hence x = 0.332 is a second approximation. This is the intercept on 
of the line that joins the points Q(0.4, 1.224) and P(0.3, — 0.583), which lie 
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on the graph of (3). In the figure, MP = — 0.583, 
NQ = 1.224, drawn to scale. The abscissas of M and 
N are 0.3 and 0.4 respectively. Also, MC =z, and the 
homologous sides of the similar triangles MPC and 
PQR give the above proportion. 


For an algebraic equation, of which (8) is 
an example, Horner’s method is best adapted 
to calculating a numerical root to any desired at esas ~R 
degree of accuracy, as explained in textbooks on algebra. 

88. Second method for locating real roots. The method of Art. 58 is 
well adapted to constructing quickly the graph of f(x). By this graph 
the roots are located and their number determined. In many ex- 
amples, however, the same result is attained more quickly by drawing 
certain intersecting curves. The following example shows how this 
is done: 


ait 90 


| 
tnt 
0° 20° 30° 40° 260° 70° ° Sanianine 
aicoal he 0 50 0° 70° 80 Q 0° 190 200° =X” 


Radian 


ILLUSTRATIVE EXAMPLE. Determine the num- 


ber of real roots (x in radians) of the equation eS 
(al), cots —a2=0, x (degrees) | x (radians) 
and locate the smallest root. 0 
Solution. Transpose and write (1) thus: 175 
(2) COU v=. -349 
If we draw the curves 24 
(3) y=cotx and y=2 ae 
on the same axes, the abscissas of the points of in- 873 
tersection will be roots of (1). For, obviously, 1.047 
eliminating y from (3) gives equation (1), from 1.222 
which the values of x of the points of intersec- 1.896 
tion are to be obtained. PO 
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In plotting it is well to lay off carefully both scales (degrees and radians) on OX. 
Number of solutions. The curve y= cot x consists of an infinite number of branches 
congruent to AQB of the figure (see 
Art. 70). The line y =z will obviously 


cross each branch. Hence the equation (den rceny Godiane) cor 4 eee 
(1) has an infinite number of solutions. 
Using tables of natural cotangents 50 0.873 0.839 — 0.034 


root 


and radian equivalents of de 
q eyo le 49 0.855 | 0.869 | + 0.014 


may locate the smallest root more closely 
as shown in the table. By interpolation iff. 0.018 = 0048 
we find x = 0.860. Ans. 


The Second Method may be described as follows: . 
Transpose certain selected terms of f(x) = 0 so that it becomes 


(4) fi(x) = fo(z). 

Plot the curves 

(5) y=fi(@), y=f2(x) 
on the same axes, choosing suitable scales (not necessarily the same on 
both axes). 


The number of points of intersection of these curves equals the num- 
ber of real roots of f(x) =0, and the abscissas of these points are the roots. 

The terms selected in (4) can often be chosen so that one or both 
of the curves in (5) are standard curves. 


For example, to locate the real roots of 
v+4xer—5=0, 
write the equation GS a5) AL ap 
The curves in (5) are now the standard curves 
Y=, poup—4 7; 
a cubical parabola and a straight line. 
As a second example, consider 
Osin 2 ol ae — 0, 


Write this in the form sin 2% = 3 (x? — 1). 

Then the curves in (5) are the standard curve 
i= Noe 

and the parabola y = 4(a? -1). 


89. Newton’s method. Having located a root, Newton’s method 
affords a procedure to calculate its approximate value. 
The figure shows two points : 


P(a, f(a)), (6, f(6)) 
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on the graph of f(x) on opposite sides of the x-axis. Let PT be 
the tangent line at P (Fig. a). The intercept a’ of this line on the 


FIG. a Fic. b 


z-axis is, obviously, an approximate value of the intercept of the 
graph and hence of the corresponding root of f(z) = 0. Newton’s 
method determines the x-intercept of PT. 

We find this intercept a’ as follows. The codrdinates of P are 
21 = a, y1 = f(a). The slope of PT ism, =f'(a). Hence the equation 
of PT is ((1), Art. 43) 


(1) y — f(a) = f'(a)(@ — a). 


Putting y = 0 and solving for x(= a’) gives Newton’s formula for 
approximation 


, f(a) 
K @=a-—-——: 
Having found a’ by (K), we may substitute a’ for a in the right- 
hand member, obtaining fla’ 
a = aft a ) 
f’(a’) 


as a second approximation. The process might be continued, giving 
a sequence of values 
q OG, Ga a ee 


‘approaching the exact root. 
Or the tangent may be drawn at Q (Fig. 6). Then replacing a 
in (K) by b, we obtain b’, and from b’ we obtain b” etc., giving values 


ffs 6! bl” he we 
approaching the exact root. 


ILLUSTRATIVE EXAMPLE. Find the smallest root of ‘ 


cotz—x=0 
by Newton’s method. 


Solution. Here f(x) = cot x — 2, 


f'(x) = — ese?x — 1 = — 2 — cot?x, 
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By the illustrative example of Art. 88, we take a = 0.855. Then, by the table in 


Art. 88, f(a) = 0.014, 
Also, f'(@) = — 2 — (0.869)? = — 2.76. 
0.014 


Hence, by (K), a’ = 0.855 + 2376 7 0.860. Ans. 


If we used b = 0.8738 in (K), then 
034 


0. 
i” =O, = ee  Wrekaill, 
0.873 2704 0.861 


By interpolation we found «= 0.860. The above results are valid to three 
places of decimals. 


From the figures on page 132 we observe that the graph crosses 
the «-axis between the tangent PT and the chord PQ. Hence the exact 
root lies between the value found by Newton’s method and that found by 
interpolation. This statement is, however, subject to the reservation 
that f’’(x) = 0 has no root between a and 8, that is, that there is no 
point of inflection on the arc PQ. 


PROBLEMS 


1. Determine graphically the number and approximate location of the 
real roots of each of the following equations. Calculate each root to two 
decimals. 


(a) 8 —4xe—8=0. Ans. 2.65. 

(b) 22? —92—5=0. — 2.67, — 0.58, 3.25. 
(ec) 2+32—5=0. 1b: 

(d) 8 -—6x—12=0. 3.18. 

(e) e —622?4+32+5=0. — 0.67, 1.42, 5.25. 

(f) 8+907?+247+17=0. — 4,538, — 3.35, — 1.12. 


(g) v8 —382?—227+5=0. 
(h) e? +627+7x7—-—1=0. 


(i) xt + 10 « — 100 = 0. — 3.40, 2.90. 
(j) et - 443 -—424+12=0. 1.35, 4.06. 
(k) ot +92 +382—-4=0. — 1.58, 0.88. 


Ql) a¢#—423+42-—4=0. 


2. Determine graphically the number of real roots of each of the fol- 
lowing equations. Calculate the smallest root (different from zero), using 
both interpolation and Newton’s formula. 


(a) cosx—x=0. Ans. One root; x= 0.739. 

(b) sin22—-—x=0. Three roots; x = 0.947. 
(c) tanzx—x=0. Infinite number of roots. 
(d) 2sinx—2x2=0. Three roots; «= 1.895. 
(e) sn x — 7? = 0. Two roots. 


(f) cosz — 7? = 0. Two roots. 
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(g) tanz — 27? =0. Ans. Infinite number of roots. 
(h) cot x — x? = 0. Infinite number of roots. 
(i) 8cosx —x=0. 
(j) 'sinx—x=0. 
(k) 8sinx—2cos4r=0. 
(1) e7 —tanzx=0. Infinite number of roots ; 
focenithest ty 
(m) sin x — logio x = 0. 
(n) cos x — logiox = 0. 


(o) fF +2—-2=0. One root; «= 0.444. 
(p) e —sinx=0. Infinite number of roots ; 
x= — 3.1838. 
(q) tanzx+2—1=0. Infinite number of roots; 
x= 0.480. 
3. Show that the equation 2 sin x — (x — 1)? =0 has two real roots, 
and calculate each root to two decimals. INOS OWA BBs 


4, The inner radius (r) and outer radius (R) in inches of the hollow 


steel driving shaft of a steamer transmitting H horse power at a speed 
HR 
SAF 


Ni? 


of N revolutions per minute satisfy the relation R* — r*= 
H = 2000,.N ='150, r=-5, find -k: 

5. A cylindrical shell with a hemispherical end has a diameter d in., 
and contains V cu.in. The length of the cylindrical part is hin. Show 


(hagas od? = se, Given h = 24, V= 700, find d. Ans. d= 5.86. 


6. The quantity of water Q cu. ft. per second flowing over a weir of 

width B ft. is given by Francis’s formula 
Q = 3.3(B — 0.2 H)H?, 

where H is the height of the water (the head) above the crest of the weir. 
Given Q= 12.5, B = 3, find H. (Solve the formula for the factor H? and 
then plot.) Ans. H= 123: 

7. If V cu. ft. is the volume of 1 lb. of superheated steam at a tem- 
perature T° F. and pressure P lb. per square inch, 

22.58 


T 
V = 0.6490 — 
Ie pi 


Given V = 2.4, T = 400°, find P. 
8. The chord c of an ares in a circle of radius r is 
given approximately by the formula 
g3 
~ 24 72° 
1bE 7 Piling (OS PARE Tit, Tahal WSs. = BW tie 
9. The area u of a circular segment whose arc s 
subtends the central angle x (in radians) is u = 4 r2(¢—sin x). Find z if 
(p= Pathol, CWoysl 7) Is) eo |, 10a) Ans. x = 2.818 radians. 


c=S8 
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10. The volume V of a spherical segment 
of one base of height CD = his 
V = w(rh? — 4 h3), 
ing iut 72) tte Vi 20 CU. it. 
ANS) a= 2a0Si ue 
11. The volume V of a spherical shell of 
radius R and thickness ¢ is 
V =4 wt(R? — Rt+ 3 #2). 
Derive this result. If R= 3 ft. and V is one 
third the volume of a solid sphere of equal 
radius, find ¢. Ans. t= 0.878 ft. 


12. A solid wooden sphere of specific gravity S and diameter d sinks 


in water to a depth h. Let x =" and show that 223—347+S=0. 


(See Problem 10.) Find x for a maple ball for which S = 0.786. 
Ans. 0.702. 


13. A metal spherical shell of specific gravity S floats in water so that 
it is just covered. If x represents the ratio of its thickness to its radius, 


non hate o'r? 8 = 0. 


S 
(a) Find x for an aluminum ball, given that 1 cu. ft. of water weighs 
62.5 lb. and 1 cu. ft. of aluminum weighs 162 lb. Anges = 0150: 


(b) Find x for a ball of wrought iron, of which 1 cu. ft. weighs 490 lb. 
Ans. x'= 0.045. 


CHAPTER IX 


DIFFERENTIALS 


90. Introduction. Thus far we have represented the derivative of 
y = f(x) by the notation 


dy _ 
FR) oak 


We have taken special pains to impress on the student that the 
symbol 
dy 
da 


was to be considered not as an ordinary fraction with dy as numerator 
and dz as denominator, but as a single symbol denoting the limit of 
the quotient 

Ay 

Ax 


as Ax approaches zero as a limit. 

Problems occur where it is important to give meanings to dz 
and dy separately, and this is especially useful in applications of the 
integral calculus. How this may be done is explained in what follows. 

91. Definitions. If f’(a) is the derivative of f(x) for a particular 
value of x, and Az is an arbitrarily chosen increment of x, then the 
differential of f(x), denoted by the symbol df(x), is defined by the 
equation 


(A) HON SRM OY a “ es 
If now f(x) = x, then f’(~) = 1, and (A) reduces to 
02 = Ax, 


Thus, when x is the independent variable, the differential of x(= dx) 
is identical with Az. Hence, if y = f(x), (A) may in general be written 
in the form 


(B) dy =f"(x)dx* = dy dx. 
dx 


* On account of the position which the derivative f’(x) here occupies, it is sometimes 
called the differential coefficient. 
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The differential of a function equals its derivative multiplied by the 
differential of the independent variable. 


Let us illustrate what this means geomet- 
rically. 
Draw the curve y = f(z). 


Let f’(a) be the value of the derivative at P. 
Take dx = PQ, then 


dy = f'(x)dx =tanr- PQ=2". pg=ar. 
PQ 


Therefore dy, or df (x), is the increment (= QT) of the ordinate of the 
tangent corresponding to dx. 


This gives the following interpretation of the derivative as a 
fraction. 


If an arbitrarily chosen increment of the independent variable x for 
a point P (x, y) on the curve y = f(x) be donated by dx, then in the 
derivative 
i =f Cretan 
dy denotes the corresponding increment of the ordinate of the tangent 
line at P. 


The student should note especially that the differential (= dy) 
and the increment (= Ay) of the function corresponding to the same 
value of dx(= Az) are not in general equal. For, in the figure, 
6y= OT, but Ay = QP’. 

92. Approximation of increments by means of differentials. From 
Art. 91 it is clear that Ay (= QP’ in the figure) and dy(= QT) are 
approximately equal when dx (= PQ) is small. When only an ap- 
proximate value of the increment of a function is desired, it is usually 
easier to calculate the value of the corresponding differential and use 
this value. 


dy 
A» 


ILLUSTRATIVE EXAMPLE 1. Find the volume approximately of a spherical shell 
of outside diameter 10 in. and thickness ¢ in. 


Solution. The volume V of a sphere of diameter x is 
(1) = ame 


Obviously, the exact volume of the shell is the difference AV between the 
volumes of two solid spheres with diameters 10 in. and 9% in. respectively. Since 
only an approximate value of AV is required, we find dV. From (1) and (B), 


Nr 4 1x2, 


: d 
pa 2 ile 
dV=3 mx7dx, since dn 
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Substituting x = 10, dx =— %, we obtain dV = 19.63 cu. in., approximately, 
neglecting the sign, which merely means that V decreases as x decreases. The 
exact value is AV=19.4 cu. in. Note that the approximation is close, for dx is 
relatively small, that is, small as compared with + (= 10). The method would be 


worthless otherwise. 

ILLUSTRATIVE EXAMPLE 2. Calculate tan 46°, approximately, using differen- 
tials, given tan 45° = 1, sec 45° = V2, 1° = 0.01745 radians. 

Solution. Let y=tan a. Then, by (B), 

(1) dy = sec? x dx. 

When x changes to x + dz, y will change to y + dy, approximately. In (1), 
substitute « = + (45°), dr = 0.0175. Then dy = 0.0350. Since y = tan 45° =1, 


y + dy = 1.0350 = tan 46°, approximately. Ans. 
(Four-place tables give tan 46° = 1.0355.) 


93. Small errors. A second application of differentials is afforded 
when small errors in calculation are to be determined. 
ILLUSTRATIVE EXAMPLE 1. The diameter of a circle is found by measurement 


to be 5.2 in., with a maximum error of 0.05in. Find the approximate maximum 
error in the area when calculated by the formula 


(1) A=4 rx?: (x = diameter) 
Solution. Obviously, the exact maximum error in A will be the change (AA) 


in its value found by (1) when x changes from 5.2 in. to 5.25 in. The approximate 
error is the corresponding value of dA. Hence 


dA =3 rxdz =} m X 5.2 x 0.05 =0.41sq.in. Ans. 


Relative and percentage errors. If duis the error in u, then the ratio 


(2) = the relative error ; 
(8) 100 fs = the percentage error. 


The relative error may be found directly by logarithmic differen- 
tiation (Art. 66). 
ILLUSTRATIVE EXAMPLE 2. Find the relative and percentage errors in the 
preceding example. 
Solution. Taking natural logarithms in (1), 
log A =log } r + 2 log x. 


Differentiating, ——=-,; and 
Substituting « = 5.2, dx = 0.05, we find 
Relative error in A = 0.0192; percentage error = 15%%;%. Ans. 


The errors in calculation considered here are due to small errors 
in the data upon which the calculation is based. The latter may 
arise from lack of precision in the measurements or from other causes. 


ss 
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PROBLEMS 


1, If A is the area of a square of side zx, find dA. Drawa figure show- 
ing the square, dA, and AA. Ans -d A= 2.4 ax, 


2. Find an approximate formula for the area of a circular ring of 
radius r and width dr. What is the exact formula? 


Ans. dA=2 ardr; AA=7(27r+4+ ArjAr. 


3. What is the approximate error in the volume and surface of a cube 
of edge 6 in. if an error of 0.02 in. is made in measuring the edge? 
Ans. Volume, + 2.16 cu. in.; surface, + 1.44 sq. in. 


4. The formulas for the surface and volume of a sphere are S = 4 rr2 
and V= 4 r°. If the radius is found to be 8 in. by measuring, (a) what 
is the approximate maximum error in S and V if measurements are accu- 
rate to 0.01 in.? (b) what is the maximum percentage error in each case? 

Ans. (a) S, 0.24 7 sq. in.; V, 0.86 a7 cu. in.; 
(b) 8, 3% Vi 1%. 
i §. Show by means of differentials that 
i ee 


So 1 
ee ~ (approximate y). 


6. Find an approximate formula for the volume of a thin cylindrical 
shell with open ends if the radius is r, the length h, and the thickness t. 
Ans. 2 mrht. 


A box is to be constructed in the form of a cube to hold 8 cu. ft. 


How accurately must the inner edge be made so that the volume will 
be correct to within 10 cu. in.? Ans. Error S 0.0058 in. 


foal — x? and the possible error in measuring x is 0.2 when x = 16, 


what is the possible error in the value of y? Use this result to obtain 
approximate values of (16.2)? and (15.8)?. Ans. 1.2; 65.2; 62.8. 


( 9. Use differentials to find an approximate value of each of the fol- 
lowing expressions: 


5 
(a) V102. (c) ¥990. (e) rhs. (g) V30. 
® V62. (d) V'130. (Ole = (h) V85. 
10> If log 10 = 2.303, approximate log 10.2 by means of differentials. 
Ans. 2.323. 


& 11. If e2 = 7.39, approximate e2:1 by means of differentials. Ans. 8.18. 


cel: Given sin 60° = 0.86603, cos 60° = 0.5, and 1° = 0.01745 radians, 
use differentials to compute the_values of each of the following functions 


to four decimals: ao sin Be ((b) cos 61°} (ce) sin 59°; (d) cos 58°. 
mae. 8835; (b) 0.4849; (c) 0.8578; (d) 0.5302. 
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13.\The time of one vibration of a pendulum is given by the formula 
t2 otal where ¢ is measured in seconds, g = 82.2, and I, the length of the 


pendulum, is measured in feet. Find (a) the length of a pendulum vibrat- 
ing once a second; (b) the change in ¢ if the pendulum in (a) is lengthened 
0.01 ft.; (c) how much a clock with this error would lose or gain in a day. 
Ans. (a) 3.26 ft.; (b) 0.00153 sec.; (c) — 2 min. 12 sec. 
14. How exactly must the diameter of a circle be measured in order 
that the area shall be correct to within 1 per cent? Ans. Error S £%. 
15. Show that the relative error in the volume of a sphere, due to an error 
in measuring the diameter, is three times the relative error in the radius. 
16. Show that the relative error in the nth power of a number is 
n times the relative error in the number. 
17. Show that the relative error in the nth root of a number is * times 
the relative error in the number. 
Se 18. When a cubical block of metal is heated, each edge increases 
7 per cent per degree increase in temperature. Show that ene surface 
tiene 4 2) per cent per degree, and that the volume i increases + 3, per cent 
per degree. 


94. Formulas for finding the differentials of functions. Since the 
differential of a function is its derivative multiplied by the differen- 
tial of the independent variable, it follows at once that the formulas 
for finding differentials are the same as those for finding derivatives 
given in Arts. 29 and 60, if we multiply each one by dz. 

This gives 


1 ac) = 0) 
II GG) = ax. 
III d(u+v—w) =du-+ dv — dw. 
IV d(cv) = cdv. 
V d(uv) =udv+vdu. 
VI . dv") = nv dv. 
Via d(a*) = nx" da: 
u\_vdu—udv. 
ve a(#) > v2 
uw) _ du, 
Vila a(¥) = ; 
xX d(log. v) = os 
XI d(a”) = a” log. adv. 
Xla d(e”) = e” dv. 
XII d(u”) = vu’! du + log u- u? dv. 


XIII d(sin v) = cos vdv. 
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XIV . d(cos v) = — sin vdv. 
XV d(tan v) = sec? vdv. Ete. 
XX d(are sin v) = ee ees Ftc! 
V1—?? 


The term “‘differentiation”’ also includes the operation of finding 
differentials. 


In finding differentials the easiest way is to find the derivative as 
usual, and then multiply the result by dz. 


ILLUSTRATIVE EXAMPLE 1. Find the differential of 


— Ss Su 3 . 
v?2+3 
: — af 2+3\_ (7? +38)d@ +3) — @+3)d(@? + 3) 
Solution. Op = ol eo " A = (a? + 3)2 
be (x? +3)dx—(4+3)2adx_ (8-62 — x?) dx ns 
(@ +3)?  @+38)? 


ILLUSTRATIVE EXAMPLE 2. Find dy from 
b2x2 — a2y? = a?b?. 

Solution. 2 b?a dx —2 a®y dy=0. 

’ We 

A CSE arate Ans. 
ILLUSTRATIVE EXAMPLE 8. Find dp from 

p? = a? cos 2 0. 

Solution. 2 pdp =— a*sin2 6-2 d0. 


ino — d0. Ans. 


ILLUSTRATIVE EXAMPLE 4. Find d[arc sin (3 ¢ — 4 #°)]. 


= 3 
Solution. d[arcsin (3 ¢ — 4 t)]= (sa) Ste, Ans. 


WAS HL )t LN Le 


PROBLEMS 
Verify each of the following differentials : 
1.47 = ax? + be +. dy = (2 ax + b)dx. 
7 a 2 
2a Lt oe dy =(1— 5) dr. 
-—- dx 
= ° d a ene ee « 
id Pat 5 2Var+b 
Ps) eRe 
4.jy = Na? + x?. dy = pas 
&. sae. ds = abe" dt. 
1 Ea 
poy 7. ie GR 
\ _ dv 
7. u = log cv. du=—- 
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8. p=sin5 0. dp = 5 cos 5 6d. 
9. y = log cos x. dy = — tan xdz. 
1037 — tanees dy = 2 tan Z sees az. 
11. Find the differential of each of the following functions: 
() y=Via+,/2. (e) p=cos2 0. 
(Djea—euee (Disc Cocaine. 
(ce) y= «Va? — x2. (g) p= cot (0-7). 
_ fitz = s/8e+4. 
(@) y=, [12 (h) y = log Wg G, 
12. If x2 + y? = a”, show that dy = — ae 


13. Find dy in terms of x, y, and dx from each of the following equations: 
(x + y)dx 
2 es ; Se, Mea UN 
(a) v?+2ay+4y 10. Ans. dy Pay 
(b) x? +8 xy + 43 =6. 
(ec) 42+2Vayt+ty=8. 
(d) a? + y? = al. 
(e) e? + y? =a’. 
(f) y= ert". 
(g) e—y=sin(x+y). 
14. The legs of a right triangle are found by measurement to be 
12.3 ft. and 18.2 ft. respectively. The maximum error in each measure- 
ment is + 0.1 ft. Find the maximum error in degrees in calculating the 


angle opposite the smaller side by using the formula for the tangent of 
that angle. 


95. Differential of the arc in rectangular codrdinates. Let s be 
the length of the are AP measured from a fixed point A on the 
curve. Denote the increment of s (= are PQ) by As. The following 
proof depends on the assumption that, as Q ap- 
proaches P, se (chor dP Q) » 

are PQ / 

From the figure, 

(1) (Chord PQ)? = (Ax)? + (Ay)?. 

Multiplying and dividing by (As)? in the left-hand member and 
dividing both members by (Azx)2, we get 


@ Gaarirrmn) ae) 
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Now let Q approach P as a limiting position; then Ax — 0 and 
we have 


ds \2 dy\? 
3 an OU 
(3) e aa ay 
Multiplying both members by dx?, we get the result 
(C) ds? = dx? + dy?. 
Or, if we extract the square root in (3) and multiply both members 
by dx, 1 
/day\2\2 
(D) ds = (1 we (2) ) dx. 
dx 
From (C), we may readily show also that 
1 
2\3 
(E) ds = (1 + (2) ) dy. 
dy 


All these forms are useful. 
From (D), since 


1+ Le 1+ tan?7 = sec?7, 


we obtain ds = sec 7 dx, choosing the positive sign of the square root. 
Hence we may easily prove 


(F) & = 00s 7; = sin r. 
[St = 2 & = tan r cos 7 = sin 7.| 
For later reference, we add the formulas, setting y’ = a 
! 
(G) aie sin tr = —“—- 
Cay) (i y’) 


An easy way to remember the relations (C)-(F) between the dif- 
ferentials dz, dy, ds is to note that they are correctly represented by 
a right triangle with hypotenuse ds, sides dx 
and dy, and angle opposite dy equal to 7. For 
in this right triangle 

ds = Vda? + ay, 
that is, (C); and dividing by dx or dy gives 
(D) or (E) respectively. Also, from the figure, 


eoUcg ys ee oy 
cosT=7, sint= 3 


the same relations as (F). 
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96. Differential of the arc in polar codrdinates. From the relations 
ee) = pcos), y=psnd 
between the rectangular and polar codrdinates of a point, we obtain, 
by V, XIII, XIV, of Art. 94, 
(2) dx=cosOdp—psin@dd, dy=sin@dp+ pcos 6dé. 
Substituting in (C), Art. 95, reducing, and extracting the square 
root, we obtain the result 


(A) ds = V dp? + p*dé?. 
This may be written 
1 
d ey 
ds = | p? —) | dé. 
0) s=[e4(2 


The relations between p and the differentials ds, dp, and dé are 
correctly represented by a right triangle whose hypotenuse is ds and 
whose sides are dp and pdé. For in this 
right triangle 

ds = V(p d6)? + (dp)?, 
which is (H), and dividing by dé@ gives (J). 


Denoting by w the angle between dp 
and ds, we get at once 


dé 
which is the same as (H), Art. 85. 
ILLUSTRATIVE EXAMPLE 1. Find the differential of the are of the circle 
x2 + y? = 72, 


Solution. Differentiating, a =— Pi 


To find ds in terms of x we substitute in (D), giving 
2\3 y? + @2\3 r2\3 r dx 
ds=(1 a) 4 = (45 )"ae = (5) Sisk Geant 
4 ( ge y? 4 y? y? Ge vV r2 = v2 
To find ds in terms of y we substitute in (E), giving 
2\4 x? + y? + r2\3 rd 
: ( it ga) OY x? gy x? ty Vr? — y2 


ILLUSTRATIVE EXAMPLE 2. Find the differential of the are of the cycloid 
x =a(@—sin #), y=a(1—cos @), in terms of 6 and dO. (See Illustrative Ex- 
ample 2, Art. 81.) ; 
Solution. Differentiating, 


dx =a(1—cos 0)d6, dy=asin 6 dé. 
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Substituting in (C), 
ds? = a?(1 — cos 0)?d62 + a? sin? 6 dé? = 2 a?(1 — cos 0)d6?. 
From (5), Art. 2, 1 — cos 0 =2 sin? 46. Hence ds =2asin46d0. Ans. 


ILLUSTRATIVE EXAMPLE 8. Find the differential of the are of the cardioid 
p =a(1 — cos 6) in terms of 0. 


Solution. Differentiating, oy = asin 0: 
Substituting in (J) gives 


ds =[a?(1 — cos 0)? + a? sin? 6}? dd =a(2 —2cos 0)?d0=a (4 sine) ag = 2a sin: : dé. 
r% PROBLEMS 
‘ 1, For each of the following curves find ds in terms of x and dz: 
EN OS aie Ans. ds = V1 +4 x? de. 
(93) OE = 45 oie, ds =| 24 an, 
(c) y= ax? + br +. ds = V1 + b? + 4 abx + 4 a2x? de. 
(a) 6 xy =x +3. ds = EHR, 
(e) y = log sec x. ds = sec x aa. 
(oy — 7° — 8 a, 
(g)y= a. 


(th) 227y — 2? -—3=0. 
(i) x27+2ay—4y=0. 
(j) y? = 23 — 8x. 

(Ke) 4 = Sin <r. 


( 2.For each of the following curves find ds in terms of y and dy: 
\ j 


et (a) y2=4 az. A Rese ae 
os 2aV4a?+ y? 
(b))y3 =x? ds =4V449 yay. 
Roy + yt = al. ds = \ au. 
; y 


(d) at + y? =a. 
(e) yw -4x—4y=0. 
— ff) y2 +38 zy = 8. 
\ 3. For each of the following curves find ds, sin 7, and cos7 in terms 
of ¢ and dt: 
(a) k=t+1, y=. Ans. ds= V1+40 dt, 
: et 1 
a EMS 6 een Y COS T iene 
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(b) c= t?, y=83. Ans. ds =tV4 +9 t? dt, 
AS obs > ee eee 
V449 0? V44+98 


sin 7 = 


(c)x=acost, y=asint. 
(d)c=2sint, y=4 cost. 


4. For each of the following curves find ds in terms of # and dé: 


(a) p= asin 0. Ans. parler, 
(b) p=4 sin 6+ 38 cos @. ds=6 dé. 
(c) p=1+ cos 0. ds = V2 + 2 cos 0d0. 


(d) p= 5 cos 0 — 12 sin 0. 
(e) p=1-—sin#. 


t ick San 
aM Pre oy @ P= 3 cos 8 

ae ale 3 
(g) p=4sin®s- OT eats 
pee 3 , (k) p=1—2cos@. 
OP Se ee uay () p=2—8sin 0. 


97. Velocity as the time-rate of change of arc. In the discussion of 
_ curvilinear motion in Art. 88, the velocity, or, more correctly, the 
_)-speed » was given by (£), 


pw (1) v2 = v2 + 9,2. 
By (© and (D) in Art. 88, 2,—% », =. 
y wees wectey 20 FF 
Substituting in (1), using differentials and (C), Art. 95, the result is 
da? + dy? eds" 
Pf (aera L(A Ad 7 JAE 
2) dd 
Extracting the square root, taking the positive sign, we have 
Die ds 
~ dt 


Hence, in curvilinear motion the speed of the moving point is ihe 
time-rate of change of the length of arc of the path. 
This statement should be compared with the definition of velocity 
in rectilinear motion as the time-rate of change of distance (Art. 51). 
98. Differentials as infinitesimals. In applied mathematics differ- 
», entials are often treated as infinitesimals (Art. 20), that is, as vari- 
\v’ ables approaching zero as a limit. Conversely, relations between 
infinitesimals are frequently established in which these are replaced 
by differentials. The ‘‘principle of replacement” involved here is 
very useful. 
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If x is the independent variable, we have seen that Az = dz, and 
thus Az may be replaced by dx in any equation. If Ax > 0, so will 
also dz — 0. On the other hand, Ay and dy are not in general equal. 
But, when « has a fixed value and Az (= dz) is an infinitesimal, so 


also is Ay, and, from (B), Art. 91, dy as well. Furthermore, the 
relation 


cia, MAE 
(1) im dy : 
is easily proved. 
: ee TOY og 
Proof. Since iim es SCDy, 
we may write Ay = f’(r) + € 
Ax : 


where € is an infinitesimal which approaches zero when Ax = 0. 
Clearing of fractions, and using (B), 


Ay =dy+e- Az. 
Dividing both members by Ay, and transposing, the result is 


dy _1_,. Ae, 
Rye Ay 
ae, OME oe tee AV 
Hence lim —=1, oralso lim —*=1. Q.E.D. 
Ax>0 AY az>o0 dy 


The principle of replacement is stated in the 


Replacement Theorem. In problems involving only the ratios of in- 
finitesimals which simultaneously approach zero, an infinitesimal may 
be replaced by a second infinitesimal so related to it that the limit of their 
ratio is unity. 


The proof will be omitted. 

From the above theorem, Ay may be replaced by dy, and, in 
general, any increment by the corresponding differential. 

In an equation which is homogeneous in infinitesimals the above 
theorem is simple in application. 


ILLUSTRATIVE EXAMPLE. In (1), Art. 95, all quantities are infinitesimals ulti- 
mately, since Ax > 0. The equation is homogeneous, each term being of the second 
degree. By the theorem, we may replace the infinitesimals as follows: 


Chord PQ by are PQ = As, and As by ds; Ay by dy; and Ax by dx. 
Then (1) becomes ds? = dx? + dy?, that is, (C). 
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PROBLEMS 


1. If a is an infinitesimal, show that sin a may be replaced by a, and 
1 — cos a by 4 a? in applying the Replacement Theorem. 

2. Derive (H), Art. 85, from (8) in that article, using the Replacement 
Theorem and the results of Problem 1. 

99. Successive differentials. As the differential of a function is in gen- 
eral also a function of the independent variable, we may deal with its 
differential. Consider the function 

y = f(x). 

d(dy) is called the second differential of y (or of the function) and is 

denoted by the symbol dy. 


Similarly, the third differential of y, d[d(dy)], is written 
d’y, 
and so on, to the nth differential of y, 
d’y. 
Since dx, the differential of the independent variable, is independent 
of x, it may be treated as a constant when differentiating with respect 


to x. Bearing this in mind, we get very simple relations between successive 
differentials and successive derivatives. For 


dy = f'(x)dz, 
and d?y = f(x) (dz)?, 
since dz is regarded as a constant. 
Also, dy = f’’’(x) (dz)3, 
and, in general, dy = fOr) (der. 


Dividing both sides of each expression by the power of dx occurring 
on the right, we get our ordinary derivative notation 
dy _ a3y _ ny d"y 
— = — — fll o ele —~ — fm 
dx2 f (x), dx? ij (x), ’ dix” or f (x). 

Powers of an infinitesimal are called infinitesimals of a higher order. 
More generally, if for the infinitesimals a and 6, which approach zero 


simultaneously, B 
lim a = 0, 


then 8 is said to be an infinitesimal of a higher order than a. 


Ne i /, 


\ 


CHAPTER X 


CURVATURE. RADIUS AND CIRCLE OF CURVATURE 


100. Curvature. In Art. 55 the direction of bending of a curve 
was discussed. The shape of a curve at a point (its flatness or sharp- 
ness) depends upon the rate of change of direction. This rate is called 
the curvature at the point and is denoted by K. Let us find the 
mathematical expression for K. i 

In the figure, P’ is a second point on 
a curve near P. When the point of con- 
tact of the tangent line describes the 
arc PP’(= As), the tangent line turns 
through the angle Ar. That is, Az is 
the change in the inclination of the tan- 
gent line. We now set down the follow- 
ing definitions : 


As = erage curvature of the arc PP’. 


The curvature at P (= K) ts the limiting value of the average curvature 
when P’ approaches P as a limiting position, that is 
A Tens 


K= lm —=—= 3 
(A) Del Tee aS curvature at P 


In formal terms the curvature is the rate of change of the inclination 
with respect to the arc (compare Art. 50). 

Since the angle Az is measured in radians and the length of are As 
in units of length, it follows that the wnit of curvature at a point 1s one 
radian per unit of length. 

\_/101. Curvature of a circle 
Theorem. The curvature of a circle at any point equals the reciprocal 


‘ of the radius, and is therefore the same at 


all points. 

Proof. In the figure the angle Ar be- 
tween the tangent lines at P and P’ equals 
the central angle PCP’ between the radii 
CP and CP’. Hence five 


Ar _angle PCP! _ fe ah 
Ag As AGeale 
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since the angle PCP’ is measured in radians. That is, the average 
curvature of the arc PP’ is equal to a constant. Letting As — 0, we 
have the result stated in the theorem. 

From the standpoint of curvature, the circle is the simplest curve, 
since a circle bends at a uniform rate. Obviously, the curvature of a 
straight line is everywhere zero. 

102. Formulas for curvature; rectangular coordinates 

Theorem. When the equation of a curve ts given in rectangular co- 
‘ordinates, then . 

(B) ia 

(1 +y’?)? 
where y' and y" are, respectively, the first and second derivatives of y 
with respect to x. 


‘ =— ! [ites “u) 

Proof. Since 7 = are tany’, (y ae 
differentiating, we have ie 
(1) ts ey G8 By XXII, Art. 60 
dx 1+y”? 
But 
(2) Ba 1+ y'2) By (8), Art. 95 
Dividing (1) by (2) gives (B). Q.E.D. 
EXERCISE. If y is the independent variable, show that 
(C) jae ee 
Cats 


where x’ and x” are, respectively, the first and second derivatives 
of x with respect to y. 

Formula (C) can be used as an alternative formula in cases where 
differentiation with respect to y is simpler. Also, (B) fails when y’ be- 
comes infinite, that is, when the tangent at P is vertical. Then in (C) 


ce ==) jand Kaa 
Sign of K. Choosing the positive sign in the denominator of (B), 


we see that K and y’’ have like signs. That is, K is positive or nega- 
tive according as the curve is concave upward or concave downward. 


ILLUSTRATIVE EXAMPLE 1. Find the curvature of the parabola y2=4<2 
(a) at the point (1, 2); (b) at the vertex. 


re ROE Up ily. oi 
Solution. pS cf YO oF (=) a oar 
(a) When x=1 and y=2, then y’=1, y”=— 4. Substituting in (B), 


K=- 1/2 =-— 0.177. Hence at (1, 2) the curve is concave downward and the 
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inclination of the tangent is changing at the rate 0.177 radian per unit are. Since 
0.177 radian = 10° 7’, the angle between the tangent lines at P(1, 2) and at a point 
@ such that are PQ = 1 unit is approximately 10°. 


(b) At the vertex (0, 0), y’ becomes infinite. Hence use (C). 


Fee pie VOU ec eed 
=5 4 ap ayaa? US ms Ans. 


ILLUSTRATIVE EXAMPLE 2. Find K for the cycloid (see Art. 81) 
x =a(#—sin 0), y=a(1 — cos 8). 
Solution. In Illustrative Example 2, Art. 81, we found 


x 


je iT Oe 
Uh cos 6 
2 
tee ee 
Hence +y SG 
Also, in the Illustrative Example, Art. 82, it was shown that 
y= _ es ee 
Substituting in (B), a(1 — cos 6)? 
= 1 1 


ie ee ee Ae 
2aV2—2 cos 8 4asin3 0 


103. Special formula for parametric equations. From equation (A), 
Art. 81, we have, by differentiation, 


% dxd*y _dyd?x 
ete dy’ _ didi? didi? 
dt 


Whence, using (B), Art. 82, and substituting in (B), Art. 102, and 
reducing, we obtain a ye 
x —Yyx 
(D) gee 
(xBitey 2) 
where the accents indicate derivatives with respect to t; that is, 
en eee ee eae 
CS OUT cee aN ae ad 
Formula (D) is convenient, but it is often better to proceed as in 
Illustrative Example 2, Art. 102, finding y’ as in Art. 81, y’”’ as in 
Art. 82, and substituting directly in (B). 


104. Formula for curvature; polar codrdinates 
Theorem. When the equation of a curve is given in polar codrdinates, 
Re eRe pia 


ome (E)y K 3 
iar (p? + p’2)2 
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where p’ and p” are, respectively, the first and second derivatives of p 
with respect to 0. 


Proof. By (J), Art. 85, r= 0+ y. 


Hence P : 
(1) dr 14 
Also, by (H), Art. 85, w=arc tan a 
dy _.p'? = pp 
Hence 0 =p? pp 
Then, by (1), 
(2) UR ees eae ES, 
do Oe gr gil 
From (J), Art. 96, 7 
as _ (2 12)% 
Dividing (2) by (8) gives (E£). Q.E.D. 


ILLUSTRATIVE EXAMPLE. Find the curvature of the logarithmic spiral p = e® 
at any point. 


2 
Solution. CO ae ap; fa =p” = a?e” = ap. 


ad ae 1 
Substituting in (£4), K=——.- 
a a ic vita 
vy 105. Radius of curvature. The radius of curvature R at a point 
/ onacurve equals the reciprocal of the curvature at that point. Hence, 


from (B), 


3 
(F) rp-igGdty™* 
K ue 


ILLUSTRATIVE EXAMPLE. Find the radius’ of curvature at any point of the 


Ans. 


x 


“2 2 
catenary ‘i alc +e :) (figure in Chapter XOOVLe 


(é =| Me =] 

Solution. '—=\e2—¢ 2); yr =—\ea a eee 

olution aha ao y aa +e — 
x a\% x 


Cag ae he ge. els 
ee pier :) oe ajfeasiie “R=2. Ans. 
4 4 a? a 


106. Railroad or transition curves. In laying out the curves on a 
railroad it will not do, on account of the high speed of trains, to pass 
abruptly from a straight stretch of track to a circular curve. In 
order to make the change of curvature gradual, engineers make use 
of transition curves to connect the straight part of a track with a 
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circular track. This curve should have zero curvature at its point 
of junction with the straight track and the curvature of the circular 
track where it joins the latter. Arcs of cubical parabolas are generally 
employed as transition curves. 


ILLUSTRATIVE EXAMPLE. The transition curve on a railway track has the shape 
of an arc of the cubical parabola y=4 23. At what rate is a car on this track 
changing its direction (1 mi. = unit of length) when it is passing through (a) the 
point (3, 9)? (b) the point (2, 3)? (c) the point (1, 4)? 


: dy a? 
Solution. OH apy OE 
olution dent? Genet 
Substituting in (B), K= eee c 
(1-+24)3 


= radian per mile = 28’ per mile. Ans. 
Py 


(a) At (3, 9), K=—© 
(8 


(b) At (2, §), K=— ~ radian per mile = 3° 16’ per mile. Ans. 
(17) 

(c) At (1,4), K= Es Fes ae radian per mile = 40° 30’ per mile. Ans. 
(2)3 V2 


\ 107. Circle of curvature. Consider any point P on the curve C. 
The tangent line drawn to the curve at P has the same slope as the 

curve itself at P (Art. 42). In an analogous 
manner we may construct for each point of the 
curve a tangent circle whose curvature is the 
same as the curvature of the curve itself at that 
point. To do this, proceed as follows: Draw 
the normal to the curve at P on the concave 
side of the curve. Lay off on this normal the dis- 
tance Pc=radius of curvature (= R) at P. With casa center draw 
the circle passing through P. The curvature of this circle is then 


1 
IK = R’ 
which also equals the curvature of the curve itself at P. The circle 
so constructed is called the circle of curvature for the point P on 
the curve. : 

In general, the circle of curvature of a curve at a point will cross 
the curve at that point. This is illustrated in the above figure. 
(Compare with the tangent line at a point of inflection (Art. 57).) 

Just as the tangent at P shows the direction of the curve at P, so 
the circle of curvature at P aids us very materially in forming a geo- 
metric concept of the curvature of the curve at P, the rate of change 
of direction of the curve and of the circle being the same at P. 
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In a subsequent section (Art. 114) the circle of curvature will 
be defined as the limiting position of a secant circle, a definition 
analogous to that of the tangent 
given in Art. 28. 

ILLUSTRATIVE EXAMPLE. Find the ra- 
dius of curvature at the point (3, 4) on the 


equilateral hyperbola xy = 12, and draw the 
corresponding circle of curvature. 


dy. yy Oy 2 y 


Solution. ip ein ila 
dys aye et 

For (8, 4), ie ee Pe 
_(+4e} _ _125_¢ 5 
8 24 24° 


The circle of curvature crosses the curve at two points. 


PROBLEMS 


1. Find the radius of curvature for each of the following curves at the 
point ee draw the curve and the corresponding circle of curvature. 


(@) yy = 27; (0, 0). Ans. R=#3. 
((b)y = 23; (1, 1). R=8V10. 
(c) y2 = 23; (4, 8). R= 4(40)3, 
(d) y? =e Ceo): R= 743. 
() y= (1, 9). R= 2V2, 
(6 yas — 1a ea Ros 
I ences) R= $v2. 
(h))y? = 10 x — 6; (1, 2). R= a. 
G) y2=8 — 42; (1, 2). R=4v2., 
(j) bx? + a2y? = ab?; (a, 0). Sey. 
a 
(k) 62? — a2y? = a2b?; (a, 0). R= he 
a 
x\? y\5_ : a2 
(l) () + (¥) 1:00 R=<. 
(m) y =sine; (2,1), (p) 22 + 442-10 x=0; (2, 2). 
(n) y= 2e0sx; (7, V2). (q) 227-4 y2+62=03 (2, 2). 


(0) y = log x; (e, 1). (r) y2= 23 + 8; (— 2, 0). 
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2. Calculate the radius of curvature at any point (21, y1) on each of 
the following curves: 


@)y =e s Ans. R= Capaoy, 
(b) Oe S108 = 
(c) b2x2 — a2y2 = a2b?, RS Ci cee 
(d) b?x? + a?y? = a?b?, 
(e))at + yt = ak. pa 2a ty), 
ae Gio 
—(f) ot + y? = al. R = 8(ary:)3. 
(g) «=r are vers 2 — V2 ry — 47. R=2V2 ry. 
~ BY y = log sec x. R= sec 2. 


3.) If the point of contact of the tangent line at (1, 4) to the parabola 
y?: 16 x moves along the curve a distance As = 0. 1, through what angle, 
eee ais, will the tangent line turn? (Use differentials.) 


{ 4, The inclination of the curve 2 y = x? at the point A(1, 4) is 45°. 
Use differentials to find approximately the inclination of the curve at the 
point B on the curve such that the distance along the curve from A to B 
is As = 0.2 units.72~ Zt 


5. Calculate the Sar & Rrvacure at any point (pi, 6:) on each of 
the following curves: 


(a) The circle p = asin 0. Ans. R= = 
x = (012 + 02)? 
(b) The spiral of Archimedes p = af. R m2 +2 a 
(c) The cardioid p = a(1 — cos 8). R=2V2 api. 
2 
(d) The lemniscate p? = a? cos 2 0. R= aaa 
1 
(e) The parabola p = a sec? g. R= 2 asec? i. 
(f) The curve p = asin® g. R= 3 asin? m 
: . _ a(5—4 cos 61)? 
(g) The trisectrix p = 2 a cos 6 — a. R= eer . 
3 
(h) The equilateral hyperbola p? cos20=a?. R= ay 
: ep (lL 62 MN ae 
eine ae 1 ec08 6 (1 —ecos 6,)3 


(6. Find the radius of curvature for each of the following curves at the 
point indicated; draw the curve and the corresponding circle of curvature. 


(je=3tg=2P—1yt=1. Ans. R= 133. 


156 DIFFERENTIAL CALCULUS 


b)e=4t,yaos t=1 Ans. R= $V65. 
(ec) f=3#, y=3t—#; t=1. R=: 
(d)x=4sint, y=2cost; r=2. R= 32, 
c=? y= R—4t; t= — 1 

feH=B, yo=r+20; t=1. 

gQa={2ejy=ea ts t=O: 

(h) r=2+cost,y=2sint; t=0. 

(i) e=sint, y= cos 2¢; t=F 

(c= 2 cos ty = cos 2 ¢; t=> 
7. Find the radius of curvature at any point (f= t,) on the hypocy- 

cloid x = a cos? t, y= a sin? ¢. Ans. R=38 asin f; cos. 


8. Find the radius of curvature at any point (¢ = ¢,) on the involute 


of the circle x =a(cost+tsint), 


y = a(sin t — t cos ft). Ans. R= ah. 

9. Find the radii of curvature for aty? = a?x* — x® at the points where 
CO and. it, Ans. 5 a. 
10. Find the point on the curve y=e* where the curvature is a 
maximum. Ans. «= — 0.347. 


(11) Show that the radius of curvature is a minimum at the vertex 
of the parabola y = ax? + br +c. 


l-" 12. Find the points on the curve 3 y = x3 — 2 x where the curvature 
is a maximum. Ans. x=+ 0.981. 


13. Show that the radius of curvature becomes infinite at a point of 
inflection. 


14. Given the curve y = 3 x — x3. 

(a) Find the radius of curvature at the maximum point of the curve 
and draw the corresponding circle of curvature. 

(b) Prove that the maximum point of the curve is not the point of 
maximum curvature. 

(c) Find to the nearest hundredth of a unit the abscissa of the point 
of maximum curvature. Anse om 1.01. 


aa 

(15./Find the radius of curvature at each maximum and minimum 
point on the curve y = xt — 2 x2. Draw the curve and the circles of cur- 
vature. \Find the points on the curve where the radius of curvature is a 
minimum. 


16. Show that at a point of minimum radius of curvature on the 
curve y = f(x) we have 


#(ae) (ae) = geek + (Ze) | 
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108. Center of curvature. The tangent line at P(x, y) has the 
property that x, y, and y’ have the same values at P for the tangent 
line and the curve. The circle of curvature at P has a similar prop- 
erty; namely, x, y, y’, and y’’ have the same values at P for the 
circle of curvature and the curve. 


DEFINITION. The center of curvature (a, 8) for a point P(x, y) on 
a curve is the center of the circle of curvature. 


Theorem. The codrdinates (a, B) of the center of curvature for 
P(x, y) are 


(G) pat Bey B= _a+y"), 

y ay 
Proof. The equation of the circle of curvature is 
(1) (% — a)? + (y— 8)? = R?, 


where R is given by (F). Differentiating (1), 


2 
(2) ee Oe 7 Le 
y—p * Ue ty 
From the second of these equations, after substituting the value 
of R from (F), we obtain 
sete ie y" 
3 G0 22a as = ; 
(3) (Y-—B) yi — p= yi! 
From the first of equations (2), we get, using (8), 
"(1 12 
(4) z—a=—y'y—p)= EE. 


Solving in (3) for 8, in (4) for a, we 
have (G). Q.E.D. 


EXERCISE 1. Work out (G) di- 
rectly from the accompanying figure, 
using (G), Art. 95. (a=x—Rsinz, 
B=y+R cost, etc.) 

EXERCISE 2. If x’ and x’ are, re- 
spectively, the first and second deriv- 
atives of x with respect to y, derive 
(G) in the form 


72, "(1 iD) 
(H) a=x++ti, pay—* Ot"). 


Formulas (H) may be used when y’ becomes infinite, or if dif- 
ferentiation with respect to y is simpler. 
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ILLUSTRATIVE EXAMPLE. Find the coédrdinates of the center of curvature of 
the parabola y? = 4 px corresponding (a) to any point on the curve; (b) to the 
vertex. 

y vr Bb a 


Solution. Use (H). Then x’ = re Ce F 


2 4 2 
Hence a=xth > Pase+2p, 


eee ame wus), 8k 
B= y 4 p? 4 p? 
3 
Therefore (a) (32 + 2p, a is the center of 
curvature corresponding to any point on the curve. 
(b) (2 p, 0) is the center of curvature corresponding 
to the vertex (0, 0). 


From Art. 57 we know that at a point of inflection (as Q in the 
next figure) 
d?y _ 
dx2 


Therefore, by (B), Art. 102, the curvature K = 0; and from (F), 
Art. 105, and (G), Art. 108, we see that in general a, 8, and R in- 
crease without limit as the second derivative approaches zero, unless 
the tangent line is vertical. That is, if we sup- 
pose P withits tangent to move along the curve 
to P’, at the point of inflection Q the curvature 
is zero, the rotation of the tangent is momen- 
tarily arrested, and as the direction of rotation 
changes, the center of curvature moves out in- 
definitely and the radius of curvature becomes 
infinite. 

109. Evolutes. The locus of the centers of 
curvature of a given curve is called the evolute 
of that curve. Consider the circle of curva- 
ture at a point P on a curve. If P moves along the curve, we may 
suppose the corresponding circle of curvature to roll along the curve 
with it, its radius varying so as to be always equal to the radius of 
curvature of the curve at the point P. The curve CC; described by 
the center of the circle is the evolute of PP7. 

Formulas (G) and (H), Art. 108, give the codrdinates of any point 
(a, 8) on the evolute expressed in terms of the codrdinates of the 
corresponding point (a, y) of the given curve. But y is a function 
of x; therefore these formulas give us at once the parametric equations 
of the evolute in terms of the parameter x. 
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To find the ordinary rectangular equation of the evolute we elimi- 
nate x and y between the two expressions and the equation of the 
given curve. No general process of elimination can be given that 


will apply in all cases, the method to be adopted depending on the 
form of the given equation. In a large number of cases, however, 
the student can find the rectangular equation of the evolute by taking 
the following steps : 


General directions for finding the equation of the evolute in rec- 
tangular coordinates. 


First STEP. Find a and B from (G) or (A), Art. 108. 

SECOND STEP. Solve the two resulting equations for x and y in terms 
of a and B. 

THIRD STEP. Substitute these values of x and y in the given equation 
and reduce. This gives a relation between the variables a and B which 
1s the equation of the evolute. 


ILLUSTRATIVE EXAMPLE 1. Find the equation of the evolute of the parabola 
a Aas 


Solution. ==, 


Ghee Oh ys 
° & a> y? 
First Step. a=3x+2p, en er 
Second Step. a a==P, y = — (4 p2B)3. 


Third Step. (4 p?8)3 =4 p ic == E, 


or pp? = x7 (a — 2 p)?. 


Remembering that a denotes the abscissa and 6 the 
ordinate of a rectangular system of codrdinates, we see 
that the evolute of the parabola AOB is the semicubical parabola DC’E, the 
centers of curvature for O, P, Pi, Ps being at C’, C, Ci, Ce respectively. 
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ILLUSTRATIVE EXAMPLE 2. Find the equation of the evolute of the ellipse 
ba? + a2y? = ad?. 


dy__ bz dy___b 
Solution. ds’ am oy | ie 
(a? — b?)x? 
First Step. (ices oA 
0 RR DO Ye 
pS kb Ane 
ata_\8 
Second Step. x= is = i 
Sy ttl 
are (a - 7) 


Third Step. (aa)? + (bB)? = (a2 — b2)3, the 
equation of the evolute EHHE’H’ of the ellipse 
ABA’'B’. E, E’, H’, H are the centers of curvature corresponding to the points 
A, A’, B, B’, on the curve, and C, C’, C’”’ correspond to the points P, P’, P”. 


ILLUSTRATIVE EXAMPLE 3. The parametric equations of a curve are 


.ftl . # 


Find the equation of the evolute in parametric form, plot the curve and the 
evolute, find the radius of curvature at the point where t = 1, and draw the cor- 
responding circle of curvature. 


Solution. By (A), Art. 81 


By (B), Art. 82 


Substituting in (G) and reducing gives 


(2) ~1-P-24 2 _4848t 
- 4 B 6 
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the parametric equations of the evolute. Assuming values of the parameter t, we 
calculate x, y from (1) and a, B from 
(2), and tabulate the results. 


Now plot the curve and its evolute. ; of Z i 8 

The point (4, 0) is common to the 3 5 8 
given curve and its evolute. The given 2 5 ae 88, |) 3 
curve (semicubical parabola) lies en- 3 ra ts Ee a 
tirely to the right and the evolute 1 ay aie eg ni 
entirely to the left of x= 4. 0 H 0 7 0. 

The circle of curvature at A(4, }), 1 1 1 es C 
where ¢=1, will have its center at 3 13 : a 3 
A'(—4, %) on the evolute and ra- 5 s ia. ae 19 
dius = AA’. To verify our work find 3 5 H i ai 


the radius of curvature at A. From 
(F), Art. 105, we get 


pat te) _ V2 when t= 1. 
This should equal the distance 
AA’ =\/(8 +4)? + (-)? = V2. By (1), Art. 3 
ILLUSTRATIVE EXAMPLE 4. Find the parametric equations of the evolute of the 


cycloid 
(3) 


(x =a(t —sin ft), 
Ly =a(1 — cost). 


Solution. As in the Illustrative Example of Art. 82, we get 


Cymer si 1) oe ey a ee eee 
dx 1—cost dx? a(1 — cos t)? 


Substituting these results in formulas (G), Art. 108, we get 


(a=a(t+sin 2), 
(4) B=-—a(1—cost). Ans. 


Note. If we eliminate t between equations (4), there results the rectangular 
equation of the evolute 00’Q’ referred to the axes O’a and O’8. The codrdinates 
of O with respect to these axes are (— 7a, — 2a). Let us transform equations (4) to 
the new set of axes OX and OY. Then 


a=x—7a, B=y—2a4. 
Also, let ¢=t' —T. 


Substituting in (4) and reducing, the 
equations of the evolute become 


z=a(t’ —sint’), 
(5) fe = a(1 — cost’). 


p” PN. PY 


2 
8 
i 
ia 


a-axis 


: -j ( X-axis 
Since (5) and (8) are identical in 6 o 
form, we have: 
The evolute of a cycloid is itself a cycloid whose generating circle equals that of the 
given cycloid. 
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110. Properties of the evolute. The evolute has two interesting 
properties. 

Theorem 1. The normal at P(x, y) to the given curve is tangent to 
the evolute at the center of curvature C(a, B) for P. (See figures in the 
preceding article.) 

Proof. From the figure, 

(1) a=x—Rsinzt, 

B=y+Reosr. 
The line PC lies along the normal at 
P, and the 


iy Beet hh 
(2) Slope of ea! cre ree 


= slope of normal at P. 


We show now that the slope of the evolute equals the slope of PC. 


Note that dp 
Slope of evolute = vi 


since a and £ are the rectangular codrdinates of any point on the 
evolute. 

Let us choose as independent variable the length of are on the 
given curve; then z, y, R, 7, a, 6 are functions of s. Differentiating 
(1) with respect to s gives 


da dz dr dR 


(8) set dX ttt Se, eqemeenaaes 
a8 ~dy i), ime dR 
(4) cm Rsin t ae 4- cos T as 
dx _ dy _ dr_1 
But 7 COS T, Jg 7 SDT: from Art. 95; and alee 
Substituting in (3) and (4), and reducing, we obtain 
da Ani Med dR 
5 te ie oe ae 
(5) ae sin T <P oF COS T rr 
Dividing the second equation in (5) by the first gives 
dB 1 
6 = = ee 
(6) a cot 7 ae slope of PC. Q.E.D. 


Theorem 2. T'he length of an arc of the evolute is equal to the dif- 
ference between the radii of curvature of the given curve which are tangent 
to this are at its extremities, provided that along the arc of the given curve 
R increases or decreases. 
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Proof. Squaring equations (5) and adding, we get 


da\? , (dB\?_ /dR\? 
7 (2 (e =(& : 
Ve Te 7 zs) o 
But if s’ = length of are of the evolute, 
ds’? = da? + dB2, 
by (C), Art. 95, if s=s’,x =a, y=. Hence (7) asserts that 
ds’\?__ /(dR\? ds’ dR 
9 (BY ow Baath 
(8) ds ds MP ds ds 
Confining ourselves to an are on the given curve for which the 
right-hand member does not change sign, we may write 
(9) ds CS 


are or ip 


That is, the rate of change of the arc of the evolute with respect to R 
is-+1or—1. Hence, by Art. 50, corresponding increments of s’ and 
R are numerically equal. That is, 


(10) 3 = s'9 — + (Rh — Ko), 
or (first figure, p.159) Are CC; = + (PiC; — PC). 


Thus the theorem is proved. 
In Illustrative Example 4, Art.109, we observe that at O’, R = 0; 
at PY, R=4a. Hence are 0’QQ* = 4a. 


The length of one arch of the cycloid (as OO'QY) is eight tumes the 
length of the radius of the generating circle. 


111. Involutes and their mechanical construction. Let a flexible 
ruler be bent in the form of the curve CC», the evolute of the curve 
P,P», and suppose a string of length 
Ro, with one end fastened at Co, to 
be stretched along the ruler (or 
curve). It is clear from the results 
of the last article that when the 
string is unwound and kept taut, the 
free end will describe the curve P; Po». 
Hence the name evolute. 

The curve PiPo is said to be 
an involute of CiCo. Obviously any 
point on the string will describe an 
involute, so that a given curve has 
an infinite number of involutes but 
only one evolute. 


ee 
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The involutes P;P9, P1'Po’, Pi'’Ps9" are called parallel curves since 
the distance between any two of them measured along their common 
normals is constant. 

The student should observe how the parabola and the ellipse on 
pages 159, 160 may be constructed in this way from their evolutes. 


PROBLEMS 


1. Find the radius and center of curvature for each of the following 
curves at the given point. Check your results by proving (a) that the 
center of curvature lies on the normal to the curve at the given point, 
and (b) that the distance from the given point to the center of curvature 
is equal to the radius of curvature. 


(a) 4 y= 2? —4; (0, —1). Ans. (0, 1). 
(b) y= x2? —62x+ 10; (8, 1).. (8, 3). 
(c) 8y=23 —3 22-92; (8, —9). (3, — 83). 
(d) xy = 30; (3, 10). (211, 15595). 
(e) y=e; (0, 1). (— 2, 8). 
eal bet “(fae 
(f) y = sin x; (3,1). (F: 0): 
(g) y==+* 2, 4). (2, 5). 
(h) x? + xy? — 6 y? = 0; (3, 3). (— 7, 8). 
G) #3 + y8 — 4 ey = 0; (2, 2). (f, 4). 


(j) 4y =a 8; (2,—4), 
kt) y= a? +2; (2, 8). 


(1) 2 -x—2y=0; (0, 2). 
(m) x2? +2y2—4x2=2; (0,1). 


2. Find the coérdinates of the center of curvature at any point (z, y) 
of each of the following curves: 


(a) y= 2. Ans. a=—423, B=443y. 
(b) y= 28. Peg palma Decay gfe Sa 
2 6 x 
(c) b?a? — a®y? = a2b?, Pees \ bal ad Ei oe 
eae? +b", 
(d) x3 + y3 = a’, a=r+3 xty%, 


B=yt38 xy, 
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3. Find the radii and centers of curvature for the curve xy = 6 at the 


points where x = 1 and x = 2. Draw the arc of the evolute between these 
centers. What is its length? 


Ans. Atx=1, R= oe sa = 191, B= 945; 


atx=2,R= cay, a= 5%, B=5¢; 


GD" — US)" = 14.85. 


4. Find the parametric equations of the evolute of each of the follow- 
ing curves in terms of the parameter ¢. Draw the curve and its evolute, 
and draw at least one circle of curvature. 


(A) = 2 ty = 212 — 1. Ans. a=— 888, B=6 ??, 


Ri oye 
(b) x= Ue Paso 


(c)t=38—-—2t,y=68—3. 


3 
(@)e=2t+1 y=. 


(e) r= 4, y=. 


(f) e=sint, y=. 


(g) x= 18 sint, y=5 cost. 


(h) x = 2. cosé + cos 21, 
y =2siné + sin 2¢. 
(i) x = a cos®t, 
y =a sin? t. 
(j) x =a(cost + tsin ft), 
y = a(sin t — t cos 2). 
(k) e=2t,y=4-—42#. 
d)c=8—-2t,y=?. 


(m) c=32—1,y=1-2t. 


(n) e=4t4+ 2, y=2?. 
(0) x=8esct, y=4 cott. 
(p) x =acost, y= bsint. 


re een Ot ree 
a=t Ae aa patos 


a=3—142%, 


ta 


Se 

G1 = 1 SF ner 

22 58D 

ee 6 

ee tee Ly te 
aes a can 
a=-—2costcott, 
B=t+cost+ cost. 
— 144 sin*t 

= 7 6 

_ 144 cos?t_ 

ba 5) 

a = 4(2 cost — cos 2 2), 


6=4(2sint—sin 2). 
a=acos?t+3acostsin?t, 
B=3acos?tsint+asin°t. 
Gast COS t,. 0 =o sinit. 
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5. Show that in the parabola at + y? =a? we have the relation 
a+ B=3(¢+y). 
6. Given the equation of the equilateral hyperbola 2 xy = a?, show 


that 3 me \3 
a+ p= Ute, a-p= U2. 


From this derive the equation of the evolute 
(a + B)# — (a— 6) = 2 a8. 
112. Transformation of derivatives. Some of the formulas derived 


above independently can be deduced from others by formulas which 
establish relations between derivatives. Two cases will be presented 


here. 
Interchange of dependent and independent variables. 


NotATION. Let yf =, y CFR Ses, etc., 


= ay = ae Tat ete 
By IX, Art. 29, 
i 
I a =e 
@) y=s 
dy 
dy’ dy 
Now "= 2 =. 
y dt eo}, 
c dy’ od 
Using (J), we get pe rt 
(J) ae lon 
dy" 
Again, yee 
dx to 
F dy" Felt t __ 83 a!/2 
U uN CY eR ee 
sing (J), di ee 
p Pe Gah eee —_ 3 x’/2 
(je oy = 2 TS 


And so on for higher derivatives. By these formulas equations in 
y’, y”’, y’”, ete. can be transformed into equations in 2’, x’’, x’”’, ete. 
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ILLUSTRATIVE EXAMPLE. Transform (B), Art. 102, into (C) in that article. 
Solution. Using (J) and (J) above, 


eee a SAC oe Te ale 
(1+ y/2)8 (1+ ii (@’? +1)3 


Transformation from rectangular to polar codrdinates. Given the 
relations 


(1) = pcos 6, y=psin? 


between the rectangular and polar codrdinates of a point. If the 
polar equation of a curve is p = f(@), then equations (1) are para- 
metric equations for that curve, 6 being the parameter. 

NOTATION. The independent variable is 0, and a’, x’’, y’, y’’, p’, p” 
denote successive derivatives of these variables with respect to 6. 

Differentiating (1), 

(2) xz’ =— psin @-+ p’ cos 8, y’ = pcos 6+ p’sin 6; 

(83) xv’ =—2p'sin6+(p”’ —p)cos6, y’’=2 p'cos8+(p’— p) sin 8. 
By formulas (1), (2), (8), equations in 2, y, 2’, y’, x’’, y’’ may be 
transformed into equations in p, 0, p’, p’’. 


ILLUSTRATIVE EXAMPLE. Derive (£), Art. 104, directly from (D), Art. 103. 


Solution. Taking numerator and denominator in (D) separately, substituting 
from (2), (3), and reducing, we obtain the results 


x y"" a3 yal" — p2 ele 2 p’? ace faye” ¢ 9/2 + y'2 = p? + p’?. 
Putting these values in (D) gives (£). 


PROBLEMS 
In Problems 1—5 interchange the dependent and independent variables. 
1. Th py B= 0. Ans. i= WZ) =0. 
2, W 4 (Mt) + y —2) Fh =0. 1 +(%) — w—2) So =0. 
3. (y— 4)(4)’ + -F4 = 0. fi +(Z) +y-4=0. 


a a T+ eB) (Ge) = 


5 (F(a) =a) 
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dy 


Ty 
6. Transform scrotal by assuming x = p cos 6, y = psin@. 
vi+ : 
dz Ans. ——————— 
dp 


are bar 


7. Let f(x, y) = 0 be the equation of a curve. Find an expression for 


its slope (2 ji in terms of polar coérdinates. 
pcos 6 + sin 62 


Ans. a es 
roe 
eT Al Ne Od 
8. Transform the equation id Seat epee =0 by assuming 


Ui—ICOSits d2y 
yt tla 0. 


9. Transform the equation Ft i +2 oT dy ee =) a= 0 by assuming x= - : 


Ans. CU + ay = 0. 


| 


u 


V 
\/ 


CHAPTER XI 
e THEOREM OF MEAN VALUE AND ITS APPLICATIONS 


113. Rolle’s Theorem. A theorem which lies at the foundation of 
the theoretical development of the calculus will now be explained. 

Let y=f(x) be a con- 
tinuous single-valued func- 
tion of x, vanishing for x=a 
and x=), and suppose that 
f'(x) is continuous. The 
function will then be rep- 
resented graphically by a 
continuous curve as in the 
figure. Geometric intuition 
shows us at once that for at least one value of x between a and b the 
tangent is parallel to the x-axis (as at P); that is, the slope is zero. 
This illustrates 


Rolle’s Theorem. Jf f(x) vanishes when x=a and x=b, and 
f(x) and f’(x) are continuous for all values of x from x=atox=b, 
then f'(x) will be zero for at least one value of x between a and b. 


The truth of the theorem is obvious, because as x increases from 
a to b, f(x) cannot always increase or always decrease as x increases, 
since f(a) = 0 and f(b) = 0. Hence for at least one value of x between 
a and b, f(x) must cease to increase and begin to decrease, or else 
cease to decrease and begin to increase: and for that particular value 
of x the first derivative must be zero (Art. 46). 

That Rolle’s Theorem does not apply when f(x) or f’(x) is discontinuous is 
illustrated as follows: 

Fig. a shows the graph of a function which is discontinuous (= ») for x =e, 
a value lying between a and b. Fig. b shows a continuous function whose first de- 
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> 


. drawn through three neighboring points 
S Po, Pi, P2 on a curve, and if P; and 
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rivative is discontinuous (= ©) for such an intermediate value x=c. In either 
case it is seen that at no point on the graph between x = a and x = b does the tan- 
gent (or curve) become parallel to OX. 


We give first two applications of Rolle’s Theorem to geometry. 
114. Osculating circle. If a circle be 


Pz be made to approach Po along the 
curve as a limiting position, then this 
circle will in general approach in mag- 
nitude and position a limiting circle 
called the osculating circle of the curve 
at the point Po. 


Theorem. The osculating circle is identical with the circle of curvature. 


Proof. Let the equation of the curve be 


(1) y=f(x); 
and let xo, 1, #2 be the abscissas of the points Po, P:, P2 respectively, 
(a’, B’) the codrdinates of the center, and R’ the radius of the circle 
passing through the three points. Then the equation of the circle is 
(i 01)? 42 (y B97 ies 
and since the codrdinates of the points Po, Pi, P2 must satisfy this 
equation, we have 
(to — a)? + (Yo — B27 — R= 0, 
(2) (ei ot)? he ieee ee, 
(12 — a’)? + (y2 — 8’)? — R'2?=0. 
Now consider the function of x defined by 
F(t) = (2 — o)?-- yy — 8 ek, 
in which y is defined by (1). 
Then from equations (2) we get 
F (xo) ee F(a) us 0, F(z) == (), 


Hence, by Rolle’s Theorem (Art. 113), F’(x) must vanish for at 
least two values of x, one lying between xo and 2, say x’, and the 
other lying between 2x; and x2, say x’; that is, 


F'(')=0, F'(x’’) =0. 


Again, for the same reason, F’’(2) must vanish for some value of 
x between x’ and x’, say x3; hence 


F"' (23) = 0. 
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Therefore the elements a’, 6’, R’ of the circle passing through the 
points Po, Pi, P2 must anes the three equations 


F@o)=0, F'G')=0, FU (G3) = 0. 
Now let the points P; and P2 approach Po as a limiting position ; 


then 21, x2, x’, x’’, x3 will all approach xo as a limit, and the elements 
Q(3s1le OL he osculating circle are therefore determined by the three 


equations F (x0) = 0, F' (x0) = 0, F’' (x9) =0; 
or, dropping the subscripts, by 


(3) igs OT (Yim 0)? — He, 
(4) (x — a) + (y— B)y’ = 0, differentiating (3). 
(5) 1+y'?+ (y— B)y” =0, differentiating (4). 
Solving (4) and (5) for x — a and y — 8, we get (y” ~ 0), 
(6) fy tos ald) fp yoo lee 

Yy; y’ 


Solving (6) for a and £, the result is identical with (G), Art. 108. 
Substituting from (6) in (8), and solving for R, the result is (F), 
Art. 105. Hence the osculating circle is identical with the circle of 
curvature. 

In Art. 28 the tangent line at P was defined as the limiting posi- 
tion of a secant line drawn through P and a neighboring point Q 
on the curve. We now see that the circle of curvature at P may be 
defined as the limiting position of a circle drawn through P and two 


_,other points Q, FR on the curve. 


AN 
‘\ 
ai) 


~> 115. Limiting point of intersection of consecutive normals 


Theorem. The center of curvature C for a point P on a curve is the 
limiting position of the intersection of the normal to the curve at P with 
a neighboring normal. C(a,B) 


Proof. Let the equation of a curve be 

(1) y = f(z). 

The equations of the normals to the 
curve at two neighboring points Po and 


phate (wo — 2) + (yo — y)f" (xo) = 0, 
(41 — x) + (yi — y)f' (a1) = 9. 
If the normals intersect at C’(a’, 8’), the codrdinates of this point 
must satisfy both equations, giving 
(2) He = a’) aS (Yo =e B')f’ (xo) = 0, 
(a1 — a) + (yr: — Bf" (a1) = 0. 


F,(21,Y)) 
JAG) 
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Now consider the function of x defined by 
p(x) = («@—a') + y— B’)y’, 
in which y is defined by (1). 
Then equations (2) show that 
(xo) =9, (x1) = 9. 

But then, by Rolle’s Theorem (Art. 118), ¢’(x) must vanish for 
some value of x between xo and x, say x’. Therefore a’ and #’ are 
determined by the two equations 

d(xo) = 0, o’(x’) =0. 

If now P; approaches Po as a limiting position, then x’ approaches 

XO, giving 

(xo) = 9, $'(%0) = 0; 
and C’(a’, B’) will approach as a limiting position a point C(a, 6) 
on the normal at Po. Dropping the subscripts and accents, the last 
two equations are 


(c—a) + (y— B)y’ =0, 
1 y?t Yop)y 9, 
Solving for a and 8, the results are identical with (G), Art. 108. Q.E.D. 


= 116. Theorems of Mean Value (Laws of the Mean). For later appli- 
i cations we need the 
e Theorem. If f(x) and F(x) and their first derivatives are continuous 


,. throughout the interval [a, 6], and 2f, moreover, F’(x) does not vanish 
Y within the interval, then for some value x = 2 between a and b, 


«4 f(b) =f@ _ fx), 
wy fe (A) F(b) — F(a)» F(a) (a<x1<b) 


Ay Proof. Form the function 


v0 ike Gua Bae [F(e) — F(a)] — [f(e) — f(a)}. 


Evidently ¢(a) = ¢(6) = 0, and Rolle’s Theorem, Art. 113, may 
be applied. Differentiating, 


2) 00) = FE Fe) -F). 


This must vanish for a value « = x; between a and b. 


(3) 2 mae F'(a) — f'(an) = 0. 


THEOREM OF MEAN VALUE AND ITS APPLICATIONS 173 


Dividing through by F’(x1) (remembering that F’(z1) does not 


vanish), and transposing, the result is (A). Q.E.D. 
If F(x) = x, (A) becomes 
b) — 
(B) LO) ~ SO — 97x), (a<m<b) 


In this form the theorem has a simple 
geometric interpretation. In the figure 
the curve is the graph of f(x). Also, 

0G =a, (CAl= fla); 
ODI 05 DB = (6). 
Hence 


J “ =A (@ — slope of chord AB. 


Now f’(x1) in (B) is the slope of the curve at a point on the are 
AB, and (B) states that the slope at this point equals the slope of 
AB. Hence there 1s at least one point on the arc AB at which the tan- 
gent line is parallel to the chord AB. 

The student should draw curves (as the first curve in Art. 118) 
to show that there may be more than one such point in the interval, 
and curves to illustrate, on the other hand, that the theorem may 
not be true if f(x) becomes discontinuous for any value of x between 
a and 6 (Fig. a, Art. 113), or if f’(~) becomes discontinuous (Fig. }, 
Art. 118). 

Clearing (B) of fractions, we may also write the theorem in the form 


(C) f(6) =f@ + (6 — a)f’(x). 
Let b=a-— Aa; then 6 — a= Aa, and since x; is a number lying 
between a and 6, we may write 
4, =a+6-Aa, 
where 6 is a positive proper fraction. Substituting in (C), we get 
another form of the Theorem of Mean Value, 
(D) f(a+ Aa) — f(a) = Aaf’(a + 6- Aa). (0< 6< 1) 


PROBLEMS 


1. Verify Rolle’s Theorem by finding the values of x for which f(z) 
and f’(x) vanish in each of the following cases: 


(4) fo) S273 &. (e) f(z) = sin rx — cos 12. 
(DR) = 6. — 22: (f) f(x) = tan x — x. 
(c) f(x) =a + bx + cx?. (2) $s) = log x. 


t(d) f(x) =sin x. Ca) Goo re, 
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2. Given f(x) =tana. Then f(0)=0 and f(7)=0. Does Rolle’s 
Theorem justify the conclusion that f’(x) vanishes for some value of x 
between 0 and 7? Explain your answer. 

3. Given (y+1)?=22. Then y=0 when e=—1 and y=0 when 
x—=-+1. Does Rolle’s Theorem justify the conclusion that y’ vanishes 
for some value of x between — 1 and +1? Explain your answer. 


4. In each of the following cases find x such that 


f(b) =f(@) + (6 — af’). 


(aye) =e eae INGISs Ao SS Mei 
(b) f(x) = Vx, a=1, b=4. a = 2.25. 
(Viegas, a=0,0=1. a = log (e —1) = 0.54. 


(@) f(z) =2,a=1,b=2. 
Cie) = 108 a i= 0 .oy Denke 
(f) f(a) = sin a=0,b=1. 


5. Given f(x) = *, a=-—1,b=1. For what value of x, if any, will 


f(b) =f@ + (— a)f’(a1)? 
6. Given f(x) = x8, a=—1,b=1. For what value of 1, if any, will 


f(b) =f(@) + 6—a)f'(a)? 
117. Indeterminate forms. When, for a particular value of the 
independent variable, a function takes on one of the forms 


O. = 0X00, co— ico, 0° cote 


it is said to be indeterminate, and the function is not defined for that 


value of the independent variable by the given analytical expression. 
For example, suppose we have 


where for some value of the variable, as x = a, 
f(a) =90, F(a) =0 

For this value of x our function is not defined and we may there- 
fore assign to it any value we please. It is evident from what has 
gone before (Case II, Art. 17) that it is desirable to assign to the 
function a value that will make it continuous when x = a whenever 
it is possible to do so. 

118. Evaluation of a function taking on an indeterminate form. If 
the function f(2) assumes an indeterminate form when x = a, then if 


lim f(x) 


wa 
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exists and is finite, we assign this value to the function for x =a 
which now becomes continuous for x = a (Art. 17). 

The limiting value can sometimes be found after simple transfor- 
mations, as the following examples show: 


yas 
ILLUSTRATIVE EXAMPLE 1. Given f(x) =~ 
xv 


<. Prove lim f(z) = 4. 
= x 2 


Solution. f(2) is indeterminate. But, dividing numerator by denominator 
f(x) =x +2. Then lim (x + 2) =4. _ ae 
x2 


ILLUSTRATIVE EXAMPLE 2. Given f(x) =secx—tanz. Prove lim f(x) =0. 
Logan 


Solution. f(a#) is indeterminate («o — oo). Transform as follows: 


I= sin — si i 
Ree tan S = lL sin Sie sin oe cose 


Hence the limit is 0. 


See also Art. 18. General methods for evaluating the indeter- 
minate forms of Art. 117 depend upon the calculus. 


119. Evaluation of the indeterminate form 4 Given a function of 


the form 1D) such that f(a) =0 and F(a)=0. The function is 


F(x) 
indeterminate when x=a. It is then required to find 
Adee) 
Lop F(a) vi J 


[vc 


We shall prove the equation 
fan TROD) ora, AE) 
lim —- = NEN 
@) tate) 
Proof. Referring to (A), Art. 116, and setting b = x, remembering 
that f(a) = F(a) = 0, we have 
Fa) _ f' (1) 
(1) es EN (a < 01 < 2) 
If x > a, so also 21 > a. Hence, if the right-hand member of (1) 
approaches a limit when x; — a, then the left-hand member will ap- 
proach the same limit. Thus (£) is proved. 
From (E), if f’(a) and F’(a) are not both zero, we shall have 
sei oie (Ole 
@) a F(z) F'(@) 


Rule for evaluating the indeterminate form >. Differentiate the nu- 


merator for a new numerator and the denominator for a new denominator. 
The value of this new fraction for the assigned value of the variable well 
be the limiting value of the original fraction. 
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In case it happens that f’(a) = 0 and F’(a) = 0, that is, the first 
derivatives also vanish for x = a, then (£) can be applied to the ratio 
fi@), 
F'(x) 
L(x), F(@) . 


and the rule will give us lim 5, F(a) F” (oy 
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It may be necessary to repeat the process several times 
The student is warned against the very careless but common mistake 


of differentiating the whole expression as a fraction by VII 
If a= 00, the substitution x = : reduces the problem to the evaluation 


of the limit for z= 0. ay. , ay 
= ; y(t 
ae Oka meri = lim 5. 


Therefore the rule holds in this case also. 
f(x) _ #3 -—-32+2 - 
ILLUSTRATIVE EXAMPLE 1. Evaluate Fa) a er PCR) when x = 1. 


2 SL) ae Bee 2 21 td ee ae : 
Solution. FQ) ees ed Lee ie Ter ea indeterminate, 
fi) ao CaS as =o Oe : 

FQ) 28 a? Doral bee a 


AAG 8 Om | ia. 6 oor 
Fl) 5 64 So eatin OD oe ae 
ILLUSTRATIVE EXAMPLE 2. Evaluate lim @—2~— 2 
z>0 “&—sinz 
on nat (0) 6h estab eo _i1-1-0_0 ., : 
[ Solution. F(0) ° @isine oy eee indeterminate. 
f'(0) _e& +e-7—2 es es ea, : 
F() eae eT teres serine: indeterminate. 
Fie = Sal ae, Le cir i-1 = - _.". indeterminate. 
C= 
f"(0) _et+e-2 141 
F’"(0) arg cos 2 leo Cali ie Ans. 
PROBLEMS 
Evaluate each of the following indeterminate forms by differentiation :* 
A 4 
(lin Aysl he 
so20?+2—6 Hone: 
2. dim ———+.. ay bs 
na"-1} 


s-a 0" — a” 
* After differentiating, the student should in every case reduce the resulting expression 
to its simplest possible form before substituting the value of the variable. 
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Ans. — 


Sle 


Tee x?—Tx+6 


r+ 8 
6. . 
an oL90 


be 
7 i Ce 
“im Tos 2 
. et —1l—-x 
SO eral 
Aim 2 = 2?) sin & — 2 x cos x, 
x-0 x3 
10. lim VS2= VI2= =z, ise 
2>32x%—8V19—52x 69 
11, lim ViS2= = 2V4z, 296 
m2 9 V2 x8 9 


pojco bo CuCl 
eee] co cnt ! 


sin 72x. 


18’ lim 2=-Y2—38. 


ete) w= 49 


12. lim 


x70 


. e?—sin2x—e* 
14. lim ————.——__- 

zx 70 i Se 

- et*—e-*—2sin x 
GD Mate eee pea ee 

220 AG 


16. lim Li= COs Wie Sina 
z-02—2 cos x —sin?z 

17. lim te —xsine 
r20e= +e-* — x? —2 


. log x — sin (x — 1) 
-— 18. lim —2————— 
be ee =)? 


sind vit € 2 =a 2 

as ma et +12 x3 
20. Given a circle with center at O, radius r, 
and a tangent line AT. In the figure, 4 M equals 
are AP, and B is the intersection of the line 
through M and P and the line through A and O. 
Find the limiting position of B as P approaches 
A as a limiting position. Ans, OB=2r. 
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120. Evaluation of the indeterminate form =. In order to find 


when both f(x) and F(x) become infinite when x — a, we follow the 
same rule as that given in Art. 119 for evaluating the indeterminate 
form °. Hence 

Rule for evaluating the indeterminate form x. Differentiate the 
numerator for a new numerator and the denominator for a new denomi- 
nator. The value of this new fraction for the assigned value of the vari- 
able will be the limiting value of the original fraction. 


A rigorous proof of this rule is beyond the scope of this book. 


log x 


’ ILLUSTRATIVE EXAMPLE. Evaluate ae ToOmeri—05 
Solution. MON al =—™. .-, indeterminate. 
EO) CSC 0 oo) 
il 
f’(0) x sins | 0 ; A 
= =— =—- .. 1nd : 
F’(0) —esex cot x Jx=0 x cos Gil-—0 0 po ieee 
£') _ __2 sin x cos & Be he. 
F’(0) ss cosa — x sin zl. o= ine ae 


121. Evaluation of the indeterminate form 0-o. If a function 
f(x) - @(x) takes on the indeterminate form 0 - oo for x = a, we write 


the given function 


Fie 1 
(x) 


f(x) 


so as to cause it to take on one of the forms 7 or 2, thus bringing it 
under Art. 119 or Art. 120. 


ILLUSTRATIVE EXAMPLE. Evaluate sec 3 x cos 5 x for x ==. 


2 
‘Solution. sec 3 x cos 52], _1=-0. .. indeterminate. 
é neo 
Substituting ——— cos 5x _ f(x) , 
ubstituting Brey for sec 3 x, the function becomes Se GS 
7 
(5) cos 5 x 0 ; : 
—_—=s r=7° -. indeterminate. 
ame 0 


T cos 3 & 
F(3) 


r= 


r(5) —sin32°3 _ 
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122. Evaluation of the indeterminate form © — ©. It is possible in 
general to transform the expression into a fraction which will assume 


either the form - or 2. 


ILLUSTRATIVE EXAMPLE. Evaluate sec x — tan x for « = 3 


Solution. sec x — tan x], _7=0—o, .*. indeterminate. 


By trigonometry, sec x — tan x = sing __1—sing _ f(x) | 


cos 2 cos t cost F(x) 
T 
15 _i-sing ral lee 0 . : 
here et ae = 0: .. indeterminate. 
r(5) x 
(5) 
HE =] ae Ans 


PROBLEMS 


Evaluate each of the following indeterminate forms: 


1) lim oe. Ans. 3. { alg}, in (1 — x) tan oe Ans. 2. 
Foyt =. 0. 14. lim (1—sinz)tanz. 0. 
Nae co) Cw w>F 

on ENA 4 3 ’ 1 1 1 

8. lim 5. abel why ihe 

ee ent : ears x? 3 
Figg Poop EELS Le 16. lim © log(1 + +)- | 
z 17. lim [sec x |: 
2 te ee a es 1 — sin x 
0 T 2 
x cot Ry kes log tan x __ 
x» = log tan 2 x 
6. lim 082. 0. 2 
be ecco leslie as 
(4 ij x+log x 0. COU a, 
\ 4. —————————— 
a eT OE, at 20. lim S&C 22. 
log (x — 1) + tan-> z> tan 3 Tx 
Sin - log (a+2z 
pee cot 7x 21. lim EKG +2), 
9. lim x log sin x. 0. oe, 
aide sec — 
»-10. lim sin x (log =). 0. oo elim ree 
ia 1 *>1 log sec 
11. lim x ese 2 x. oe og 5 
ae fan ns a 93. lim |= i heal |. 
aaa ed) ae T aaa al Ue 1 


_ 
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‘ ay il | . 22?—A4 Tx 
el ee 2 f tan ne 
ae a E —1 log ae ot x aad 
é 1 il A 1 1 
25. lim |= = | Irs eS *|. 
yoola? xtanz 28 es jog +2) 2 
26. lim E tan x — = sec x} 99. lim | 2 2 +} 
F545} eer we ay 


123. Evaluation of the indeterminate forms 0°, 1°, 0°. Given a func- 
tion of the form 
faye. 


In order that the function shall take on one of the above three 
forms, we must have, for a certain value of z, 


f@) =0, -o@)=0, giving 0%; 


or f(x) =1, (4) =, giving 1”; 
or f(x) =~, (x) =0, giving 0% 
Let y =f(x)?™. 


Taking the logarithm of both sides, 
log y = $(«) log f(x). 
In any of the above cases the logarithm of y (the function) will 
take on the indeterminate form 
0-2. 
Evaluating this by the process illustrated in Art. 121 gives the 
limit of the logarithm of the function. This being equal to the 


logarithm of the limit of the function, the limit of the function is 
known. For if limit log.y = a, then y = e*. 


ILLUSTRATIVE EXAMPLE 1. Evaluate x? when x = 0. 


Solution. This function assumes the indeterminate form 0° for x = 0. 


Let y= x"; 
then log y=xlogx=0-:— 0, when x = 0. 
By Art. 121, log y= Se when x = 0. 
1 foe) 
x 
1 
By Art. 120, log y = —~ =n) when x = 0. 
~ 92 


Since y = x", this gives log,x7 = 0; that is, v7 =1. Ans. 
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1 
ILLUSTRATIVE EXAMPLE 2. Evaluate (1 + ”)* when x =0. 


Solution. This function assumes the indeterminate form 1% for x = 0. 


1 

Let y=(14+2)2; 
then log y = ; log (l+z2)=0-0, when « = 0. 
By Art. 121, log y = mote = 2, when x = 0. 

1 
1+2 1 

By Art. 119, log y= —t2 = _ <1, yf 
y Ar og y 7 Tate when x = 0 


1 1 1 
Since y = (1 + ~)2, this gives log. (1 +2)* =1; that is, (1 +2)" =e. Ans. 


ILLUSTRATIVE EXAMPLE 3. Evaluate (cot x)sinz for x = 0. 
Solution. This function assumes the indeterminate form 0° for x = 0. 


Let y = (cot x)sin = ; 
then log y =sin x log cotx = 0- ~, when x = 0. 
__ log cot x _ h ab 
By Art. 121, M08 a eae when x = 0. 
— csc? x 
By Art. 120, log y = ee ee 0, when x = 0. 


—escxecotx  cos*x 


Since y = (cot x)sin z, this gives log, (cot 7)sinz = 0; thatis, (cot x)sinc=1. Ans. 


PROBLEMS 
Evaluate each of the following indeterminate forms: f 
1: lim (sin x)sec, Ans. 1. 10. lim (log x)!—leez, Ans. 1, 
ee ue 
2 
2. lim (sin x)tane, ibs titi (=). 
fa 270 \& 
im (002) 
3. lim (1 +2 x)*. e2, 12. ae cos =) * 
sin 2 
4, lim (7) ; . Ih iS lim (cos 2’ ° 
270 \e r7o xv 
5. lim (1 — a) ‘anes, 1. 2\x8 
iad 14. lim (cos =) : 
e tan a Breed) x 
So i ames er: 15. lim (x + 1), 
x _ x70 
li tan zy". 1 120 
ee ee 16. lim (1+) * . 
é i il 7 v tan 7x 
8. lim x1—-7. A 17. lim (1 pt z) : 
zl 1 272 2 


9. lim (e2* + 2 x)4#, e. 18. lim (1 + x)bez, 
2-0 x70 
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124. The Extended Theorem of Mean Value. Let the constant Rk 
be defined by the equation 

(1) f(b) — f(a) — (b— a)f'(a) — 9(b — a)?R = 0. 

Let F(x) be a function formed by replacing b by « in the left-hand 
member of (1); that is, 

(2) F(x) = f(x) — f(a) — («@ — a)f'(a) — 2(@ — a)? R. 


From (1), F(b) = 0; and from (2), F(a) = 0; therefore, by Rolle’s 
Theorem (Art. 113), at least one value of x between a and }, say 21, 
will cause F’(x) to vanish. Hence, since 


F'(x) = f'(x) —f'(a) — @—a)R, 
we get F' (a) =f’ (a1) —f’(a) — (a1 —a)R=0. 

Since F’(x;) = Oand F’(a) = 0, it is evident that F’(«) also satisfies 
the conditions of Rolle’s Theorem, so that zts derivative, namely F’’ (x), 
must vanish for at least one value of x between a and 1, say x2, and 
therefore x2 also lies between a and b. But 

F"'(x) = f’'(a) — R; therefore F’’(x2) = f’’ (xz) — R= 0, 
and Ref"): 
Substituting this result in (1), we get 


(F) f(b) =f(a) + (b—a)f'(@) + B (b—a)?f"(a2). (a < a2 <b) 
By continuing this process we get the general result, 


(G) fb) =f@ + ee a ape 


re (b (a) al heeds aaa 
ee (6 os f™ (ay). (a < a < b) 


Equation (G) is called the Extended Theorem of Mean Value, or the 
Extended Law of the Mean. 

125. Maxima and minima treated analytically. By making use of 
Art. 116 and the results of the last section we can now give a general 
discussion of maxima and minima of functions of a single independent 
variable. 

Given the function f(x). Let h be a positive number as small as 
we please; then the definitions given in Art. 46 may be stated as 
follows : 
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If, for all values of x different from a in the interval [a—h,a+h], 
(1) f(x) — f(a) = a negative number, 
then f(x) is said to be a maximum when x = a. 
If, on the other hand, 
(2) f(x) — f(a) =a positive number, 
then f(x) is said to be a minimum when x = a. 
Consider the following cases : 
I. Let f’(a) # 0. 
From (C), Art. 116, replacing } by x and transposing f(a), 
(3) F(x) — f(a) = (@ — a)f' (x1). (a < % < 2) 


Since f’(a) #0, and f’(x) is assumed as continuous, h may be 
chosen so small that f’(x) will have the same sign as f’(a) for all 
values of x in the interval [a —h, a+h]. Therefore f’(x:) has the 
same sign as f’(a). But x — a changes sign according as x is less or 
greater than a. Therefore, from (3), the difference 


F(x) — f(a) 

will also change sign, and, by (1) and (2), f(a) will be neither a 
maximum nor a minimum. This result agrees with the discussion in 
Art. 46, where it was shown that for all values of x for which f(x) is a 
maximum or a minimum, the first derivative f'(x) must vanish. 

II. Let f’(a) = 0, and f’’(a) ¥ 0. 

From (F), Art. 124, replacing b by x and transposing f(a), 

= 2 
(4) fee) — a) ="B fre). (acm <a) 


Since f’’(a) ¥ 0, and f’’(x) is assumed as continuous, we may choose 
our interval [a — h, a + h] so small that f’’() will have the same sign 
as f(a). Also, (x — a)? does not change sign. Therefore the second 
member of (4) will not change sign, and the difference 


f(a) — f(a) 
will have the same sign for all values of x in the interval [a—h,a+h], 
and, moreover, this sign will be the same as the sign of f’’(a). It there- 
fore follows from our definitions (1) and (2) that 
(5) f(a) is a maximum tf f'(a) = 0 and f(a) =a negative number ; 
(6) f(a) is a minimum af f’(a) = 9 and f’’(a) = a positive number. 


These conditions are the same as those in Art. 56. 
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III. Let f’(a) = f(a) = 0, and f’’’(a) # 0. 

From (G), Art. 124, putting n = 3, replacing 6 by x, and trans- 
posing f(a), 

(7) fle) —f@) = @— a"). (a< <a) 


As before, f’’’(x) will have the same sign as f’’(a). But (x — a)? 
changes its sign from — to + as x increases through a. Therefore 


the difference f(x) — f(a) 


must change sign, and f(a) is neither a maximum nor a minimum. 
IV. Let f’(a) =f") =.= -=f™ YG) =0) and f™ (a) + 0: 
By continuing the process as illustrated in I, II, and III, it is seen 


that if the first derivative of f(z) which does not vanish for x = a is 
of even order (=n), then 


(H) f(a) is a maximum if f(a) = a negative number; 
(J) f(@ is a minimum if f(a) = a positive number.* 


If the first derivative of f(x) which does not vanish for x = a is of 
odd order, then f(a) will be neither a maximum nor a minimum. 


ILLUSTRATIVE EXAMPLE 1. Examine x? — 9 x2 + 242—7 for maximum and 
minimum values. 


Solution. f(~) =x? —9x? + 244-7. 
f'(z) =38 w? — 18 2 + 24. 
Solving, 3822—18%+24=0 


gives the critical values 7 = 2 andx=4. ..f’(2) =0, and f’(4) =0. 


Differentiating again, f" (x) =62—18. 
Since f’’(2) = — 6, we know, from (A), that f(2) = 13 isa maximum. 
Since f’’(4) = + 6, we know, from (J), that f(4) = 9 isa minimum. 


ILLUSTRATIVE EXAMPLE 2. Examine e* + 2 cos x + e~* for maximum and mini- 
mum values. 


Solution. f(x) = e* + 2 cos x + e-?, 
ie) =F — 2isin oes == Oe torin 0.1 
f(z) =e" — 2 cos & + e-* = 0; for x = 0; 
f(x) = e7 + 2 sin x — e~-? = 0, forx = 0, 
fiv(e) =e7 +2 cosx+e-7* =4, forx=0. 
Hence, from (J), f(0) =4 is a minimum. 
* As in Art. 46, a critical value « = a is found by placing the first derivative equal to 


zero and solving the resulting equation for real roots. 
+ x = 0 is the only root of the equation e* — 2 sin x — e~* = 0. 
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PROBLEMS 


Examine each of the following functions for maximum and minimum 
values, using the method of the last section: 


1. a*—42734+ 5. Ans. «= 0, gives neither, 

x = 3, gives min. = — 22. 
2.24+3274+3 2. x = — 1, gives neither. 
8% ta = PAE x = 0, gives neither, 


x= $, gives max. = 1.11. 
x = 2, gives min. = 0. 

4, x(x — 1)?(~+ 1). 

5. Investigate 4 2° — 15 a2*+ 2073+ 102? atx=1. 


6. Show that if the first derivative of f(x) which does not vanish for 
x = ais of odd order (= n), then f(x) is an increasing or decreasing function 
when x = a, according as f(a) is positive or negative. 
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CHAPTER XII 


INTEGRATION; RULES FOR INTEGRATING STANDARD 
ELEMENTARY FORMS 


126. Integration. The student is already familiar with the mutu- 
ally inverse operations of addition and subtraction, multiplication 
and division, raising to a power and extracting roots. In the ex- 
amples which follow, the second members of one column are, respec- 
tively, the inverse of the second members of the other column: 


y=x?+1, x=+vy-1; 
y =a", « = loga y; 
y=—sin 2, %=aresin y, 


From the differential calculus we have learned how to calculate 
the derivative f’(x) of a given function f(x), an operation indicated by 


d _ 4 
iF @) 
or, if we are using differentials, by 
CARE en Ga 


The problems of the integral calculus depend on the inverse 
operation, namely : 


To find a function f(x) whose derivative 

(1) F(x) = $(«) 
is given. 

Or, since it is customary to use differentials in the integral cal- 
culus, we may write 

(2) df (x) = f'(x)da = $()dax 
and state the problem as follows: 


Having given the differential of a function, to find the function rtself. 
187 
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The function f(x) thus found is called an integral of the given 
differential expression, the process of finding it is called integration, 


and the operation is indicated by writing the integral sign * if in front 
of the given differential expression; thus 


(3) [P@d =f), 
read the integral of f’(a)dx equals f(x). The differential dx indicates 
that x is the variable of integration. For example, 

(a) If f(x) = x3, then f’(x)dx = 3 x? dx, and 


fe ¢2 de = x7. 


(b) If f(x) = sin x, then f’(x)dx = cos x dx, and 


feos 2dx = sin 2. 
dx ; 
1+ 2? 


[ripe we tans 
1+22 ‘ 


Let us now emphasize what is apparent from the preceding ex- 
planations, namely, that 


(ec) If f(z) = are tan z, then f’ («)dz = and 


Differentiation and integration are inverse operations. 
Differentiating (3) gives 


oe ji i f(a)de = fi(adde. 
Substituting the value of f’(x)dx [= df(x)] from (2) in (8), we get 
(5) f afle) = fe. 


Therefore, considered as symbols of operation, - and if ---dz are 
x 


inverse to each other; or, if we are using differentials, d and ik are 
inverse to each other. 

When d is followed by if they annul each other, as in (4), but 
when if is followed by d, as in (5), that will not in general be the 


case. The reason for this will appear at once from the definition of 
the constant of integration given in the next section. 


* Historically this sign is a distorted S, the initial letter of the word sum. See Art. 155. 


INTEGRATION 189 


127. Constant of integration. Indefinite integral. From the preced- 
ing section it follows that 


since d(x?) =822dx, we have fe COL ee 
since d(x? + 2) =32x2dx, we have fe pe Og = EP tans 


since d(a* — 7) =322dz, we have fe C7 OL heal. 


In fact, since d(a? + C)=3 x?dz, 
where C is any arbitrary constant, we have 


(f8atde= 28 +c. 


A constant C arising in this way is called a constant of integration, a 
number independent of the variable of integration. Since we can give 
C as many values as we please, it follows that if a given differential 
expression has one integral, it has infinitely many differing only by 


constants. Hence 
ff @de =f@) + 6; 


and since C is unknown and indefinite, the expression 
f@+¢ 
is called the indefinite integral of f’(a)dx. 

It is evident that if ¢(x) is a function the derivative of which is 
f(x), then ¢(x) + C, where C is any constant whatever, is likewise 
a function the derivative of which is f(x). Hence the 

Theorem. If two functions differ by a constant, they have the same 
derwative. 

It is, however, not obvious that if ¢(x) is a function the derivative 
of which is f(x), then all functions having the same derivative f(«) 
are of the form b(t) +, 


where C is any constant. In other words, there remains to be 
proved the 
Converse theorem. If two functions have the same derivative, their 
difference 1s a constant. 
Proof. Let (x) and (a) be two functions having the same deriva- 
tive f(x). Place 
F(x) = o(x) — W(x); then, by hypothesis, 


Q r@)=£16@) — YW] =J@) -f@) =0. 
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But from the Theorem of Mean Value (D), Art. 116, we have 
F(x + Az) — F(z) = Av F’(e+6-Az). (O< 6 < 1) 
“. F(a + Ax) — F(x) = 0, 
[Since by (1) the derivative of F(x) is zero for all values of 2.] 
and F(x + Av) = F(a). 
This means that the function 
Fe) = o(@) — ¥@) 


does not change in value at all when x takes on the increment Az; 
that is, (x) and W(x) differ only by a constant. 

In any given case the value of C can be found when we know the 
value of the integral for some value of the variable, and this will be 
illustrated by numerous examples in the next chapter. For the pres- 
ent we shall content ourselves with first learning how to find the 
indefinite integrals of given differential expressions. In what fol- 
lows we shall assume that every continuous function has an indefinite 
integral, a statement the rigorous proof of which is beyond the scope 
of this book. For all elementary functions, however, the truth of 
the statement will appear in the chapters which follow. 

In all cases of indefinite integration the test to be applied in veri- 
fying the results is that the differential of the integral must be equal 
to the given differential expression. 

128. Rules for integrating standard elementary forms. The differen- 
tial calculus furnished us with a General Rule for differentiation 
(Art. 27). The integral calculus gives us no corresponding general 
rule that can be readily applied in practice for performing the inverse 
operation of integration.* Each case requires special treatment, and 
we arrive at the integral of a given differential expression through 
our previous knowledge of the known results of differentiation. That 
is, we must be able to answer the question, What function, when dif- 
ferentiated, will yield the given differential expression ? 

Integration, then, is essentially a tentative process, and to expedite 
the work, tables of known integrals are formed called standard forms. 
To effect any integration we compare the given differential expression 
with these forms, and if it is found to be identical with one of them, 
the integral is known. If it is not identical with one of them, we 
strive to reduce it to one of the standard forms by various methods, 
many of which employ artifices which can be suggested by practice 


R * Even though the integral of a given differential expression may be known to exist, yet 
it may not be possible for us actually to find it in terms of known functions. 
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only. Accordingly a large portion of our text will be devoted to the 
explanation of methods for integrating those functions which fre- 
quently appear in the process of solving practical problems. 

From any result of differentiation may always be derived a formula 
for integration. 


The following two rules are useful in reducing differential expres- 
sions to standard forms: 


(a) The integral of any algebraic sum of differential expressions 
equals the same algebraic sum of the integrals of these expressions 
taken separately. 


Proof. Differentiating the expression 


faut fao— faw, 


u, v, w being functions of a single variable, we get 
du + dv — dw. By III, Art. 94 


(1) v. [ (du + dv— du) = f du+ fav f aw. 


(b) A constant factor may be written erther before or after the inte- 
gral sign. 


Proof. Differentiating the expression 


af av 


gives adv. By IV, Art. 94 


(2) . f adv = a f av, 


On account of their importance we shall write the above two rules 
as formulas at the head of the following list of ‘‘Standard Elementary 
Forms.” 


STANDARD ELEMENTARY FORMS 


(1) [ut dv— aw) = [aus fav— f aw. 
(2) fadv=a f do. 


(3) faraxtc. 


n+1 
(4) feaw=7 +0. (n#~—1) 
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(6) [Fa loe.v + € 
= log.v + log,c = log, cv. 
[Placing C = log, c.] 


(6) | ip a’dy = eek +C 

(7) erdv =e'+ C. 

(8) J sinvdv=— cos +. 

(9) [cos vdv = sinv + C. 
(10) | sectvav = tanv+C. 

(11) J esc2v dv =— cot v + C: 
(12) J secv tan vdv=secvu+ C. 
(13) [esc v cot vdv=— csc v+ CG; 
(14) fitan v dv = — log, cosv = log,secu+ C. 
(15) cot vdv= log,sinu+ C. 
(16) J sec v dv = log, (secu + tanv) + C. 
(17) J ese v dv = log, (csc v — cot v) + C. 
(18) a = pare tan = + C. 

(19) | pan ype t+ C. 
(19 a) a5 = 5 log, St + Cc 

(20) aoeaere =are sin? +. 
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du 


wh Vina 
(21) ewe log.(v+ Vv +a*)+C, 
—" 2 
(22) [N= v= 3 VE P+ E are sin? + €. 
ee 2 ee 
(23) | VFEC dv = 3 Vea 0p, (0 + Vv? + a2) 4+ C. 


129. Formulas (3), (4), (5). These are easily proved. 


Proof of (3). Since d(#+C) = dz, II, Art. 94 
we get far=ate. 
Proof of (4). Since 
yeti " 
A + C)=0rdo, VI, Art. 94 
we get dp = ua Cc 
g ip va = Res +C, 
This holds true for all values of n except n=—1. For when 
nm = — 1, (4) involves division by zero. 
The case when n = — 1 comes under (5). 
Proof of (5). Since ae 
d(log.v + C) = me X, Art. 94 
we get © — log. 0 + C. 


The results we get from (5) may be put in more compact form if 
we denote the constant of integration by log.c. Thus 


aj - = log.v + log.c = log. cv. 


Formula (5) states that if the expression under the integral sign is a 
fraction whose numerator is the differential of the denominator, then the 
integral is the natural logarithm of the denominator, 


ILLUSTRATIVE EXAMPLES* 
Work out the following integrations: 


got a7 
= = = = 6. 
1. x8 dx Gap 7 + ©, by (4), where v = x and n 


3 
2 


2. { Va dx = [atde => + C= ert + C, by (4), wherev =x andn=3. 
3 


* When learning to integrate, the student should have oral drill in integrating simple 
functions. 
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dx - ag Tos ase Le aoe 
Sale =x 8a = 5 + C= ee by (4), where v=2z and 


4. f ax® de = af ode = a + C. By (2) and (4) 


5. f (22% — 522-824 4)dx 
=f2xde—[5a%de—f3xdet+f4dzr by (1) 


=2f ade —5fxrde-—3fxde+4f dx by (2) 
ag ya) Bh ais 


= 9 3 be ge 


Note. Although each separate integration requires an arbitrary constant, we 
write down only a single constant denoting their algebraic sum. 


6. (22-5 t 8 eVaF) de 
=ily ax ?dx — { bx-2dx +3 cx dx by (1) 
=2afaxtdxe—bfx-2de+3ef xtdx by (2) 
=20-5-)-25 430-3 4+¢ by (4) 
=4aVe+2+2erh+0. 


2 2 9 brat ee 9 £25 eo 
es ae < ans es 
7. { (at x3)3dx = a2x+ Fete te 3 +C. 


HINT. First expand. 


i 2 Qn2)3 
8. { (a? sh b2x?) 2x dx = oe +C 


Solution. This may be brought into the form (4). For | Comparison with (4). 
insert the factor 2 b? after the integral sign before x dx, and | » =a? +b?x?, n=3, 
its reciprocal before the integral sign. Those operations | dv = 2 b2x dz. 
balance each other by (2). 


1 
f@ + b2a?)3x dz = 5 sp f(@t b2x2)2(2 bee de)| =) ab fod=2 =a ai +C, by «| 
_ (a2 + bx?)? 
7 3 b2 
Note. The student is warned against transferring any function of the variable 


from one side of the integral sign to the other, since that would change the value 
of the integral. 


+ C. 


3 ax dx A 
9. pes + og? ~2¢8 3 log (6? + c2x?) + C. 
3 ax dx x dx 
Solution. {sss 5? 4 iad =3a 9 freee face: el By (2) 
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This resembles (5). If we insert the factor 2 c? 
after the integral sign and its reciprocal before it, 
the value of the expression will not be changed. 


Comparison with (5). 
v= 6? + c2n?, dv = 2 c2x dx. 


edt 3a ¢ 2ctrdr dv_ 3a 
geo. b? + e242 2c? one Tal v =F logo +C, by ©| 


OC) 2 Qyp2 
= 92 10g (b + c?x?) + C. 


x — GE Gee 
Lithd as pate OE aC. 
Solution. First divide the numerator by the denominator. Then 
ee il 
Sl ee ee ee 


Substituting in the integral, using (1), and integrating gives the answer. 


=2— a: 
11. [32 5 de = x — log (2x2+8)2+ 


Solution. Dividing, —— =i = = Substitute and use (1) etc. 
PROBLEMS 
Verify the following integrations: 
ap = ye 
Ne Sao 6. (4tdt=2024+0. 
1. faede=T+C sh 
dx i) ay?dy _ ay? 
lS ae aetes LAD re rag ch: 
3.fxVeds =" +. 8. Vea dr = 22V82 4 o, 
3 xt dx _ 2Vazx 
4.[Vrde=-=+C 9 (f= 4¢ 
S Ure a 
dx _ 328 JR 
ieee oan LON ee Ee 
Va 2 3 


LL. f@?— 822 +42—Tde=F— a +209—-T8+C. 
10, A229 ay = 4 — 4G C. 

18. { (5 — 4)dx = F+ete. 

14, f'x(2 2 — 5)de = an 2s 


Wiel 2 4 Die eee 
15. (= dr = 35 10-e == + C 


bs 
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y 3 
Se Vee iC. 


17. { = Brevis, 
Es 2 


18. f (Via+y/2)ax = ONES aE + C. 
19. f AS = cae 


+ Cc. 


G2 eee 


6 C. 


ie anal 


3x dx 3} 
Ae ecm erore sere 


22. faV2a + 7dr = APU, 6, 
28. (9 2° Va8 $10 de = 2 +10)" 5, 
2m, f TEE = 38-298 +, Fate 
25. (1+ Vz)?a du=at=@ 42 1G, 
Salle 53h dx=x—827+323+4+¢, 


27. (-Va(1 — 22d = 22t_ 20k 


245 2a 
28. (3 1+ 2)3 dt = site 
CPIM IS 7 
29 ae ae 
Saray 740 +24 


80. (12(2 — 8)3q7 = _ 2-H) G 
12 
2 amt ca! te 1 
31. x p> leew 
mfeA 
83. (2 x8 + 1)tVzdz = BESS... 


(x + 1)dx 
84. [Poe = VE Fete. 


= 3 
35. fi xe jee Cl ee ioe 
36, [2 + log a)dx _ (2+ log x)? an 85 
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ee. 
87. [ sin? x cos x dx = f (sin x)? cos x dx = see oy © 


_ sin? x 49 


Aaa 


HINT. Use (4), making » = sin z, dv = cos x dv, n= 2. 


fas 


9 pesing 2a 
38. [sin 2 2 cos 2 dx ==2=* + C. 


a ctelt 
2 sin’ = 


89. {sin? 5 cos 5 dx = 5 oy sil 


2 
40. {tan ax sec? ax dx = tan’ aw + C. 
2a 


41, fee sin3dadx__ 2V5+cos3x 
5+cos3ax 3 


sec © es Le 
{leas Ls stan eee 


43. f =O = 5 log +22) +0. 


+ C. 


44. (2, =— flog (2-22) +6. 

45. (EEt Oe — log (22 + 52) +C. 

46. [== ue = FE log (82? —7) + C. 

41. (ppt a =eCnrs pce A + bet) + ©. 
48. (= G7 = — Llog (4-868) +C. 

49 9. f FOES — 2 log (4+ sin x) +C. 

50. iG Seas (a+ btany)+C. 


51. f 242 dr = 2 + 8 log (@—1) +6. 
Mee = Ext log Vz +. 


63. f= 


54 4. fos ah ori auaiae 


fdr = 5 +804 Slog (x8) +C. 


ae? + & 4g — 2 log (ae — b) 0+ C. 
55. f 5, 40 = 2 log (a 
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Work out each of the following integrals and verify your results by 
differentiation : 
Zae 


56. | = 
jas — 5 x? 
2h OC el ~ == » Bee reat 
Solution. SIs = =-;/ (6 5a?) -#(— 10 xdx) =— 7 (6 —527)8 +C. 
Verification. d{— 3% (6 —5 a2)3 4 Ch=— 5 °3(6- 5 x2)-3(— 10 x)dx 
Rs 2xdx : 
V6—52? 
54. t dy. sin 6 d6_ 
57. ip 0 dx. 60. f (3 y)3 dy 63 f Vad 
dx. 61. dr 4 e* dx ; 
58. (7 Svan 64. (I 
VASE adz. 2 Bas 
59. ij V9 t? dt. 62 Sie 65. i : 
66. { tan? w sec? w dw. 74, (Goa 2)" de, 
eG 
67. [xV4 — x dx. 75. [ sect ¢ tan ddd. 
Taye s?—5 
68. ( (Ve —-) dx 16. [= ds 
(8 — 2x)? dxr esc? 6 dé 
69. [ x : ch. Seas 
2% — 3)da_ 78. aaa dx 
My ite —3r+5. (eS 
cos a dé ‘i x dx 
79. 
hb caremrt oes 
x3 + La 
72. [ er(e* + 2)? de. 80. (=> aot 
iN e+ sin z 
73. — =) dy. 
Su 7) u oe pening, 


130. Proofs of (6) and (7). These follow at once from the corre- 
sponding formulas for differentiation, XI and XIa, Art. 94. 
ba2= 
2 log a 
Solution. if ba2=dci= 6 Hf a** dx. By (2) 


This resembles (6). Let v= 22; then dv =2 dx. If we then insert the factor 
2 before dx and the factor } before the integral sign, we have 


b b b a b 
b 22 ri 22 = 22 v = =- 
fa dix 52 2 dx AL d(2 x) [= Sfa do= > eal = 3 eg tC. By (6) 


ILLUSTRATIVE EXAMPLE. Prove if ba2* dx = +C. 
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PROBLEMS 
Verify the following integrations: 
102 
: 22 dy = 2 e274 C, S| LOld er, 
1. ['4e dx =2e?*+C 4. 10" da aon 
2 z n — any 
2. (2e8dx=6 e+ C. reese 1 
ve d 
dx 1 0 ee eG 
Dy ee ne i zB 


102 { eocae sin «dx = — ecost + C, 
resize cos 2 6 dO = 4 esin2e + C, 


12. f Vet dt = 2Ve' + C. 


ate* 
1+ loga 


Ie —l)e”-2*#dr=te"-22 + C, 


13. i aze*dx = +C 


ts 1 
15. fF = a 


Work out each of the following integrals and verify your results by 
differentiation : 


16. {e!~ 7dr. 22. (= i =)ax. 27. ( esin ™tcos mt dt. 
a 
17. f'4 ed. 93. foe. 98. [xe dr. 
Tz 

18. f hehe 24, ie 2 etan?gec2Ad0. 9. Ap (et — e~*)3 dt, 

19. {6° de. a: a ‘ 
ae . { (4 e)dz. 

20. (e+ ade 25. Tr dx. 30. { (4 e)*dex 

a1. (Z. 26. [(62*)? dx. a1. (ES. 
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131. Proofs of (8)-(17). Formulas (8)—(13) follow at once from the 


corresponding formulas for differentiation, XIII, etc., Art. 94. 


Proof of (14). ian v dv Ses v dv 
COS v 


— sin vdv 
COs V 


d(cos 0) 
COS 0 
— log,cosv+C 
= log. secv+ C. 
= 


[Since — log cos v = — log = — = — log1+ log sec v = log sec». 


Proof of (15). fest vdv _ fossa vdv _ (d(sin ») 
sin v sin v 


= log. sin v + C. 

sec v + tan v 

sec v + tan v 

_ sec v tan v + sec?v 
sec v + tan v 


sec v tan v + sec?v 
sec vdv = sec HAI ae, 
sec v + tan v 


Proof of (16). Since sec v= sec v 


d(sec v + tan v) 
sec v + tan v 
= log. (sec v + tan v) + C. 
Proof of (17). Since ese » = ese » SEU OOle 
csc v — cot v 


_ — csc v cot » + esc? v 
esc v — cot v 


ese edo = — ese v cot v + esc? — ese v cot v + esc?0 4 
ese v — cot v 


= [Sern 


ese v — cot v 
= log. (ese v — cot v) + C. 


ILLUSTRATIVE EXAMPLE 1. Prove the following integration : 


fsin 2 ax dx = — cose az +, 


by (5) 


By (5) 


By (5) 


By (5) 
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Solution. This resembles (8). For let v=2axz; then dv=2adzx. If we now 


insert the factor 2 a before dx and the factor ss before the integral sign, we get 


: and yee : wih ee, a i 
sin 2 ax de == [sin 2 ax 2ade|= 31. fsin ody =—5* cos v +C, by @) | 


ela) _ _ cos 2 ax 
Sane cos 2 ax + C = — ———— 


ILLUSTRATIVE EXAMPLE 2. Prove the following integration: 


Cs 


f (tan2s— 1)?ds = 4 tan2s+logcos2s+C. 
Solution. (tan 2s—1)?=tan?2s—2tan2s+1. 
tan? 2 s=sec?2s—1. By (2), Art. 2 
Hence, substituting, 
f (tan2s— 1)?ds= f (sec?2 s—2 tan 2s)ds = ['sec?2sds—2 f tan2 sds. 
Now let v =2 s. Then dv = 2 ds. Using (10) and (14), the steps are as follows: 
fsec?2sds=} [sec?2sd(2s) [=3 fscctodo=} tan v]=9 tan 2s. 


Jean 2sds=} ftan2sd@s)|=3 (tanody=—} og cos | =—+ log cos2s. 


PROBLEMS 


Verify the following integrations: 


Se ie ee x 
1. sin 5 de = 2 cos5 + C. 


2. {cos 3 0d0 = sin 3 0+ C. 
aed 
8. { tan no do = 7, 08 sec nd + C. 
iPr Tee ad, 
4. (cot 5 d0 = 2 log sins + C. 
5. {sec 4 «dx = § log (sec 4 x + tan 4x) + C, 
ae oe a 
6. [ese a =i) log (ese = cot 4) + C. 
7. sec? (1 — x)dx = — tan (1-2) + C. 
2—2 pe 2-2 
8. {/ese?( 5 Jax = 2 cot ( 3 )t+e. 
9. fsec 3 O tan 3 0d0 = 3 sec3 8 + C. 


y UP reg y ; 
10. { ese 5 cot 4 dy dese7 tC 
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11 ji 1 dx 
= : 


=' Cos sae C. 
x 
12. (Se we Ee Vr+C. 


1a (eta ee 
Whe 
13) fires ee cotz+esexr+ C. 


Hint. Multiply both numerator and denominator by 1 — cosz and reduce 
before integrating. 


15. f “= tan 2 — see x + Gs 
16. fas suns = - log (1 + cos s) + C. 
17. eseee ee ds = log (1+ tanz)+C. 
18. { €* cos e* dx = sin e*7 + C. 
0 6 = all 
2U UF ean oe 
19. {sin 3 C08 3 a0 sin gt C. 


20. f (x — cos 2 x)dx = 3(x? — sin2 x) + C. 


2) cos edt _ _9\/T4 sina + C. 


V1i+sin x 
22. i _ = log (ese a cot 5) + C. 
2 2, 
2 ee 5 


Work out each of the following integrals and verify your results by 
differentiation : 


23. HE sin 2 oF dz. 29. i esc (b — ax)dz. 
a i 2% 4. 
24. are 80. {sec = det 
25. fa cos 64 dé. 81. f ese? 4 y dy. 
26. ij taneeds. $2: if sec m@ tan md dd. 
n 
27. { cot 5 y dy. 33. {ese 7x cot 7 xdz. 
28. (‘see (3 x — 2)dz. 34, (SBN ES ee Ge 
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a 
tan = dx 43. | (tan x — sec x)?dx. 
35. f = : i 
cos 6 dé 
44. f sin? 0 


36. { (1 + 2 see 0)2 dé. 
ap, f ez an ede, 


87. { (2 — ese as 2+3 sec x 
ad 
Be 8 — cot s)? ds. 46. [—— i 
39. f=4 aa oa 47. {'x? sin x de. 
dy , 
Bios y 48. [ (x? +3 sin x)dz. 
dx ) e 2 \q 

41. f5 —cos2x 49. (( ~ Cos ;) ‘i 

sin 2 x dx 3\2 
49, (Snare. 50. {(1 +2 cot 8) ds. 


132. Proofs of (18)-(21). Formulas (18) and (20) follow easily 
from the corresponding formulas for differentiation. 
Proof of (18). Since 


)] 
= ag” Py XXIL, Art. 60 


a Vv V2 
1+(7) 
dv__1 v 
we get fwpaen gmtang te. 
Proofs of (19) and (19a). We prove (19) first. By algebra, we have 
tt ieee on 
v—a vta v—a? 
Hence =to=s| Laie ses! | 
v—az 2alv-—a ov+a 
is ee She Pe as dv 
wage {ee v—a vta ey 
— ne loge (v— a) — 5 log. (vta) by (5) 
1 v—a 
es Art. 1 
on Mee pernga a 1e By (2), 
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The rest of the proof proceeds as above. 
Note. The integrals in (19) and (19 a) satisfy the relation 


[ater Sate 


Hence either formula can be applied in any given case. Later we shall see that 
one form must be chosen in many examples. 


Proof of (20). Since 


v 
d(are ty 0) oe ee by XX, Art. 94 
Vi-() 
we get \woe sin “+ Cr 


Proof of (21). Assume v=a tanz, where z is a new variable; 
differentiating, dv = a sec?zdz. Hence, by substitution, 


i dv 2 _asec*zdz _ sec*zdz 
V2 + a? a? Perr Vtan2z+1 


sec zdz = log. (secz+tanz)+c_ by (16) 
= log, (tanz+ Vtan2z+1)+c. By (2), Art. 2 
But tan z= = hence, 


dv v vy? 
I Japan G+ Net}) +6 
= log, PN deed Oy oe de 


= log. (v + Vv? + a?) — log.a +c. 
Placing C = — log.a + c, we get 
dv 
———— = log, 2 2 
Ize g.(v+ Vo? +a?) +C. 
In the same manner, by assuming v = a sec z, dv = a sec z tan zdz, 


we get 
dv _ (asec z tan zdz zdz 
Ni? — a? a? sec?z — a? Jataszaeee a ieaae 
= log, (sec z+ tan z) +¢ by (16) 
= log, (sec z+ Vsec?z—1) +¢ by (2), Art. 2 


= log,(2 +4 Ls 1)-+¢=log, (0+ Vv? — a?) +. 


pry 
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ILLUSTRATIVE EXAMPLE. Work out the following integration: 


dx 1 One 
Sri = are tan = + C. 


Solution. This resembles (18). For, let »? =4 2x? and a2=9; then v=2z2, 


dv =2 dx, anda=38. Hence if we multiply the numerator by 2 and divide in front 
of the integral sign by 2, we get 


dx il 2 dx 
ee a arson 5S Wem a3 54 are tan © Bakes By (18)| 


ene 


PROBLEMS 
Verify the following integrations: 


uff das Bare tan + C. 


w+4 2 2 
2 fag gee (Fa) t © 
8. f Fea wesin tC. 
4. f= = log (6 + VAD +0. 
8 Sogrna a6 else ei) + C 
0 fc tirg= deg HE?) 


Vforqs Beever 


Rl ee es Late V3 + wV8 
Irae 2V6 SO WErocmeeri 


9. (a= grein Ft ©. 

10. f FS = 5 log @2 + VE +3) +0. 
ih, (tae = Eo Bas 

12. (eae Fp lon (V5 + Vb a+) + C. 
6 Le - = arc tan e” + C. 

ue (Vaal dean 


15. f JES = 2 aresin x? + €. 
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ye oad V1 + ay?) + C. 
18. [es = log (ay + Haty") 


= are sin (# os °) + C. 


du 
Ll s/aes ert 


Work out each of the following integrals and verify your results by 


differentiation : 
x 2 it 4 t dt 
oe 23. ibsper er 28. dp Gaggae 
V25—9 2? 4y et 
= ety ee — _ sin @d0_, 
sl a a 25 LN + DES + cos? 6 
t dt 
25. | ———— en 
igre if 4 80. {7 @ Em) 
Dad 
S| rags 26. | ——————- p= da er 
Agee 9 ler 81.(7—@anD 
6 dx 2 er dx 
Be recent 27. {IS 


The standard formulas (18)-(21) involve quadratic expressions 


(v? + a?, a® — v?) with two terms only. If an integral involves a 
quadratic expression containing three terms, the latter may be re- 
duced to one with two terms by completing the square, as shown in 
the following examples: 


ILLUSTRATIVE EXAMPLE 1. Verify the following: 
zr+1 
2 


Solution. 
(—_ = i 
Ja +2a+5 J @ +1)? +22 


f dx el 
v2+2a+5° 2 
e+2e+56=2?+224+14+4=(241)244, 


are tan ——— 


This is in the form (18). For let v=” +1, anda=2. Then dv =dxr. 
Hence the above becomes 


i} 


ILLUSTRATIVE EXAMPLE 2. ———— 


dv 


aul P 1 : 
oti eae he 
2 dx oe 
= 2 are sin C. 
V2+4+2—22 Le. 


Solution. This is in the form (20), since the coefficient P x? is negative. 


Now 2+4—-—2?=2—(e?-x2+1) +4 


Let 0» =x —},a=3. Then dv = dz. 


ee OL. e 9 
Va¢a—z8 Wrsess Gane 


= 2 arc sin 


2a—1 
3 + C. 


ee are sin — -+C, 


—(e- 4) 


by (20) 
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ILLUSTRATIVE EXAMPLE 3. it are eae ae TE O t tog. 2 3a Te : ay 


Solution. ee ee 
= 3[(« + 3)? — 35]. 
dx = 
3a?7+42—7 “ines 25] ere 
by form (19), aban since also dv = dx. Then we have 


ayy pe ae 
ena oak Parrane yay hamarmne arcae 


PROBLEMS 
Verify the following integrations: 
1 (2 sel 


La eee ple 3 


)+o. 


i (2 
2. (= —_= — 3 are tan 


3 dx = (2+) 
| See are tan 3 + C. 


ao — 
are tan( 


ware 


1 
‘bf rece nearp V3 
bf as gt og (25) + ©. 


Coie = log (— 2 \+e. 
22+3 
V3 
Poe et +) 


noe are tan( 


Ye) 
(wae VB ) 


1 are tan + C. 


OW eames eee ai 
dx 1 i 
tnt ate rch Ae Pas = (Gis 
oi ACESS 5 log (55) + 


8 dt uy 4t al 
—— t ae Gr 
ih | Perera Vie an( 


2vV2 
nf, ede 1 ave tan (@2 +1) + C. 
gt¢+2e7274+2 2 
dx - {e—1 
12. | ————_—_—— = arc sin + C. 
JSireer ( 4 ) 


dx 
1 SS 
eae 


=log (x -3+ V11—62+ 27) +. 
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2 dx eee 
Je de eee + C. 
VN aeeres V3 Vvi19 


dx 4 
EEE —1 Ce 
15. ee are sin (x ) + 
dx 1 2 
16. | ——=—— log(x + § +2 gles ea rect 
Jeera 2 
6 dx vee 
17. {/§ —$—_——— ao are sil +C. 
if Jerr wa V79 


Work out each of the following integrals and verify your results by 
differentiation : 


13. Sayin 11 Sam ar8 

12 reser = 
iS USS 
a1. (se =p a 22. [ 

22. (TT iatFS Er 455. 28. (a 
niles (a 
geist SSS 
Tilgar yee (Sa 
26. [#2 _.. We)! 

a1. [= i ( 
yl eee 0. fe 


When the integrand is a fraction of which the numerator is an 
expression of the first degree while the denominator is an expression 
of the second degree or the square root of such an expression, the 
integral can be reduced to standard forms, as shown in the following 
examples. 
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ILLUSTRATIVE EXAMPLE 1. Prove the following: 


if 38a—1 de = 4 Vix +9 — Zlog.(2 2 + V4024+9) +0. 


V44?4+9 
Solution. Multiply through by da and apply (1). 
Sea 3 x2 dx ¢ 
Vaairs Sl igranh di ea 


Then by (4) and (21) we obtain the answer. 
ILLUSTRATIVE EXAMPLE 2. 
eta 8 Pes | gop soar 6) ans. 
pede cy 3 e(2 ae a> aL ae 
Solution. 32? +42 —7=3[(x + 3)? — 45], by Illustrative Example 3, p. 207. 
Let v=x%+ 4. Then x =» — 2, and dx = dv. Substituting, 
de = f =D —8 a, ello e138 7 
3 (v? 2.5) 9J »2 — 2,6 
20 & -# dv 
Balas 


ore 25 


3 


+C 


eaeiecnt 


Using (5) and (19), and substituting back v = x + 3, we have the above result. 


PROBLEMS 
Verify the Sais integrations: 


1. (Get dee WF flog (42? + 1) +Saretan2a+C. 


4x”27+1 
Gaede 32-1 2! 
a, fS2= Ve _ lo Geri ateee Dee 
(22—8)dr_ 1 2 26 (5) 
3. [Sq g = glee Bx? — 2) ee ain) ae 


(pteiinentveri sims VA cl is EC 
5. fEaDE — V1 — x? —arcsinz+C. 


V1 — 2? 
@. (eee = 2Voa+1 PH1+2log (82+ VOa +1) +0. 
V9 x? +1 
ill Sere imal nero 
V1i-4272 2 
g. (Eset _ = 5 log (6 x2 — x?) — log (== 8) + C. 
(22+ 5)dx ; 3 ra 
ee. log (x +2 +5) + Sare tan( 5 )+ 


+ Bigg 2#8= MO) 4 
evil \w + 8-+ VII 
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(l= a)dz pa i O ) fill a 
11. (S22 = g log (42? 44-8) 
ph BD) 
tierra ame 
_B2—2)dx_ _ La ery 
Eee é log (1 62 —9 x?) 
Mi (S412) 
Rd, EEN yy | a 88 Ye, 
4 82414 V2 
ae = Vx? +22+2log (a +1+ Vx?+22)4+C. 
Vx24+2x 
| — Vix—@ + 4aresin(2>*) +. 
V4 2 — x? 2 
15. [24 — V2T+ 6x — a + 8 aresin (==) +, 
V27 +62 —2? 
16. Bx+2)dt__3/i9_5a+ a? 
V19—524+ 2? 


8 x — 2)dx 
17 [ee 
GS 


18. f (8 x — 3)dz = 
V12¢%—-—42?—5 


Work out each of 


differentiation : 


19. pas + 1)dz_ 


x?+1 
90. (222 — 2)dx_ 


x? —1 


a. fu —3x)dz 


5 — 2 x? 
a9, (SE Dee, 
V1 —3 2? 
3, (+E. 
V5 +222 


(22+ 3)dx 
24, (Se ae 


(6 — x)dx_ 
Die leet 


at w?—44-—5 


(c—6)dx_. 


+ 42 log (x — $+ V19—52+22) +0. 
oVin—iats 

—llog (24-1+ V42?—424+5) 4+. 
— 2V12¢=44° =5 


+ Zare sin (? oom 3) 4 C; 


2 


the following integrals and verify your results by 


(3 x — 5)dx 
Sel [oars sere 


a8. (2 x —3)dx_ 
—6x7-—7 
x dx 
Le Pacer eames py 
>dx 
30.) 
—= 
dx 
31. {== _. 
TSS 
32. (42+ 5)dx 
f V5—42— 2? 

33, fet ae. 
V6+2—2? 

34. f (3 x — 2)dx ; 
V4 x22—4274+5 


INTEGRATION ZA 
133. Proofs of (22) and (23). To prove (22), substitute 


v=asinz. 
Then dv = a cos 2 dz, 
and Va? — v2? = Va? — a? sin?z = a cos z. 
Hence 
2 
J[N@APdo= 0? feos?zde=F f (cos 22+ 1)dz by (5), Art. 2 
aes a* 
=a sin 22+ 5 z+C. 


To obtain the result in terms of v, we have, from above, 


a. Op ; ; vy Va? — v2 
#= are sin =» and sin 22 = 2 sin z cos2= 27> ——- 


Substituting, we obtain (22). 


Proof of (23). By substituting v = a tan z, we show (see Art. 132) 
readily that 


(1) [Vere do = [asec -asec?zdz= a? { sect dz 
In a later section it is proved that 


(2) f sectzdz = 3 secz tan z+} log(see z+ tan) +C. 
V0? + a? 


Since tan z = = and sec z = gee ek derive, from (1) and (2), 


(3) [VEFE d= 3 Vere +S los (0+ Vv? + a?) +C’, 


where C’ = C — log a. Hence (23) is proved when the positive sign 
holds. 
By substituting v = a sec z, we obtain (see Art. 182) 


(4) [ Vee dv= fatanz-aseeztan edz =a? [ tan? seezde 


=a? f sectzde — a? f sec zdz. 


Comparing (4) with (2), we have 
2 
(6) [VP e dv =F see ztan z— ae (sec z+ tanz)+C. 


2 
2 = 2 . e . 
But sec z=, and hence tan z= <a Substituting in (5), 
a 


we obtain (28) for the negative sign before a?. 
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ILLUSTRATIVE EXAMPLE 1. Prove the following: 
{vi-9e dx =5 V4—9 x? + Zaresin 52 + C. 
Solution. Compare with (22), and let a2 =4,v=382. Then dv=3dzx. Hence 
[ VE=9# dx =t fVE~9e 8 de = 3 f Var — wae. 
Using (22), and setting v = 3 x, a2 = 4, we have the answer. 
ILLUSTRATIVE EXAMPLE 2. 
ie V3 02 +42 —Tdx 
=}(82+2)V3e7+4e—7- 25 ALS (82+2+4+V9x2 +122—21) +C. 
Solution. By Illustrative ese 5 D200 
3a2?+4x2—7=8[(a + 3)? — 35] = 3(v? — a?) 
ifv=x2+%,a=8. Then dv= dz. 
[V8 a? +40 —Tdr = V8 [ V0? = a? do. 


Using (28), and setting v= x + 2, a= %, we obtain the answer. 


PROBLEMS 
Verify the following integrations: 


1. [VI = Fade = 2 V1 — 4? + Faresin 22+ C. 
NiO 3 doe Ne ed 1 ae 
2. f 14+92 dx = 5 1+92 + glog (32+ V1+92?) +C. 
3. [ [2 — 1dr = VP a4 — log (2 + V4) +0. 
4. ( V25 9 wdx = 5 V25— 92 + 2 are sin 2 + ¢, 
5. {V4 2? +9 dx = Vi +9 +2 log 22+ Via +9) +0. 


x 
2 
8. f VE 3 wae =F V5—3 8 + aresin x [8 + 0. 


1. [V8 — 2a adr = 254 V3—2x— a + 2 aresin2 +14 ¢, 


8.f(V5—22+2%dx=* 3 — 1/5 ees 
ifepucadia 6 So eG 
9. {V2 2 — ade = =F NE 2e— a +S aresin (x —1) +. 


oe Lida 


+ flog (2~-14+ V10—42+422) +6. 


10. f V10 —42 +4 x2dx = 
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Work out each of the following integrals and verify your results by 
differentiation : 


11. (-V16 — a2dx. 16. {V3 +22 — wz. 
12. (V9 + 16 «dz. 17. (V2? +42 +18 de. 
13. { Vx? — 7 dz. 18. {V9 a? — 12 wdz. 
14. (V25 — 36 x?dz. 19. (V8 +62—9 adr, 
15. i V5 — 4 x2de. 20: ( Vaal 1 = ade, 


134. Trigonometric differentials. We shall now consider some trigo- 
nometric differentials of frequent occurrence which may be readily 
integrated by transformation into standard forms by means of simple 
trigonometric reductions. 


Example 1. To find f sin” u cos”u du. 


When either m or 7 is a positive odd integer, no matter what the 
other may be, this integration may be performed by means of simple 
transformations and formula (4), 


oO) = ae +C. 
n+ 


For example, if m is odd, we write 


sin” = sin”! sin w. 


Then, since m — 1 is even, the first term of the right-hand mem- 
ber will be a power of sin?~, and can be expressed in powers of cos? u 


by substituting Oe 


Then the integral takes the form 

(1) i} (sum of terms involving cos u) sin u du. 

Since sin udu = d(cos wu), each term to be integrated is of the 
form v"dv if v = cos u. 

Similarly, if ~ is odd, write cos"w = cos"~!u cosu, and use the 


substitution cos?u = 1 —sin2u. Then the integral becomes 


(2) ip (sum of terms involving sin w) cos udu. 
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ILLUSTRATIVE EXAMPLE 1. Find iP sin?x cos® x dx. 
Solution. f sin? x cos> x dx = fsin?x costa cos x dx 
= fsin?x(1 — sin?x)? cos xdx by (2), Art. 2 
= [ (sin? — 2sin‘x + sin®x) cos x dx 
= [ (sin x)? cos x dx — 2 { (sinz)s cos x dx + { (sin x)® cos x dx 
=sinte _2sintz SZC, By (4) 
Here v = sin x, dv = cos x dz, and n = 2, 4, and 6 respectively. 
ILLUSTRATIVE EXAMPLE 2. Prove fs sin? 4 x dx =% cos? 4.x—2 cos a+C. 
Solution. Let 32 =u. Thenz =2 u, dx =2 du. Substituting, 
(3) fesin?} ph) = 2 f sin?udu. 
Now Josintudu = [ sin?u- sin udu = 1G — cos?) sin udu 
= [sin udu — f cos? sin udu =—cosu+ 4 costu+C. 


Using this result in the right-hand member of (3) and substituting back u = 3 2, 
we have the answer. 


PROBLEMS 
Verify the following integrations: 
fil aine de ease = 
sin 3 de cos 3 3 cos 5 + C. 
2. sin 2 x cos 2 xdx =} sin?2 x + ce 
3. { sin? 3 xcos3xdx=tsin?3x+C. 


4. {sin 5 cos? 5 dx = _ cos’ 5 + Ge 


ZA One fare) Sone 
‘ 8 de = 5 OE ty Sh 
5. { cos ah 5 sin 3 5 sin 3 ar (Ge 
oe Lae 
ON eericte ts = 7 sec VAIN Cl 


: 2 eer” x 
7 (sink @ cog? = de = coche = acon = 
Jain’ 5 cos? 5 dx 5 C08" 5 3 costs + C. 


8. { sin’ mraeVeos rx dx = J cos? rx — o cos? 1x + C. 


Ae Ms ppt A 3% oP a 
9. {sin 5 de 3 COs = 5 cos 5 cos? = + C. 
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10/22 ao = — 2Vcos 04+ C. 
tan? t 5 

11 sl bere ts = 5 cos? t — log cos t+ C. 

12. _ elie ee N/a i-2 2 Lae ) 
svcan y 5 COs yt 9 cosy) + C. 


Work out each of the following integrals and verify your results by 
differentiation : 


HE Ho eee 
13. [sin 5 cos 5 as 17. { cos” Ul CEP: 
cos 5 Lg 18. cou au 
ie Joe 5 ee ay Sain 
ee ¢ cos® @ dd. 


15. { cos’ 5 sin? 5 Gus 
20. it sin? t cos* t dt. 


cos? 5 F 
21. (sin? x cos? x dx. 


\ Tina = 22. { sint 6 cos? 6 dé. 


Example II. 7 find i tan” u du or if cot” u du. 


16. 


These forms can be readily integrated, when n is an integer, on 
somewhat the same plan as in the previous examples. 
The method consists in writing, as the first step, 


tan"u = tan"—2u tan?u = tan” 24 (sec?u — 1); 
or cot”u = cot”—2u cot2u = cot”—2u (ese2u—1). By (2), Art. 2 
The examples illustrate the subsequent steps. 
ILLUSTRATIVE EXAMPLE 1. Find uF tan‘ x dx. 
Solution. f tantzdz = af tan? x(sec? x — 1)dx 
= [tanta sec? x dx — f tan2ade 


= if (tan x)2d(tan 2) — ir (sec?x — 1)dx 


— tant? _tane+24C. By (4) and (10) 


ILLUSTRATIVE EXAMPLE 2. Prove 

focot® 2xdx =— } cot?2”— 4 logsin2x+C. 
Solution. Let 2x=u. Then «=u, dc = 4 du. Substituting, 
(4) Hf cot? 2xdxa=4 rE cot? u du. 
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Now focot?u du = [cot u- eot?udu 
= [cot u(ese? u — 1)du 
= [ cot wese? udu — f cot udu 


= — cot?u—logsinu+C. By (4) and (15) 


Using this result in the right-hand member of (4) and substituting back u =2 z, 
we have the answer. 


Example III. To find i sec”u du or it csc" u du. 


These can be easily integrated when 7 is a positive even integer. 
The first step is to write 


—2 


sec”w = sec"—2 u sec?u = (tan?u+1) 2 sec?u; 
ite 
or esc"'u = esc"—? u esc?u = (cot?u +1) 2 esc?u. By (2), Art. 2 
The example shows the subsequent steps. 


ILLUSTRATIVE EXAMPLE 3. Prove if sect} xdx=2tan?44+2tanzx+C. 


Solution. Let }2 =u. Thenx=2u, dx =2 du. Substituting, 


(5) fsect Ledx= 2 [ sec’ udu. 
Now fisect udu = [ see?u - sec? u du 
= [ (tan?u +1) sec?udu by (2), Art. 2 


= [ tan? usec? u du + [ see? udu 


= } tan?u + tan u +.C. By (4) and (10) 


Substituting back in the right-hand member of (5) and putting u = 4 x gives 
the answer. 


EXERCISE. Set sec?u =1-+ tan?u in the right-hand member of (5), square, 
and follow Illustrative Example 1 above. 


Example IV. 7'o find if tan” u sec”u du or aft cot™u esc™u du. 


When 7 is a positive even integer we proceed as in Example III. 


ILLUSTRATIVE EXAMPLE 4. Find df tan®x sect x dz. 
Solution. ik tan®x sect dx = f tan®a(tan?x% + 1) sec?x dx by (2), Art. 2 


= f (tan x)§ sec? x dx + ftan®x sec?x de 


tan®x . tan’ 
Serena iat By (4) 
Here v = tan x, dv = sec? x dx, ete. 
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When m fe odd we may proceed as in the following example: 
ILLUSTRATIVE EXAMPLE 5. Find f tan>x sec’ x dx. 
Solution. 1 tan>x sec? a dz = ip tantx sec?z sec x tan x dx 
= [ (sects —1)%sec?xsecxtanadx by (2), Art.2 
= { (sectx — 2sectx + sec? x) sec x tan x dx 
me SCC lO asec? Vi seee ae 


=——- oer 3 ap Or By (4) 


( 
Here v = sec x, dv = sec x tan x dz, ete. 


The methods used in the above examples are obviously limited in 
their application. For example, they fail in the following case: 


secu du = [ secu sectu du 


= [ sec u tan?u du + log (sec u + tan w). 


For we cannot proceed further by the elementary standard forms. 
Later other methods will be developed of more general use. 


PROBLEMS 


Verify the following integrations : 


1. { tan? 3 x dx = § tan?3 x + § log cos 3 x + C. 


2. { cot? x dx = — 3 cot? « — log sin x + or 


8. { tan? 3 xsec 3 xdx =} sec?3 x— j sec3x+ C. 


CER A nage 
4. f tan 5 sec dx = sec?=+ C. 


3 3 
5. fcot® Z dx = — 2 cott 2 + 2 cot? = + Slog sin + C. 
6. f (22 8)'a0 = 2 tant 6 + 2 tan? 0+ C. 
1. f atte = tan 7 — 2 cot x — 5 cot? x + C. 
8. fap = — cota + 2 tana +5 tan? t C. 


3 3 2 tan? x 
9. [tant « sect 2dr = SAE 4 SEE + 0, 
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‘ 3 2 2. (SOCL Ye) aReC? Y *) 
10. f tan y sec? y dy = 2 sec! y (SU — 7 ah 3 + C. 


sec® a da es leery 
Wh Peer =tana—2cota 3 cot at C. 


12. { (tan? z+ tan‘ z)dz = 4 tan?z+ C. 
13. { (tan t+ cot ¢)3dt = 4(tan?¢ — cot? t) + 2 log tant + C. 


Work out each of the following integrals and verify your results by 
differentiation : 


14. pee ate, 21. f tan? p> sect d dd. 
sect 2 xdx_ 99. (222) 'ax. 
Mc d Rrcreee tan 2x if cos? 
0 
Ze 
16. { cot? 6 sec? 6 dé. 23. [tan 5 dé. 
17. [ese® 5 dx. 24. [ cot? ax dz. 
ese? 2 x dx. 
18. [ sec* 4 tan? = der. 25. [Sa Hapa 
24 sons ¥ 26. { tant = t dt. 
19. [sec 3 tan 3 dy. if 5 
20. [ cot? 6 esc® 6 dé. 27. [cot y esct y dy. 


Example V. To find ip sin™u cos"udu by means of multiple angles. 


When either m or n is a positive odd integer, the shortest method 
is that shown in Example I, p. 213. When m and » are both positive 
even integers, the given differential expression may be transformed by 
suitable trigonometric substitutions into an expression involving sines 
and cosines of multiple angles, and then integrated. For this purpose 
we employ the following formulas: 


pe NS ie ODEs by (5), Art. 2 
sin?y = 4 — 2 cos 2 u, by (5), Art. 2 
cos?u = 4+ 4 cos 2 uw. By (5), Art. 2 


ILLUSTRATIVE EXAMPLE 1. Find {f cos? u du. 


Solution. fcostudu ={G +4 cos 2 u)du 


mel ; all er et erat: Were 
= pf duts feos2udu=S4sin2u+C. 
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ILLUSTRATIVE EXAMPLE 2. Find He sin? cos? dz. 


Solution. sin? cos?xde=} ‘sin? 2xdx by (5), Art. 2 
=1f (4 -}c0s4x)de by (5), Art. 2 
=2—Zsinde+C 


ILLUSTRATIVE EXAMPLE 3. Find te sin‘x cos?a dx. 
Solution. f sins cos? x dx = [sin x cos x)? sin? x dx 
aif sin? 2 1(% — } cos 2 x)dx 
=} [ sin? 22 dx — b [ sin? 2.2 cos 2 x dx 
= EG — cos 4x)de—} { sin? 2.x cos 22 dx 
i Sahay Rana ae 


yn ae Pee 


Example VI. T'o find il sin mx cos nx dx, i sin mx sin nxdx, or 
if cos mx cos nx dx, when m # n. 

By (6), Art. 2, sin mx cos nx =3 sin (m+ n)x +4 sin (m—n)z. 

vf sin mz cos nx dx = 3 f singm + n)x dx + bf sin(m —n)x dx 


_ _cos(m+n)xX_cos(m—n)x 


a 2(m+n) 2(m — n) cla 


Similarly, we find 
fain mx sin nx dx _ _ sin(m+ nx, sin (m—n)a C, 


2(m + n) 2(m—n) 
feos mz cos nx dx Se eee ss 
PROBLEMS 


Verify the following integrations: 
7, _«x sin2sx 
1. f'sin BO = at ap Gc 


2 
Sap san ae . Soar4h wy 


Ess 4 32 


2. f sint a8 Oho = 
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3. feos! x dx = 22 + SB 2H, SES y C. 

4. fsin? ede =4(52—4sin2 2+ S22 4 SSB Ae) 4 C. 
5. feostrdr=+(50+4sin22— Set, Ss’) 4 Ce 
6. sin? 2dr = 2 — ¥ sin 52 + C. 

7. f'sin? 2.2 cos?2 rdr= 2 — S82 4 ¢, 

8. f'sint 2dr =3* SBE, MEY 

9. sin? 2 cost £ dr = #824 ¢ 


; OMe sin 4 x 
2 iret ae pes pe a 
10. { (1 + sin 2 =) ip = 5 cos 2 x 3 + C. 


: DiGe 2 COS -ACmESINNA I: 
A 2 = 
11. f (sin x + cos? x)*dx = [Sanne + 39 +.C. 


_cosdx  cosez 
10 2 


12. [sin 3 x cos 2 xdx = + C. 


’ : _ sin lO a "sin ee 
18. sin 4 x sin 6 x dx = STR 5. aren + C. 


sin8x,sin2z, o 


14. { cos 5 x cos 3 x dx = 16 q 


Work out each of the following integrals and verify your results by 
differentiation : 


15. f cos? = de. a1. (1 — cos <) de. 

16. { sin? 5 cos? j dx. 22. { (Wsin x + cos x) "dz. 
17. { cos! Asx: 23. { (sin 2x+ sin x)2dzx. 

18. { cos? 2 @sint 2 6dé. 24. {'(cos x — sin 2 x)2dzx. 
19. f'sint 2 cos* % dg. 26. (sin : — 2 cos x) “de. 


ae 0 0 a 
20. ['sin® a cos2 mi dé. 26. { (Vos x — sin x) "dz. 
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135. Integration of expressions containing Va? — u2 or Vu? + a? by 
trigonometric substitution. In many cases the shortest method of in- 
tegrating such expressions is to change the variable as follows: 


When Va? — wu? occurs, let w= a sin z. 
When Va2 + u?2 occurs, let wu = a tan z. 
When Vu? — a? occurs, let wu = a see z. 
These substitutions were used in Arts. 182-133. By them the radi- 
cal sign is in each case eliminated. For 
(1) V a* — a? sin?z = aV1 — sin?z =a cos Zz; 
(2) a? + a? tan?z =aV1- tan2z= a sec z; 


(3) ig or NG hsm ee 


ILLUSTRATIVE EXAMPLE 1. Find {p ——. 
(@— =i 


Solution. Let u=asin z; then du =a cos z dz, and, using (1), 


i du = ( esee 1 dz eee 
(a2 — 3 a3cos3z  a2J cos?z. a? 


U?)2 
_ tanz Ce u C a U 
ie av a2 — u2 


For, since sin z = 7 draw a right triangle and mark the 


Ae Va2—u2 


sides as in the figure. Then tan z = 


Wee ae 
Greg at 8G, 


ILLUSTRATIVE EXAMPLE 2. Prove ‘le ——$$— 
rV4e24+9 3 


Solution. Here V4277+9=Vu?2+4+ a2 ifu=227,a=3. 


Hence let 2x =u; thenz =} u, dx =} du. Substituting, 
dat = z du e4 U 
(4) \ ees Rrra maar 
Let wu =a tan z. Then du = a sec?z dz, and, using (2), 
asec’zdz Iipseczdz 1 dz 


du 
| SS lee tan2 © aJ sin z 
=+ fesezdz == log (ese z — cot z) + C. 


Since tan z= “. draw a right triangle and mark the sides as in the figure. Then 
a 


2 
sez = VETO, cotz =% 
ess “ 
i Ea aye <x - 
Henee (a5 = 7 08 A 


Substituting back in (4), and setting, as above, u = 2x, 
a = 8, we have the answer. a 
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PROBLEMS 
Verify the following integrations: 
ies 
if dx Vex 3 4+C 
Lev x? — 3 3x 
V5 — v2 
9 f dx - 5 x si 
2?7V 5 — x? 5x 
3. sede a 


(v2 +2)2 2Va2+2 


NOM — WA ~ 2 
4, [WARES = NEA _ are sin 2 +. 
Te ae 2 


5, [PERG Vea — 4 are sec 7 + C: 


1 2? 
6. ee ts J] 
is 9—z72 3 ease 
V x2 — 36 dx aa V x2 — 36 
gfe era Cae EEG) sie 


Vx? —8dx _ (x2 — 8)? 
8) wml areas i 
9. f dx pA x? + 3)V 2? — 
Y gta? —3 27 x8 
2 — 72)3 
RL. 7 
3 <= 9)\N/ 
en 
Vet 3 
12. (a aide _ (#2? +2)Va?—-1 
: ma 3 


Work out each of the following integrals and verify your results by 
differentiation : 


ire RRS (SE 
i (a 16. (ae ih 
MISCELLANEOUS PROBLEMS 
“tee ge 
_ax dx 4 (Ott 2)de 


b+ cx?” : Av?t+4an4+5 


5. Gar ads ; 


V4a2+42+5 
6. J (e* + e-2*)2dy, 


ON lrereec part 2 


4xdx 
By ee 


Al a9 Okey 
LS et 


10. f'(1 — 2 cot 5) "48. 


ure 
5.53 
11. f'sin 4d. 
13 dx 
I i prerarert 
|e 
Var=+ 50 


14. {cost £ dt. 
2 sin t dt 
ee I renreey +3 cos 


neO 6 
(ee 2 
16. f sin 40° 470. 


17. Lidy 


V307+3a24+1 


18. feos? = = 8 40. 


be 


20. (== Ada 


Be emote 


81 dx 
24, || $$ 0 
Aaa — 9)? 


INTEGRATION 


Sy ae hee 
Ba 


(a? — x)dx 
24. [ Seer 


Vare tan x dx 
25, (eo ; 
1+ 2? 
x2 dx 
Atk | area + 23)? 


(le — 2)dx 
Saat 


(ieesec20)d0 
ch SS 6+ tan @ 


dx 
a0 Nara 


80. { cos tV2 + 3 sin tdt. 


31. foot ode 4G bdr. 
V5—42—22 


9, (24S aide. 
x 


(pe eye 


ae 


Sie if sin‘ ax cos ax dx. 


88. {i sin’ ax cos? ax dx. 


(t+ sin 3 t)dt 
LE lovers eee 


(c+ 1jdx_. 
A ee ec 
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224 INTEGRAL CALCULUS 


136. Integration by parts. If w and v are functions of a single inde- 
pendent variable, we have, from the formula for the differentiation of 


a product (V), Art. 94, d(uv) = udv+vdu, 


or, transposing, u dv = d(uv) — v du. 
Integrating this, we get the inverse formula, 


(A) fudo=w— fvdu 


called the formula for integration by parts. This formula makes the 
integration of u dv, which we may not be able to integrate directly, 
depend on the integration of dv and v du, which may be in such form 
as to be readily integrable. This method of integration by parts is one 
of the most useful in the integral calculus. 

To apply this formula in any given case the given differential must 
be separated into two factors, namely, wu and dv. No general direc- 
tions can be given for choosing these factors, except that 

(a) dx is always a part of dv; 

(b) zt must be possible to integrate dv; and 

(c) when the expression to be integrated is the product of two func- 
tions, it 1s usually best to choose the most complicated-looking one that it 
is possible to integrate as part of dv. 

The following examples will show in detail how the formula is 
applied : 


ILLUSTRATIVE EXAMPLE 1. Find if x cos x dx. 


Solution. Let u=x and dv=cosxdz: 
then n= Or sande i; cos x dx = sin x. 
Substituting in (A), 
u dv uv v du 


eC SN SRN rae ee ‘ 
f 2 cos x de =asing — fsingdr=xsinx +cose+C. 


ILLUSTRATIVE EXAMPLE 2. Find ap x log x dx. 
Solution. Let u=logx and dv=adz; 


then du = and v=frdr==. 
Substituting in (A), 


2 2 dx 
ra | d =] (oe x 4 
ik og X ax og x 5) his - 


_ 2 
= 5 logr— 7 +. 
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ILLUSTRATIVE EXAMPLE 3. Find i xe" dx. 
Solution. Let U = e% and did 


then du=e%-adx and v= [xdx = 
Substituting in (A), 


2 2 
fer de == CSF = ole 6 a da 
~ 


e2err a 
= Sex || AP 
2 2 


But xe" dz is not as simple to integrate as xe%* dx, which fact indicates that we 
did not choose our factors suitably. Instead, let 


rm]% 


=a) thavel ap) == GeeonRe 


then du=dx and = (cede = 
Substituting in (A), 
az dy — pC ugen ae 
fv ASS ap 5 {ve 
wat eis Cie: =(2-7)+0 
a a? 


It may be necessary to apply the formula for integration by parts 
more than once, as in the following example: 


ILLUSTRATIVE EXAMPLE 4. Find ne Ce Os 


Solution. Let Vee nel psc ous 
then 20 dc and n= eed =—. 
a 
Substituting in (A), 
[eed =x == en Qadx 
a a 
ak en eye 
(1) aa = | 2 dx. 


The integral in the last term may be found by applying formula (A) again, 


which gives 
f verde = “(2 _ a +C. 
a a 
Substituting this result in (1), we get 


TES Oss il _ e& PAGO GA 
[ff erde = PS —2E (2-2) 4 0 =F (a2 Z alee 


ILLUSTRATIVE EXAMPLE 5. Prove 
fsectzdz =i secz tan z+ 4 log (secz + tanz) + C. 


Solution. Let u = sec Z and dv = sec?z dz; 
then du=secztanzdz and v=tanz. 
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Substituting in (A), 
f sectzdz = sec z tan z — [sec z tan?2z dz. 


In the new integral, substitute tan?z = sec?z — 1. Then we get 


f sectade = sec ztanz — f sec*zde + log (secz + tan z) +C. 
Transposing the integral in the right-hand member and dividing by 2, we have the 
required result. 


ILLUSTRATIVE EXAMPLE 6. Prove 


2 e(a sin nx — N COs nx 
(ie sin nx dx = e*(a sin nx — n cos nz) +C. 


a? + n? 
Solution. Let ie and dv=sinn«dz; 
then du=ae%dx and v=— Se 
Substituting in formula (A), the result is 
ax 
2 az gj dz = — Ee COS NX a az bs 
(2) fe sin nx dx = apm he cos nx dx 
Integrate the new integral by parts. 
Let 1S gee and dv=cosnzrdz; 
then du=ca@dx and v= = 
Hence, by (A), 
3 az dx =O SN MT _ 4 (par gi 
(3) fe cos nx dx = a fe sin nx dx 
Substituting in (2), we obtain 
(4) fee sin nx dx = “(a sin nx — n cos nar) - es sin nx dz. 


The two integrals in (4) are the same. Transposing the one in the right-hand 
member and solving, the result is as above. 


Among the most important applications of the method of inte- 
gration by parts is the integration of 


(a) differentials involving products, 
(b) differentials involving logarithms, 
(c) differentials involving inverse circular functions. 


PROBLEMS 
Verify the following integrations : 


1. fx sin xdx = sin x — x cos x + GE 


2. flog xdx=x(logx—1)+4+C. 


INTEGRATION 


8. fxsin2 rdx=—4xcos2e+}sin2a+4 G 
4. {x cos8 rdx=Lesin3x+4cos8 2+ C. 


5. {xsec?2 xdx=4xtan2x+} log cos22+ Cr 


not zach ee ee orl. 
6. fx sin 5 dx a2 5 v sin x 9 COS & + C. 
7. { x? sin 2 xdx=—422cos2a+4asn22+}cos2r4+C. 


8. { sin x cos 3 xdx = §(8 sin xsin 3 x + cos x cos3 x) + C. 


2 == * (lo Gai les. 
9. fx ee ae, \OE @ i) +e. 


10. fare sin xdx = x aresinx + V1—2? + C. 
11. fare tan xdx =x arc tan x — } log (1+ 2”) + C. 
12. [are cot y dy = y arc cot y + 3 log (1 + y?) + C. 
ie t_3 2 
13. fare tan Sdx = x are tan 3 5 log (x +9)+C. 
14. {x3 are tan xdx = } (x4 — 1) are tan x + 75(8 a — 28) + C. 


ON log(—+— q ae are tan , @ 


V1 + x? % 


16. { log (1 — Vx) dx = (x — 1) log 1 — Vz) —3(2@+2V2x) 40. 


17. { 228? de = 4% (a? -—24+4) 4+. 
t 
18. fet sin tdt = 5 (sin t — eos t) + C. 
6 
19. {'e? cos 6d0= a (sin 6 + cos 6) + C. 


20. _ = dp _ _ sin se oy) Tale 


a1. {e% cos 8 tdt =< (3 sin 31+ 2 cos 31) + C. 
29. fe-?sin 3 6d0 = — (sin 3 6 +3 cos 8 d)+C. 


xe* dx 
= C. 
oar ei 


242 2 
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Work out each of the following integrals and verify your results by 
differentiation : 


25. fx ese? 3 xdx. 36. [ See 
26. [x cos? 5 dr. 37. { x%e?* da. 

27. [x cos 5 de. 38. { (e* + x)?der. 
28. f'sin 3 x2 cos «dz. 39. { (2* + x7)? dz. 
29. ‘sin 6 sin 3 0dé. 40. [es cos 2 t dt. 
30. {cos ¢ cos 3 ddd. a1. fee sin 2 tdt. 
31. fare sin 2.2 da. 42. [e! cos 5 dt. 
82. [are tan = dx. 43. [e~' cos 5 dt. 
33. He are sin Ji dz. 44, fe F cos t dt. 
34. [x3 are sin «dz. 45. (2 an rae 

35. [ a 46. {esc 6dé. 


137. Comments. Integration is, on the whole, a more difficult op- 
eration than differentiation. In fact, so simple an integral (in 


appearance) as 
f V2 sin x dx 


cannot be worked out; that is, there is no elementary function whose 
derivative is Vx sin. To assist in the technique of integration, 
elaborate tables of integrals have been prepared. A short table is 
given in Chapter XXVII in this book. The use of this table is ex- 
plained below in Art. 176. At this point let it suffice to remark that 
the methods thus far presented are adequate for many problems. 
Other methods will be developed in later chapters. 


CHAPTER XIII 


CONSTANT OF INTEGRATION 


138. Determination of the constant of integration by means of initial 
conditions. As was pointed out on page 190, the constant of integration 
may be found in any given case when we know the value of the 
integral for some value of the variable. In fact, it is necessary, in 
order to be able to determine the constant of integration, to have 
some data given in addition to the differential expression to be 
integrated. Let us illustrate this by means of an example. 


ILLUSTRATIVE EXAMPLE. Find a function whose first derivative is 3 x2 —2x+5, 
and which shall have the value 12 when x = 1. 


Solution. (3 7? —22+5)dx is the differential expression to be integrated. 

Thus {Gx -20+5)dx=2- 22 +5240, 
where C is the constant of integration. From the conditions of our problem this 
result must equal 12 when x = 1; that is, 

12=1-1+54C, or C=7%. 

Hence «3 — x2 + 5x +7 is the required function. 

139. Geometrical signification of the constant of integration. We 
shall illustrate this by means of examples. 

ILLUSTRATIVE EXAMPLE 1. Determine the equation 


of the curve at every point of which the tangent line has 
the slope 2 x. 


Solution. ae the slope of the tangent to a curve at 
pny. point is 4 ee , we have, by hypothesis, 


dy _ 
ae == 210s 
or Oj SP RG 
Integrating, Wise. th x dx, or 
(1) y=x?+C, 


where C is the constant of integration. Now if we give to 

C aseries of values, say 6, 0, — 8, (1) yields the equations 
y=u2?+6, y=ur?, y=r? -3, 

whose loci are parabolas with axes coinciding with the y-axis and having 6, 0, — 3 


respectively as intercepts on the y-axis. 
All the parabolas (1) have the same value ke ©Y. that is, they have the same 


direction (or slope) for the same value of x. It will also be noticed that the difference 
229 
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in the lengths of their ordinates remains the same for all values of x. Hence all the 
parabolas can be obtained by moving any one of them vertically up or down, the 
value of C in this case not affecting the slope of the curve. 

If in the above example we impose the additional condition that the curve shall 
pass through the point (1, 4), then the codrdinates of this point must satisfy (1), 


giving 4=1+C, or C=3. 
Hence the particular curve required is the parabola y = x? + 3. 


ILLUSTRATIVE EXAMPLE 2. Determine the equation of a curve such that the 
slope of the tangent line to the curve at any point is the 
ratio of the abscissa to the ordinate with sign changed. 

Solution. The condition of the problem is expressed 
by the equation dy_ 


dey 
or, separating the variables, 
y dy = — «dz. 
‘ (lie 
Integrating, ee +C, 
or v2 + y2 =2C. 


This, we see, represents a series of concentric circles with their centers at the origin. 
If, in addition, we impose the condition that the curve must pass through the 


point (3, 4), then er ah (yee on 
Hence the particular curve required is the circle x? + y? = 25. 


PROBLEMS 


1. The following expressions have been obtained by differentiating 
certain functions. Find the function in each case for the given values of 
the variable and the function: 


Derivative of Value of Corresponding 


function variable value of function Answer 
es: 1 5 a? +2a42. 
(Dae 3 PA 5 Qe+ 2. 
(c) eo — 1 1 e—4 f= 
(d) cos 2 0 2 6 Sin 2046, 
—2x 
ee) 6 = 
(e) Vi00 a2 8 V100 — a. 
1 
(f) 1 as are sin x + 7. 
V1 — x? 2 
(g) tan 0 0 3 log sec 6+ 38. 
(h) a2? —2e42 1 a 
(i) V4e04+5 1 4 
; x 
1) er 2 2 
\ V3—2 
2 
(k) ——— 2 0 


V1+ x3 
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2. Find the equation of the system of curves such that the slope of 
the tangent at any point is as follows: 


(a) m. Ans. Straight lines, y= mz+ C. 
2 
(b) x. Parabolas, y = oF + C. 
2 
(ce) - Parabolas, “=x + C. 
y 2 
2 2 3 
(d) mi Semicubical parabolas, = = + C. 
3 2 
(e) a Semicubical parabolas, = 2 + C. 
(f) 3 x3. Cubical parabolas, y = x3 + C. 
3 
(g) — Cubical parabolas, Y—a4+¢, 
y 3 
(h) =f Equilateral hyperbolas, y? — x2 = C. 
(i) — eo Equilateral hyperbolas, xy = C. 
(j) a Hyperbolas, b2x? — a2y2= C. 
ay 
(k) -— la Ellipses, 62x? + a?y? = C. 
avy 
(1) Li Circles, x? + y27+2x2%—2y=C. 
a) 


8. In each of the following examples find the equation of the curve 
whose slope at any point is the given function of the codrdinates and 
which passes through the assigned particular point: 


(2)i2, 0 sa O04). Ansan a 
(boys G1). 22=logy+1. 
x24 
(OCYGaen Ly y=e 2. 
@22Ss Cab sf Eines rend NUN 
y 
2-2, e2+y?—474+6y—12=0. 
Ohemct (Gpabp 
y? Pe Les 
O23). . Utley 
(g) aVy; (2, 4). 16 y = (a? + 4). 
xy. 1). v2 —y?+1=0. 
(h) (0, 1) 


(ire cos? yc, 0). 2tany = 22 — 4. 
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Anglia 
2 PEW 
i) 7 ) 


ae 
2- 


(1) vi (4, 1). 


Saleem te 


(m) (1, 1). 


ees 2? 


ie icf 


CV er (1, — 4). 
(0) = (3, 8). 
(p ) Lee, (8, 3). 
(q) y? sin x; aoe 


2 


4. Given dy = (x? + 3)dz, y= 20 when x=38. Find the value of y 


when x = 6. 


5. Given dA = V2 px DE UL, Ale i when x2 = a Find the value of A 


when x = 2 p. 


ANSIEoZe 
o 2 
Ans. 3 


6. Given dy =xV9 +42? dz, y=0 when x=0. Find the value of 


y when x = 2. 


49 
Ans. a 


7, Given ds =tV2t+1dt, s=0 when t=0. Find the value of s 


when t = 4. 


298 
Ans. “REO 


8. Given dy = e*dx, y= 2 when x=0. Find the value of y when 


c= — 1: 


9. Given ds = cos mt dt, s= 1 when t=0. Find the value of s when 


(f= Ie 


10. At every point of a certain curve y’”’ 


= =. Find the equation of 


the curve if it passes through (2, 1) and has the slope — 1 at that point. 


4 
Ans. y=) 


11. At every point of a curve y’’ = 6 z, and at the point (0, — 2) the 
curve is tangent to the line whose equation is 2x—38y=6. Find its 


equation. 


Ans. 3y=823+22x—-6. 


12. Find the equation of the curve at every point of which y’’ = = 
and which passes through the point (4, 0) with an inclination of 45°. 


13. Find the equation of the curve at every point of which y’”’ = — S 
and which passes through the point (1, 1) with an inclination of 135°. 7” 


14. Find the equation of the curve whose subnormal is constant and 


equal to 2 a. 


HINT. From (4), Art. 48, subnormal = y 


Ans. y? =4ax+ C, a parabola. 
au. 


15. Find the curve whose ee is constant and equal to a 


(see (3), Art. 43). 


Ans. alogy=x+C. 


16. Find the curve whose subnormal equals the abscissa of the point 


of contact. Ans. 


y? — x? = 2 C, an equilateral hyperbola. 
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17. Find the curve whose normal is constant (= R), assuming that 
YS 12 een a3 = Oy Ans. x? + y?= R?, a circle. 


Hint. From Art. 43, length of normal = y. / 1 +(2)" or 


dx = + (R? — y®)~? ydy. 


18. Determine the curves in which the length of the subnormal is 
proportional to the square of the ordinate. Anse y= Ce, 


19. Find the equation of the curve in which the angle between the 
radius vector and the tangent is one half the vectorial angle. 

Ans. p=c(1— cos @). 

20. Find the curves in which the angle between the radius vector and 

. the tangent at any point is n times the vectorial angle. Ans. p” = c sin nO. 


140. Physical signification of the constant of integration. The fol- 
lowing examples will illustrate what is meant: 


ILLUSTRATIVE EXAMPLE 1. Find the laws governing the motion of a point 
which moves in a straight line with constant acceleration. 


Solution. Since the acceleration [= de from (A), Art. 59 is constant, say f, 


we have dt 
dv _ 
a 
or dv =fdt. Integrating, 
(1) v=ft+C. 


To determine C, suppose that the initial velocity is vo; that is, let v = v when 
=.08 


These values substituted in (1) give Initial Conditions 


%=0+C, or C=. 
Hence (1) becomes 


(2) v=ft+ vo. 
cer & ((C), Art. 51), we get from (2) 
- = ft =F Vo; 
or ds = ftdt + vodt. Integrating, 
(3) =4 ft? +t +C. 


To determine C, suppose that the initial distance is 80; that is, let s =so when t=0. 
These values substituted in (8) give 


8S =0+0+C, or C=. 
Hence (3) becomes 


(4) s=43 ft? + vot + So. 
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By substituting the values f = g, v0 = 0, so = 0, s =h, in (2) and (4), we get the 
laws of motion of a body falling from rest in a vacuum, namely, 


v=gt, and h=43gl?. 
Eliminating t between these equations gives v = V2 gh. 


ILLUSTRATIVE EXAMPLE 2. Discuss the motion of a projectile having an initial 
velocity vo inclined at an angle a with the horizontal, 
the resistance of the air being neglected. 


Solution. Assume the XOY-plane as the plane 
of motion, OX as horizontal, and OY as vertical, and 
let the projectile be thrown from the origin. 

Suppose the projectile to be acted upon by Gtwcora 
gravity alone. Then the acceleration in the hori- 
zontal direction will be zero and in the vertical direction — g. Hence, from (F), 


Art. 84, 


Go; — 0, and iy 3 


a dt 
Integrating, %=C, and vw =—gt+Cr. 
But Y COS @ = initial velocity in the horizontal direction, 
and vo sin a = initial velocity in the vertical direction. 
Hence Ci=%wcosa and Cz=v sina, giving 
(5) Vz = cosa and vy=—gt+v sina. 
But from (C) and (D), Art. 83, v; = = and vy, = au therefore (5) gives 
dx _ dy _ F 
ve Yo cosa@ and rT gt + v sin a, 
or dx=vocosadt and dy=—gtdt+vosinadt. 


Integrating, we get 
(6) z=vcosa-t+Cz; and y=—34gi?+msina-t+C.. 
To determine C3 and C, we observe that when t= 0, x = 0 and y= 0. 
Substituting these values in (6) gives 

Cp=0 gil @ae0- 


Hence 

(7) x =v cos a: t, and 

(8) y=—4g92+sina-t. 
Eliminating ¢ between (7) and (8), we obtain 
(9) y=xtana— ga 


2 v2 cos?a’ 
which is the equation of the trajectory and shows that the projectile will move in a 
parabola. 


PROBLEMS 
1. Assuming in a straight-line motion that s = 0 when t = 0, find the 
relation between s and t, knowing that the velocity is as follows: 


(a) Constant (= v9). Ans. s= ol. - 
(b) 80 — 32 ¢. s= 80¢— 16 ??. 
(c) 7 cos Tt. Sse 
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Py. Assuming in a straight-line motion that v = vp (constant) when t=0, 
find the relation between v and t, knowing that the acceleration is as follows: 


(a) 0. Ans. v= 1. 
(b) Constant (= k). v= + Kt. 
(c) a + bt. Meuip fae Oe 


EE 
3. Assuming in a straight-line motion that s = 0, » = 10, when t= 0, 
find the relation between s and t, knowing that the acceleration is as follows: 


(a) — 32. Ans. s=10t— 16 ??. 
(byt. s=101+5—5. 
(ec) — 20 sin 2 ft. SS Hea A th 


4. (a) With what velocity will a stone strike the ground if dropped 
from the top of a building 100 ft. high? (g=382.) Ans. 80 ft. per second. 

(b) With what velocity will the stone of (a) strike the ground if thrown 
downward with a speed of 60 ft. per second ? Ans. 100 ft. per second. 

(c) With what velocity will the stone of (a) strike the ground if 
thrown upward with a speed of 60 ft. per second? 


5. A stone dropped from a balloon which was rising at the rate of 
20 ft. per second reached the ground in 6 sec. (a) How high was the bal- 
loon when the stone was dropped? (b) With what velocity did the stone 
strike the ground? Ans. (a) 456 ft.; (b) 172 ft. per second. 


6. In Problem 5, if the balloon had been falling at the rate of 20 ft. 
per second, how long would the stone have taken to reach the ground? 


7. A car makes a trip in 10 min., and its velocity is given by 

v = 500 ¢ — 5 t3, where ¢ is measured in minutes and v in feet per minute. 

(a) How far does the car go? (b) What is its maximum speed? (c) How 
far has the car moved when its maximum speed is reached ? 

Ans. (a) 12,500 ft.; (b) 1924 ft. per minute; (c) 6944 ft. 


8. If the acceleration of a particle moving with a variable velocity » 
is — kv?, where k is a constant, and if v is the velocity when t = 0, show 


aren = L + kt. 
v Vo 


9. A particle sliding on a certain inclined plane is subject to an accel- 
eration downward of 8 ft. per second per second. If it is started upward 
from the bottom of the plane with a velocity of 12 ft. per second, find the 
distance moved after t sec. How far will it go before sliding Sea 

TINGS, BD iitte 


10. If the inclined plane in Problem 9 is 40 ft. long, find the neces- 
sary initial speed in order that the particle may just reach the top of 
the plane. 
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11. A projectile with an initial velocity of 160 ft. per second is fired at 
a vertical wall 480 ft. from the point of projection. 
(a) If a = 45°, find the height of the point struck on the wall. 

Ans. 192 ft. 

(b) Find a so that the projectile will strike the base of the wall. 
Anse lS 2Ol (aa. 

(c) Find a so that the projectile will strike 80 ft. above the base. 

Ans: 29° Orie. 

(d) Find a for the maximum height on the wall and this height. 
ANSs E09 72 ZOO te 


12. The resistance of the air to an automobile, within certain limits 
of speed, is proportional to the speed. Hence if F is the net force gen- 
erated by the motor, we have M i‘ = F —kv. Express the velocity in 

_kt 


terms of t, knowing that v = 0 when ¢t = 0. Pea 
Ans. v= ra 


CHAPTER XIV 


THE DEFINITE INTEGRAL 


141. Differential of the area under a curve. Consider the con- 
tinuous function ¢(x), and let 


y = $(2) 


be the equation of the curve AB. Let CD be a fixed and MP a 
variable ordinate, and let wu be the measure of the area CMPD. 
When «x takes on a small increment Az, u takes on an increment 
Au (= area MNQP). Completing the rectangles MNRP and MNQS, 
we see that 


Area MNRP < areaMNQP < area MNQS, 
or Mer Ne <-AY <= NO - Axe 
and, dividing by Az, 


ANS en 
MP <7, < N@. 


Now let Az approach zero as a limit; then since MP remains fixed 
and NQ approaches MP as a limit (since y is a continuous function 


of x), we get a 
or, using differentials, du = y dx. 


Theorem. The differential of the area bounded by any curve, the 
x-axis, a fixed ordinate, and a variable ordinate is equal to the product of 
the variable ordinate and the differential of the corresponding abscissa. 


142. The definite integral. It follows from the theorem in the last 
article that if the curve AB is the locus of 


y = (x), 
then du = y dx, or 
(1) du = $(x)dz, 


*In this figure MP is less than NQ; if MP happens to be greater than NQ, simply 
reverse the inequality signs. 
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where duis the differential of the area between the curve, the x-axis, 
and two ordinates. Integrating, we get 


w= f o@ae. 


Denote if o(x)dx by f(x) + C. 


(2) a ef CA eS 
We determine C by observing that u = 0 
when x =a. Substituting these values in (2), we get 


0=f(a) +¢, 
and hence C=-—f(a). 
Then (2) becomes 
(3) u = f(x) — f(a). 


The required area CEFD is the value of u in (8) when x=). 
Hence we have 


(A) Area CEFD = f(b) — f(a). 
Theorem. The difference of the values of Ay ydx forx=aandxr=b 


gives the area bounded by the curve whose ordinate is y, the x-axis, and 
the ordinates corresponding to x = a and x = b. 


This difference is represented by the symbol* 


(4) f Get or [ aide. 


and is read “‘the integral from a to b of ydz.’”’ The operation is 
called integration between limits, a being the lower and b the upper 
limit. 

Since (8) always has a definite value, it is called a definite integral. 
For, if 
f $@de =f) +0, 


b 
ren i ere ayer c= Lf) + C]—[f(a) + Cl, 
b 
or f o@ar = fo) — fe, 


the constant of integration having disappeared. 


* This notation is due to Joseph Fourier (1768-1830). 

t The word “‘limit”’ in this connection means merely the value of the variable at oneend 
of its range (end value), and should not be confused with the meaning of the word in the 
Theory of Limits. 
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We may accordingly define the symbol 


f o@dx or [vee 


as the numerical measure of the area bounded by the curve y = $(z),* 
the x-axis, and the ordinates of the curve at r=a and x=b. This 
definition presupposes that these lines bound an area; that ts, the curve 
does not rise or fall to infinity, and both a and b are finite. 

143. Calculation of a definite integral. The process may be sum- 
marized as follows: 

FIRST STEP. Find the indefinite integral of the given differential ex- 
pression. 

SECOND STEP. Substitute in this indefinite integral first the upper 
limit and then the lower limit for the variable, and subtract the last 
result from the first. 

It is not necessary to bring in the constant of integration, since 
it always disappears in subtracting. 


; 4 
ILLUSTRATIVE EXAMPLE 1. Find if x? dx. 
1 


Solution. f°? i [Fh = “ — ! —— ile, ZS 
il i 


us 
ILLUSTRATIVE EXAMPLE 2. Find it sin xdx. 
0 


Solution. ("sin can |- cos xf = [- (— 1)| — [- 1] =2. Ans. 
dx 


5 a 
ILLUSTRATIVE EXAMPLE 3. Find if 
0 


; Coen |! v|e_ 1 Lit 
Solution. JS, Gag? = E are tan ihe s are tan 1 - are tan 0 


= _9=—. Ans. 


4a 4a 
ILLUSTRATIVE EXAMPLE 4. Prove ideo, one log. 5 = — 0.134. 
j 1442-9 2, 
Solution. Comparing with (19) or (19a), v=24,a=3, dv=2 dz. 
OW des a 1. eS ets 
(1) Cees y 18) 
Oe O ky =-35(1 a By (19 a 
2) (pee epee eA Sree A oe yal 2 


The result in equation (2) must be used, for in (1) the logarithms of negative 
numbers occur. Evaluating the right-hand member in (2) gives the answer. 


144. Change in limits corresponding to change in variable. When 
integrating by the substitution of a new variable it is sometimes 


* (x) is continuous and single-valued throughout the interval [a, 5]. 
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rather troublesome to translate the result back into the original 
variable. When integrating between limits, however, we may avoid 
the process of restoring the original variable by changing the limits 
to correspond with the new variable. This process will now be 
illustrated by an example. 
ne 
ILLUSTRATIVE EXAMPLE. Calculate f 8 ee 
Solution. Assume x = 2%. ee 
Then dx = 4 2° dz, x? = 22, xt =z. Also, to change the limits we observe that when 
wy eer), 
and when esi Say 
16 xtdx 22-4 23dz 2 1 
‘th +a ess uM scent 


2 dz 4 28 2 
— 2 = 
=4f" 2? dz af de+4 tae see ~42+4aretan |" 


=§+4arctan2. Ans. 


The relation between the old and the new variable should be such that to each 
value of one within the limits of integration there is always one, and only one, finite 
value of the other. When one is given as a many-valued function of the other, care 
must be taken to choose the right values. 


PROBLEMS 


1. Prove that f'f(@)de = — "fa)dz 


Verify the following integrations: 


4 dx 1 dx 1 
Dap ae ey | gy 
1 Vz | eeareea 6 
ees sate 1 
8. (°Va— 2 dx = he. 12. te! dt = 1. 
2 
4. fea? +9 da = 98. 13. {" esin 6d0 = 4(e + 1). 
dx 1 $ 
. a pe ay 14. poe LORIE es 
5. f V25 —3 ae = 132, iret aS 
dt 
6. feet 6aard Seb V3 
LS 15. [sec 00 14M. 
7. [° (Va — Vn)? dr = © 16. {'2e iain 2 6n6 OS 
D) 2a V3 
8 2/1 + 48 dy = 52 17) ee Na 
SY ae Ree Sipe eae 


rn4 
9. /, Va?+9dx=10+4 $log3. 18, f Ste _ VB tah. 
1 


1 V3 4 x2dx 
10.{ V4—a2dx=—~+2. 19. f ———=_ = 
if ri ae 2 ne 0 V16 — x? 
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Find the value of each of the following definite integrals: 


8 7 
20. f (V2a+ Vz)de. 25. [ tan? $6, 
PF fn aaa dy | 26. { 2sin?d cos 6 dé. 
1 y? 0 
Lee 2 x dx : 
22. if sin 76 d0. 27. if REET 
Pe all 2 dx 
28. f sin? 50. . oD aemeremaers 
4 xdx 5 dx : 
24. {) x2 + 2° 29. {) V54+42—2? 


145. Calculation of areas. On page 238 it was shown that the area 
between a curve, the z-axis, and the ordinates 
x =a and «= b is given by the formula 


b 
(B) Area = i y dx, 


where the value of y in terms of x is substituted 
from the equation of the given curve. 
ILLUSTRATIVE EXAMPLE 1. Find the area bounded by 


the parabola y=”, the x-axis, and the ordinates x =2 
and v= 4, 


Solution. Substituting in the formula, 
4 434 
a 2 — — 
Area ABDC if a2 dex | iF 


a6 hee 8 — G1 Oe: 


ILLUSTRATIVE EXAMPLE 2. Find the area bounded by the circle x? + y? = 25, 
the x-axis, and the ordinates x = — 3, x =4. 


Solution. Solving, y = V25 — x2. Hence 


Area= f' V25 — x? dx 
=| 2/25 — x? + = are sin All by (22) 
Z 2 5j|_3 
=6+ 2,aresin ¢+6—42,° aresin (— 2) = 31.6. Ans. 


The answer should be compared with the area of the semicircle, which is 
4(25 Ml) = 39.0 

146. Area when the equations of the curve are given in parametric 
form.* Let the equations of the curve be given in the parametric form 


x=f(t), y= oi). 


* For a rigorous proof of this substitution the student is referred to more advanced 
treatises on the calculus. 
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We then have y = $(t), and dx = f’(t)dt. Hence 


b 2 
(1) Area = [de = l “of Wdt, 


where t—t whenx=a, and t=t. whenx=b. 


ILLUSTRATIVE EXAMPLE. Find the area of the ellipse whose parametric 
equations (Art. 81) are 
x=acos¢, y=bsin ¢. 


Solution. Here y=bsin 9, 


and dx = — asin’¢ d®@. 
When r=0, = ae 
and when =r Cy ih 


Substituting these in (1), above, we get, for 
the first quadrant, 


Area = f“y dz =— f “absin? 6dg=22. 
2 


Hence the entire area equals 7ab. Ans. 


PROBLEMS 


1. Find by integration the area of the triangle bounded by the line 
y = 22x, the x-axis, and the ordinate x= 4. Verify your result by finding 
the area as half the product of the base and altitude. 


2. Find by integration the area of the trapezoid bounded by the line 
x+y=10, the x-axis, and the ordinates r= 1 and x=8. Verify your 
result by finding the area as half the product of the sum of the parallel 
sides and the altitude. 


3. Find the area bounded by the given curve, the x-axis, and the given 
ordinates : 


(a) 4y=2?; 2=0,2=4, Ans. 18 


qe Re 
(b) y=9x—23; x=0,27=38. Sh. 
(ce) y¥2=4—2; 2=0,2=8. 14, 
@)y=rt5; =2,0=4, : fhe 
pe aes = 
(e) y= mee Ih, ar 23.08. 
() y= 545; 2=0,0=8, 8.36. 


(g) y=2sinx; r=0,2=5- a 


THE DEFINITE INTEGRAL 243 


i 
2 


a ipeaetne ay = 0b = 2. FA Smee 
WZ 2 iene 2.4 = 8. Q) y=4sin5; 2=0,0=7. 
G) y=8x—-2?; x= 2, 4=6. 
(m) y= cos; r=0, eles 
(Key — wy 5 = 0), = 1G. 2 
Vit+9 (Tita) NV 4a ea ane as 


4. Find the area bounded by the given curve, the y-axis, and the given 
lines: 


(a)4y=2?; y=ly=4. Ans. 28. 
COPS is he ESB P 13, 
(ewe aie: y= 2.7 — 4. C)y—sine ys ie 
(CU ite I ae Gi =joger: y= 0) yal. 
5. Find the area bounded by the following curves and the z-axis: 
(a) y=4 — 2?. Ans, 32 
(b) y=u— 23. Be 
(ec) y=8+22—-—2?, (f) One arch of y = sin x + cos x. 
(d)ay =a log x. (g) y=2sin x — x. 

(e) One arch of y = 8 sin 2 x. (h) y = cos x — 2?. 


6. Find the area bounded by the coérdinate axes and the parabola 
Va PF Vy = Va. 

7. Prove that the area of any segment of a parabola cut off by a chord 
perpendicular to the axis of the parabola is two thirds of the circumscrib- 
ing rectangle. 

8. Find the area bounded by the parabola y? = 4 x and the straight 
line y = zx. Ans. §. 

9. Find the area bounded by the two parabolas y? = 8 x and x? = 8 y. 

Ans. 4, 

10. Find the area in the first quadrant bounded by the curve whose 

equation is y = x? and the line whose equation is y = 2 x. Ans. 1. 

11. Find the area of the segment of the parabola whose equation is 

y =6+ x — x? cut off by the chord joining the points (— 1, 4) and (8, 0). 

Ans. 32. 

12. Find the area bounded by one arch of the curve y = 2 sin 7x and 
the x-axis. 


13. Find the area between the curve y = 5 and the line 4 y = = 


1+2 +e Ans. log 4— 4% 
14. Find the area bounded by the curve y = tan 7 7* , the x-axis, fae is 
line —ele Ans. = = log 2. 


15. Find the area bounded by one arch of the cycloid « = a(@ — sin 6), 
y = a(1 — cos 6), and the z-axis. Ans. 3 7a?. 
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16. Find the area of the cardioid 
x = a(2 cost — cos 2b), 
y = a(2sint — sin 2). Ans. 3 7a?. 
17. The locus in the figure is called the ‘companion to the cycloid.” 
Its equations are 
x= ase, 
y = a(1 — cos 8). 
Find the area of one arch. 
Ans. 2 7a?. 
18. Find the area of the hypocycloid 
x =a cos? 6, 


y = asin? 6, 
2 
6 being the parameter. Ans. 3 ; that is, three eighths of the area 
of the circumscribing circle. 
19. Find the area of the loop of the folium of Descartes, Yy 
e+ y3 = 8 axry. 
en _ sat ; 
Hint. Let y=te; then x= i-B 
ened poy Samat 
aor and cane oe x 


The limits for ¢ are 0 and 0. 


20. Find by integration the areas bounded by the 
following loci: 


(a) (y¥— x)? = 2%, y= 0. Ans. 5. 
(b) @-y =H, 2=0. _ 
(c) a’y = x(x? — a?), y= 0. aah 
(d) ele y*) = ler 0, fe 
(e) y= x1 — x”), y=0. +. 
(f) c=y?y—1),r=0. Ts: 
(g) y®=24(2x+1). Area of loop. rhe: 
(h) y® = 2?(22+1). Area of loop. BI 


Gi) y=ut4, y=22e2+4,y7=0. 
GQ) ys 2? +b, y= 00, S38: 
k)ys2c3 a= Ory a Joy 4. 
()22=y+9,y=0. 

(m) y7-4+2=0,7=0. 

(n) ey =2?-1,y=0,2=4,2=1. 
(0) tye ee 1, ee oe 

(p) x= 10%, y= 3, y=2. 


147. Geometrical representation of an integral. In the preceding 
articles the definite integral appeared as an area. This does not 
necessarily mean that every definite integral is an area, for the 
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physical interpretation of the result depends on the nature of the 
quantities represented by the abscissa and the ordinate. Thus, if x 
and y are considered as simply the coérdinates of a point, then the 
integral in (B), Art. 145, is indeed an area. But suppose the ordinate 
represents the speed of a moving point, and the corresponding ab- 
scissa the time at which the point has that speed; then the graph 
is the speed curve of the motion, and the area under it and between 
any two ordinates will represent the distance passed through in the 
corresponding interval of time. That is, the nwmber which denotes 
the area equals the number which denotes the distance (or value of 
the integral). Similarly, a definite integral standing for volume, sur- 
face, mass, force, etc. may be represented geometrically by an area. 

148. Approximate integration. Trapezoidal rule. We now prove two 
rules for evaluating 


b 
(1) if fla)der, 


approximately. These rules are useful when the integration in (1) is 
difficult, or impossible in terms of elementary functions. 

The exact numerical value of (1) is the measure of the area bounded 
by the curve 


(2) y=f(«), 
the «x-axis, and the ordinates 
0, 2028 Dhis area may be 
evaluated approximately by add- 
ing together trapezoids, as follows. 

Divide the segment b — a on 
OX into n equal parts, each of 
length Az. Let the successive 
abscissas of the points of division 
be xo (= a), 21, 22, - - *, (= b). At these points erect the correspond- 
ing ordinates of the curve (2). Let these be 


Yo = f(xo), Y1 (C1), Y2 = f (xe), O06 ED = f(@n). 

Join the extremities of consecutive ordinates by straight lines 
(chords) forming trapezoids. Then, the area of a trapezoid being 
one half the product of the sum of the parallel sides multiplied by 
the altitude, we get 

2(Yo + y;)Az = area of first trapezoid, 
2 L(y; ty (os = area of second trapezoid, 


5 Ce 1 sa unde = = area of nth Gapenid: 
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Adding, we get the trapezoidal rule, 

(T) Area = (yo tyr tyet++++tYyn—1+ 3 yn)Ax. 

It is clear that the greater the number of intervals (that is, the 
smaller Ax is), the closer will the sum of the areas of the trapezoids 
approach the area under the curve. 


12 
ILLUSTRATIVE EIXAMPLE 1. Calculate {f x? dx by the trapezoidal rule, dividing 
x = 1 to x = 12 into eleven intervals. 


Solution. Here pea i =1=Az. The area in question is under the 
curve y =x. Substituting the abscissas x = 1, 2, 3, ---, 12 in this equation, we 
get the ordinates y = 1, 4, 9,---, 144. Hence, from (7), 


Area = (1+4+9 +16 +25 +36 +49 + 64 +81 + 100 + 121 + 3-144) -1=5773. 


12 3712 2 
By integration if Cd 5 = 575%. Hence, in this example, the trape- 
1 1 


zoidal rule is in error by less than one 
third of 1 per cent. 


ILLUSTRATIVE EXAMPLE 2. Find 
the approximate value of 


Cy yaaa tee 
= 3 
=f V4 + x3 dx 


by (7), taking n = 4. 
Solution. Let 


x y 
Y = AT ee 0 2.000 = yo 
0.5 2.081 = 


Now Azv=0.5. fe 
Make a table of val- ates rob 
1.5 2.716 =ys 

ues of x and y a 9 93464 —, 
shown. Applying (7), ames 


I= (1.000 + 2.031 + 2.236 + 2.716 
+ 1.732) x 0.5 = 4.858. Ans. 


If we take n = 10, we obtain J = 4.826, 
a closer approximation. 


PROBLEMS 


1. Compute the approximate values of the following integrals by the 


trapezoidal rule, using the values of n indicated. Check your results by 
performing the integrations. 


10 dx 

(a) f rah iO, (c) {°V100 — edz; i=8 
4 ete a a : 
¢ 4 . — 7 

(b) f 2V16 — 22dz; n=8. (a) f, V9 + x2dx: n=6. 
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De Compute the approximate values of the following integrals by the 
trapezoidal rule, using the values of n indicated: 


(a) f" V10 + 22dz; n=3. Ans. 16.48. 
(b) >n=4, 

—— = mee 1.791. 
© V10 — xdz; n=4. 5.502. 
(a) f°V125 —adz; n=5. 45.25. 
@ fry 2? — 16 dr; n=3. 17.08. 
(f) [OV 25 + 0.01 xidx; n=5. 65.28. 

4 dx 
(g) { -xV100 — x3dz; n= 4. hg ae 
lf I Fas V1 + 23’ 
i ee aida 
h) (°Va+ aide; n=5. "ES n=3. 


149. Simpson’s rule (parabolic rule). Instead of connecting the 
extremities of successive ordinates by chords and forming trapezoids, 
we can get a still closer approxi- 
mation to the area by joining Y 
them with ares of parabolas and 
summing up the areas under these 
ares. A parabola with a vertical 
axis may be passed through any 
three points on a curve, and a 
series of such arcs will fit the curve 
more closely than the broken line 
of chords. We now divide the O| M, M, M, M,; iM an 
interval from x=a=OM, to 
2 = b= OM, into an even number (= 7) of parts, each equal to Az. 
Through each successive set of three points Po, Pi, Pe; Ps, Ps, Ps; 
etc., are drawn arcs of parabolas with vertical axes. From the figure, 


Area of parabolic strip MoPoP1P2M2 
= area of trapezoid MoPoP2M2-+ area of parabolic segment PoP Po. 


But Area of the trapezoid MoPoP2M2 = 3(yo+ y2)2 Ax 
= (yo + y2)Az, 


and 
Area of the parabolic segment PoP: P2 
= two thirds of the circumscribing parallelogram Po Po’ P2’P2 
= 2[y1 — E(yo + yo) 12 Ax = 3 (2 y1 — Yo— yo) Ae. 
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Hence Area of first parabolic strip MoPoPiP2M2 
core + y2)Ax + 3 (2 y1 — Yo — y2)Ax 


F Wo +4y1+ on 
Similarly, sae (double) strip = = 3 (U2 +4y3+ ys), 


Third (double) strip = =: = (vs +4y5+ Ye), 


Last (double) strip = 2 (Yn—-2 +4 Yn—-1 + Yn)- 
Adding, we get Simpson’s rule ( being even), 
(S) Area=—* (y+ 4yi+2yo+4yo+ 2st +++ Yn). 


As in the case of the trapezoidal rule, the greater the number of 
parts into which MoM, is divided, the closer will the result be to the 
area under the curve. 


10 , z 
ILLUSTRATIVE EXAMPLE 1. Calculate J x'dx by Simpson’s rule, taking ten 


intervals. 

b—a_10-—0 
peeel0 ; 

curve y = x3. Substituting the abscissas x = 0, 1, 2,---, 10 in y=, we get the 

ordinates y = 0, 1, 8, 27,---, 1000. Hence, from (S), 


Area = 3(0+4+16 +108 + 128 + 500 +432 + 1372 + 1024 + 2916 + 1000) = 2500. 
0 
By integration, ip 10,3 Ch ial = 2500, so that in this example Simpson’s rule 
0 0 


=1=Avz. The area in question is under the 


Solution. Here 


happens to give an exact result. 


ILLUSTRATIVE EXAMPLE 2. Find the approximate value of 


T={ Vi+x de 
0 


by (S), taking n = 4. 
Solution. The table of values is given in Illustrative Example 2 of the preced- 
ing article. Hence 


I = (2.000 + 8.124 + 4.472 + 10.864 + 3.464) x 22 = 4.821. 


Compare this result with that given by (7) when n = 10, namely 4.826. 
In this case formula (S) gives a better approximation than (7) when n = 4. 
PROBLEMS 


1. Compute the approximate values of the following integrals by 
Simpson’s rule, using the values of n indicated. Check your results by 
performing the integrations. 


@) ( =s Bey Ay (©) [- V100 = de vt 


(b) ee ayes @) fOVI6-F xP de; n=. 
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2. Compute the approximate values of the following integrals by 


achat rule, using the values of n indicated 
La) f VIO + ade; n=4, Ans. 9.84. 
) f “V100 — a8 de; n=4 36.39. 
(c) {-V9+ a tes (pene 6.89. 
(@ f° VP =76 de: n= 6. 18.10. 
(@) [ V8+ ax; V4 (g) [Va 2a de; p= 4. 
COLL ud 


5 3 dx 
> n=A4, = 
cn) f V100 — x3’ 


Ween ts 


3. Calculate the approximate values of the following integrals by both 
If the indefinite integral can be 


the trapezoidal and Simpson’s rules 
found, calculate also the exact value of the integral 


6 ——|; remem Pes 
(a) [ VB6 — adr; n= 4. ()f Ve — dade; n=8. 


6 — F x 


Ee ae & 
of 36 — 22’ Wes (h) feb log a dz; fit, = ah, 
5 §6dx ia 10 dé 
ge ee: Sell Cae eee 
@) f V36 — x? af? V4 — sin? 70’ Peet 
S515 dae 2 
a 1G: : De aes 
)f Vinee as, a4 + cos? 2 740; n=4 


150. Interchange of limits. Since 
b 
f o@ae =I) fa, 


and i] “(ade = f(a) —f0) = 


we have if GtES ~ if NCS 


Theorem. Interchanging the limits 1s equivalent to changing the sign 


—[f@) —f@], 


of the definite integral. 
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151. Decomposition of the interval of integration of the definite 
integral. Since 


[ode = fa) = f(a): (a<m<D) 


b 
and [ s@ae = f0) — Je), 
we get, by addition, 


ry b 
f p(or)de + J g(a)de = f(b) — f(a). 


But {i pte\dre folio 


therefore, by comparing the last two expressions, we obtain 


© Hl “$()ax = [ -e@ax+ if “$(ade. 


Interpreting this theorem geometrically, as in Art. 142, we see 
that the integral on the left-hand side 
represents the whole area CEFD, the 
first integral on the right-hand side the 
area CMPD, and the second integral on 
the right-hand side the area MEFP. The 
truth of the theorem is therefore obvious. 

Evidently the definite integral may be 
decomposed into any number of separate definite integrals in this way. 

152. The definite integral a function of its limits 


b 
en i b(a)de = f(b) — f(a) 


we see that the definite integral is a function of its limits. Thus 


b b 
f o(z)dz has precisely the same value as ff o(x)dx. 


Theorem. A definite integral is a function of its limits. 


1538. Infinite limits. So far the limits of the integral have been 
assumed as finite. Even in elementary work, however, it is some- 
times desirable to remove this restriction and to consider integrals 
with infinite limits. This is possible in certain cases by making use 
of the following definitions. 
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When the upper limit is infinite, 
ede = Tim, [pte 
and when the lower limit is infinite, 
[ o@de = tim [oeas, 


provided the limits exist. 


ILLUSTRATIVE EXAMPLE 1. Find 1} te = 

; © da s b dx : 1]> F 1 
Solution. —~= lim —~— lim Is r = | is = 

it Ce pathos nee ky oie zl1 si erate aes 1. Ans. 
ILLUSTRATIVE EXAMPLE 2. Find vi Poe Or OL 
0 v2? +4 a? 

: aisCORNO ICS CCT = by Siatda |. x x 1b 

Solution. J, eae i ale, ae [4 a? are tan salt 
= lhe |4 a? are tan za =4q2-2=2 7a. Ans. 
bo+o0 2a ai 

Let us interpret this result geometri- y 


cally. The graph of our function is the 
witch, the locus of 

8 ak } 
x? +4 a? 
b8 akdx 
u?+4 a? 


Y= 


Area OPQb = if 


=4a? arctan 20% 
2a 


Now as the ordinate 6Q moves indefinitely to the right, the area OPQb ap- 
proaches a finite limit 2 7a?. In such cases we call the result the area bounded by the 
curve, the ordinate OP, and OX, although, strictly speaking, this area is not com- 
pletely bounded. 


+00 a 
ILLUSTRATIVE EXAMPLE 3. Find if 


Solution. {f VM ED = lim ab = lim (log bd). 
1 GT bot+ovd1 & b>+0 

The limit of log 6 as b increases without limit does not exist; hence the integral 
has in this case no meaning. 

154. When y= ¢(x) is discontinuous. Let us now consider cases 
when the function to be integrated is discontinuous for isolated 
values of the variable lying within the limits of integration. 

Consider first the case where the function to be integrated is con- 
tinuous for all values of x between the limits a and b except x = a. 

If a < b and e€ is positive, we use the defimtion 


b 
(1) [ ‘oar = him AB Ode. 
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Likewise, when $(x) is continuous ed at x = b, we define 
(2) if o(c)dx = lim “o(a)de, 


provided the limits exist. 


ILLUSTRATIVE EXAMPLE 1. Find JS lee 
0 Va? — x2 
Solution. Here aes becomes infinite for x =a. Therefore, by (2), 
a2 ss v2 
a faa ee a—e dx 5 . xwla-e 
= lim ————. = lim | are sin A 
rman ns. WE e rn a}o 


= lim [are sin (1 — «) | =arcesin 1 = me Ans: 
a 2 


«> 0 
1 dx 
ILLUSTRATIVE EXAMPLE 2. Find Ah ee 


Solution. Here 2 becomes infinite for x = 0. Therefore, by (1), 
rae = tim *& = lim (2-1). 
Ques 6 7" es 0 \E 
In this case there is no limit, and ehaeefors the integral does not exist. 
If c lies between a and 6, and ¢(x) is continuous except at x= ¢, 
then, e and e’ being positive numbers, the integral between a and 6 
is defined by 


b ce b 
i o(v)de = lim if ode +tim [  o(a)dx, 
a oo, a > ct+e’ 


provided each separate limit exists. 
ILLUSTRATIVE EXAMPLE 3. Find Hi Se 2xdx 
0 (x2 — a2) 


Solution. Here the function to be integrated becomes discontinuous for x = a, 
that is, for a value of x between the limits of integration 0 and 3 a. Hence the above 
definition (8) must be employed. Thus 

3 A —e . 3 
eee 2 eae tim a 2 x dx +lim f°" rat ae 
0 (42—a2)3 «70Y0 (42-2) + 0Vate’ (42 — g2)3 
= lim [se = ayes +. Tim [se os aye] 
e> 0 0 «> 0 a+e’ 


=lim [3 V(a— 6)? —a? +32] +lim[3V8 a2? -3V(a+e)2— a?] 
Paid e’> 0 


=3a?+6at=9ai. Ans. 
To interpret this geometrically, let us 
plot the graph, that is, the locus, of 
Ae 
(a? — a2)3 
and note that « = a is an asymptote. 
Area OPE =(" “228 — 
0 (a? = a2) 
=38V(a— 6)? —a? +3’, 


y= 
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Now as PE moves to the right toward the asymptote, that is, as « approaches 
zero, the area OPE approaches 3 a? asalimit. Asin Illustrative Hxample 2, Art. 153, 
3 a? is called the area bounded by OP, the asymptote, and OX. Similarly, 

Area E’QRG =f) me Be = 31/8 a2 = 3V(a + €')? — a? 
ae (ez — a?)s 
approaches 6 a? asa limit as QE’ moves to the left toward the asymptote, that is, as e’ 
approaches zero. Hence 6 a3 is called the area between QR, the asymptote, the 


ordinate x =3 a, and OX. Adding these results, we get 9 a3, which is then called 
the area to the right of OY between the curve, the ordinate x = 3 a, and OX. 


ILLUSTRATIVE EXAMPLE 4. Find tf 2 COL aes) 
0 (@-—a)? 

Solution. This function also becomes infinite between the limits of integration. 

Hence, by (3), 


2a dx GG (Whe ° 2a dx K 
———. = lim ———- + lim a. 
iy (x — a)? = lim (x — a)? dime eae 14 y 
= lim ic : Ls lim = aos f ; 
e>0 x — ajo > 0 Wi Cael 
= lim (¢ =) lim [sea 
«> 0\E a «3 0 a é 

In this case the limits do not exist and the inte- 
gral has no meaning. 

If we plot the graph of this function and note the 
limits, the condition of things appears very much the 
same as in the last example. It turns out, however, that the shaded portion cannot 
properly be spoken of as an area, and the integral sign has no meaning in this case. 

That it is important to note whether or not the given function becomes infinite 


within the limits of integration will appear at once if we apply our integration 
formula without any investigation. Thus 


ZOE OL en ee | ieee lan] 2 Ce 
af =i seek = a 


a result which is absurd in view of the above discussion. 


PROBLEMS 
Verify each of the following integrations: 
TOON (LD Th Fol Sage Le 
1. f SE J e- das 
7. uy Ce co v2. 
1 a¢V2e27-1 4 1 (1b x)? 
+odx _1 9. (° etdxe =e. 
3. wo 2 J. ie 
oped een eT, 10. (°°, + =T. 
4. [ a2 + b222 2ab- (OS erecereap ts 
tom odr 1 
pf Bae. 11. f G+222 4 
ibs 10 fs wide _ (8V2—4)a, 
6. f. ve dx = 4, > 0 (a2 + 22)2 Zi 


CHAPTER XV 
INTEGRATION A PROCESS OF SUMMATION 


155. Introduction. Thus far we have defined integration as the 
inverse of differentiation. In a great many of the applications of the 
integral calculus, however, it is preferable to define integration as 
a process of summation. In fact, the integral calculus was invented 
in the attempt to calculate the area bounded by curves, by supposing 
the given area to be divided into an ‘infinite number of infinitesimal 
parts called elements, the sum of all these elements being the area 
required.”’ Historically, the integral sign is merely the long S, used 
by early writers to indicate “sum.” 

This new definition, as amplified in the next article, is of fun- 
damental importance, and it is essential that the student should 
thoroughly understand what is meant in order to be able to apply 
the integral calculus to practical problems. 

156. The Fundamental Theorem of integral calculus. If d(x) is the 
derivative of f(x), then it has been shown in Art. 142 that the value 


of the definite integral a 


(1) i (a) dx = f(b) — f(a) 


gives the area bounded by the curve 
y = $(x), the x-axis, and the ordinates 
erected at x =a and x =D. Wy 
Now let us make the following Cf¢= , nS 
construction in connection with this 
area. Divide the interval from x=a to x=b into any number 
m of equal subintervals, erect ordinates at these points of divi- 
sion, and complete rectangles by drawing horizontal lines through 
the extremities of the ordinates, as in the figure. It is clear that 
the sum of the areas of these n rectangles (the shaded area) is an 
approximate value for the area in question. It is further evident 
that the limit of the sum of the areas of these rectangles when 
their number n is indefinitely increased will equal the area under 
the curve. 


254 
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Let us now carry through the following more general construction. 
Divide the interval into » subintervals, not necessarily equal, and 
erect ordinates at the points of division. Choose a point within each 
subdivision 7n any manner, erect ordi- 
nates at these points, and through their 
extremities draw horizontal lines to form 


\Y 


Y 


NV, 


YI 

J) > 
rectangles, as in the figure. Then, as << 
before, the sum of the areas of these > 
m rectangles (the shaded area) equals 7D 
approximately the area under the curve; VV 


and the limit of this sum as n increases OF: 
without limit, and each subinterval ap- 
proaches zero as a limit, is precisely the area under the curve. These 
considerations show that the definite integral (1) may be regarded 
as the limit of a sum. Let us now formulate this result. 


(a) Denote the lengths of the successive subintervals by 


NT ACoA a eee NG, 
(b) Denote the abscissas of the points chosen in the subintervals 
by x v ay Sod ny 1% 
ly 2) 3y ) ne 


Then the ordinates of the curve at 
these points are 


(x1), (x2), (xs), ee (Xn). 


(c) The areas of the successive rec- 
tangles are obviously 


h(ai)Ati, (t2)Are, b(a3)Ars, +++, b(tn)A%n. 
(d) The area under the curve is therefore equal to 
lim [6 (a1) Axi + (x2) Are + (a3) Arg ++ +++ (an) At]. 


O 


b 
But from (1) the area under the curve = fi o(x)dx. 
Therefore our discussion gives g 


“a f "b@)dx = lim [p(n An + $Ga)Am+ +++ 6G) Aa. 


This equation has been derived by making use of the notion of area. 
Intuition has aided us in establishing the result. Let us now regard 
(A) simply as a theorem in analysis, which may then be stated as 


follows: 
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FUNDAMENTAL THEOREM OF THE INTEGRAL CALCULUS 


Let o(x) be continuous for the interval x =a tox=b. Let this in- 


terval be divided into n subintervals whose lengths are Ax, Axe, -:-, 
Az,, and points be chosen, one in each subinterval, their abscissas being 
21, 2, °° *, tn respectively. Consider the sum 


(2) p(ar1)Ax + p(x2)Are + ---+ b(%n)ALn => OG are 
jut 


Then the limiting value of this sum when n increases without limit, 
and each subinterval approaches zero as a limit, equals the value of the 


definite integral : 
if o(x)dz. 


Equation (A) may be abbreviated as follows: 


b 

(3) [ ¢@)de = lim Soar. 

The importance of this theorem results from the fact that we are 
able to calculate by integration a magnitude which is the limit of a sum 
of the form (2). 

It may be remarked that each term in the sum (2) is a differen- 
tial expression, since the lengths Az;, Azo, -- -, Av, approach zero as 
a limit. Each term is also called an element of the magnitude to be 
calculated. 

The following rule will be of service in applying this theorem to 
practical problems: 


FUNDAMENTAL THEOREM. RULE 


First STEP. Divide the required magnitude into similar parts such 
that it rs clear that the desired result will be found by taking the limit of 
a sum of such parts. 

SECOND STEP. Find expressions for the magnitudes of these parts 
such that their sum will be of the form (2). 

THIRD STEP. Having chosen the proper limits x =a and x = b, we 
apply the Fundamental Theorem 


lim Ys(e)An; = [ daar 


NO; =] 


and integrate. 
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157. Analytical proof of the Fundamental Theorem. As in the last ar- 
ticle, divide the interval from «=a to x =b into any number n of sub- 
intervals, not necessarily equal, and denote 
the abscissas of these points of division by | 
bi, be, +++, b,-1, and the lengths of the 
subintervals by Ax, Az2,+--, Az,. Now, 
however, we let x1, x’2, -+ +, x’, denote ab- 
scissas, one in each interval, determined by 
the Theorem of Mean Value (Art. 116), erect 
ordinates at these points, and through their 
extremities draw horizontal lines to form 2 
rectangles, as in the figure. Note that here 
(x) takes the place of f’(x). Applying (B), Art. 116 to the first interval 
(a=a, b= bi, and x’; lies between a and b;), we have 

TOE TG) py 
ae ee o(x'1), 
or, since b, —a= Ax, 
f(b1) — f(a) = b(@1) Ax. 

Also, f(b2) — f(b1) = $(x’2) Axe, for the second interval, 

f(b3) — f(b2) = $(x’3)Axs, for the third interval, 


f(b) — f(bn—1) = 6(x'n) Ap, for the nth interval. 

Adding these, we get 

(1) f(b) — F(a) = G(@'1) Aa + P(x'2) Are +++ ++ P(2'n)Adp. 

But ¢(x’:) - Ax; = area of the first rectangle, 

(x'2) + Axe = area of the second rectangle, etc. 

Hence the sum on the right-hand side of (1) equals the sum of the 
areas of the rectangles. But from (1), Art. 156, the left-hand side of (1) 
equals the area between the curve y = ¢(x), the x-axis, and the ordinates 
at x=aandx=b. Then the sum 

(2) d(x’) Ax; 

=1 


a 


equals this area. And while the corresponding sum 


n 
x) Az; where 2; is any abscissa of 
o » ee the subinterval Az;) 

(formed as in last article) does not also give the area, nevertheless we 
may show that the two sums (2) and (3) approach equality when m in- 
creases without limit and each subinterval approaches zero as a limit. 
For the difference $(x’;) — #(x;) does not exceed in numerical value the 
difference of the greatest and smallest ordinates in Ax;. And, furthermore, 
it is always possible* to make all these differences less in numerical 


* That such is the case is shown in advanced works on the calculus. 
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value than any assignable positive number e€, however small, by continu- 
ing the process of subdivision far enough, that is, by choosing sufficiently 
large. Hence for such a choice of n the difference of the sums (2) and (3) 
is less in numerical value than e(b — a), that is, less than any assignable 
positive quantity, however small. Accordingly, as n increases without 
limit, the sums (2) and (3) approach equality, and since (2) is always 
equal to the area, the fundamental result follows that 


b n 
o(x)dx = lim S$‘ o(x,) Axi, 
if pe, 


in which the interval [a, b] is subdivided in any manner whatever and 2; 
is any abscissa in the corresponding subinterval. 


158. Areas of plane curves; rectangular codrdinates. As already 
explained, the area between a curve, the x-axis, and the ordinates 
x=aand x = bis given by the formula 


b 
(B) Area = i y dx, 


the value of y in terms of x being substi- 
tuted from the equation of the curve. 

Equation (B) is readily memorized by 
observing that the element of the area is 
a rectangle (as CR) of base dx and altitude y. The required area 
ABQP is the limit of the sum of all such rectangles (strips) between 
the ordinates AP and BQ. 

Let us now apply the Fundamental 
Theorem (Art. 156) to the calculation of 
the area bounded by the curve x = ¢(y) 
(AB in figure), the y-axis, and the hori- 
zontal lines y = c and y = d. 

First STEP. Construct the n rectan- 
gles as in the figure. The required area 
is clearly the limit of the sum of the 
areas of these rectangles as their number 
increases without limit and the altitude of each one approaches 
zero as a limit. 

SECOND STEP. Denote the altitudes by Ay:, Ays, ete. Take a 
point in each interval at the upper extremity and denote their 
ordinates by yi, yz, etc. Then the bases are $(y1), d(y2), ete., and 
the sum of the areas of the rectangles is 


b(n) Avr + (ye) Aye +--+ bYn) Ata => d(y)AY. 


i=1 
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THIRD STEP. Applying the Fundamental Theorem gives 


n d 
lim Do)Ay=f eudy. 
NIH Fa] c 
Hence the area between a curve, the y-axis, and the horizontal 
lines y = c and y = dis given by the formula 


d 
(C) Area =f x dy, 


the value of x in terms of y being substi- 
tuted from the equation of the curve. 
Formula (C) is remembered as indicating 
the limit of the sum of all horizontal strips 
(rectangles) within the required area, x and dy being, respectively, 
the base and altitude of any strip. The element of the area is one 
of these rectangles. 

Meaning of the negative sign before an area. In formula (B), a is 
less than 6. Since we now interpret the right-hand member as the 
limit of the sum of n terms resulting from y; Az; by letting 7 = 1, 2, 3, 
---+, n, then, if y is negative, each term of this sum will be negative, 
and (B) will give the area with a negative sign prefixed. This means 
that the area lies below the z-axis. 


ILLUSTRATIVE EXAMPLE 1. Find the area of 
one arch of the sine curve y=sinz. 


Solution. Placing y = 0 and solving for x, we 
find 


2? =O), am Bar CHO 
Substituting in (B), 


b 7 
Area OAB =f y dx =f, Sin oti—i. 
a 


b Dita 
Also, Area BCD =f y dx =i sin «dx = — 2. 
a Tv 


ILLUSTRATIVE EXAMPLE 2. Find the area bounded 
by the semicubical parabola ay? = x, the y-axis, and 
the lines y=a and y=2a. 


Solution. By (C) above, and the figure, the ele- 
ment of area = xdy = asy? dy, substituting the value 
of x from the equation of the curve MN. Hence 


2 
Area BMNC = ip “asys dy 
a 


= $ a?(¥/32 — 1)= 1.304 a. Ans. 
Note that a? = area OLMB. 


we 
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ILLUSTRATIVE EXAMPLE 3. Find the area included between the parabola x? =4 ay 
and the witch eit 
Y= 724402 
Solution. To determine the limits of inte- 
gration we solve the equations simultaneously 
to find where the curves intersect. The coér- 
dinates of A are found to be (— 2 a, a), and of 
Ca, a). 
It is seen from the figure that 
Area AOCB = area DECBA — area DECOA. 


But Area DECBA = 2 x area OECB = A eee 


3 


= 20m 


and Area DECOA = 2 x area OHC = ae x Oh 


Hence Area AOCB = 2 1ra? — = ny a(x ~ =). Ans. 


Another method is to consider the strip PS as an element of the area. If 7’ is 
the ordinate corresponding to the witch, and y’’ to the parabola, the differential 
expression for the area of the strip PS equals (y’ — y’’)dx. Substituting the values 
of y’ and y” in terms of x from the given equations, we get 


Aten AOCE = a oceres OCR? i) oe vie 


= sed FcR M eo Fy Pee 
=2 esas ial ei 5) 


ILLUSTRATIVE EXAMPLE 4. Find the area of the ellipse = om v= =il., 


Solution. To find the area of the quadrant OAB, the limits arex =0, x =a; and 
= - Va? — x?. zi 
Hence, substituting in (B), Art. 158, 


Area OAB = 2 a "(2 — 22) be 


= 
=| 34 rere Bae wae al Vax x 


4 


Therefore the entire area of the ellipse 
equals mab. 


PROBLEMS 
1. Find the area bounded by the hyperbola xy = 24, the y-axis, and 
the lines y = 4 and y = 8. Ans. 16.632. 
2. Find the area bounded by y = x3, y = 8, and the y-axis. Ans. 12. 
3. Find the entire area of the curve y2 = 9 x? — xt. Ans. 36. 
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4. Find the area included between the two parabolas y? = 2 px and 


CDI s 2 
PY Ans. oe. 

5. Find the area included between the two parabolas y? = ax and 
621s ab 
Ans. aa 


6. Find the areas bounded by the following curves. In-each case 
draw the figure, showing the element of area. 
£= (2) 4 yi — 2, Ans. 
((s) 4) p= a ae = AQ ee 0), 
OQ) =e 28 = Pars Sy, 
(d) y=44,e=1242y — y?. 
()y=9—-—2?, y=2+7. 
Qyt=a+ 1 2y =2+ 1. 
(g) y2#=4—27,4y=4-2. 
2th) Ve + Vy =1,2+y=1. 
QyH=24— 72 47 =22—3. 
Ny=e —2e—3,y=be—a2 3, (kly=7— 7, y =2.— 27. 


\~ eRe CO 
som? Nile 

*  enko wb = 
jn * 


S col do|H ~7] 


ot ell eee 
colo * 


7. Find the area bounded by y= 2?, y=2, andy=22x. Ans. 1%. 

8. Find the entire area of the curve x? + y* = a’. Ans. 2 3a?. 

9. Find an expression for the area bounded by the equilateral hyper- 

bola x? — y2 = a”, the x-axis, and a line drawn from the ma to any 
point (x, y) on the curve. Fe “ Oie je + u). 

10. A square is formed by the codrdinate axes and parallel lines 

through the point (1, 1). Calculate the ratio of the larger to the smaller 

of the two areas into which it is divided by-each of the following eurves : 


(a) YS x2, ANS ace 

(b) y= 23. 3. 

(C) =a". 4. 

(ON nya 5 

(e) 2? +y?=1. rene 

(yee ye = 1. 8.4 +. 

(g) c+ y? =1. e; 

‘ : 382-38 

(h) x? + y? = 1. racers 

(i) ceytyt+x—-1=0. 1.84. 
,_G) y= e7*. i Gale 

2 
(k) y = sin 5° 7-2 
Tr, mw —2log2_ 
(1) y = tan 2 log 2 


(m) z*+y*=1. (n) a+ y?=1. 
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11. For the following curves calculate the area in the first quadrant 
lying under the are which extends from the y-axis to the first intercept 
on the «w-axis: 

(a) y2+y=2—2. Ans. 
(b) y= a? — 8 a? + 1D a. 

(ec) r= (2—y)(y+1)?. 

(d) y= (1 —2)*. 


Qh C> Re al-7 
ae ROAR 
Ico 


(e) y =e cos 3 x. 37 (e6 — 1). 


_2 
GY) PPS WEA tet 
12. Calculate the area bounded by the x-axis, each of the following 
curves, and the given ordinates: 


(a) y=sin22; r=, 0=28. Ansomee 

Schapiee ges i. _37 ils 
(b) yan eee a? 5 5 
(ec) y=sin?x + sin x; r=Sin=2t 4, 
(a) y=2sinrtsin22; 2=-2,r=2F. 8. 


159. Areas of plane curves; polar codrdinates. Let it be required 
to find the area bounded by a curve and two of its radii vectores. 
Assume the equation of the curve 


to be p=f(0), 


and let OP; and OD be the two radii. 
Denote by a and £ the angles which the 
radii make with the polar axis. Apply 
the Fundamental Theorem, Art. 156. 

First Step. The required area is 
clearly the limit of the sum of circular 
sectors constructed as in the figure. 

SECOND STEP. Let the central angles of the successive sectors be 
A6,, Ado, ete., and their radii p;, p2, ete. Then the sum of the areas 
of the sectors is : 

4 pi Abe 2 p2® Ada + +++ + 2 Pr? AG, =Ni. p* AG;. 
t=1 

For the area of a circular sector = 4 radius x are. Hence the area of 
the first sector = 4 p1- p: AO; = 4 pi? AM, ete. 

THIRD STEP. Applying the Fundamental Theorem, 


n B 
lim >) 3 p2 A0; =[ + 92 dd. 


WA fend 
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Hence the area swept over by the radius vector of the curve in mov- 
ing from the position OP, to the position OD is given by the formula 


(D) Area = rf ne dé, 


the value of p in terms of 6 being substituted from the equation of 
the curve. 

The element of area for (D) is a circular sector with radius p and 
central angle d@. Hence its area is 4 p? dé. 


ILLUSTRATIVE EXAMPLE. Find the entire area of the lemniscate p? = a? cos 2 0. 


Solution. Since the figure is symmetrical 
with respect to both OX and OY, the whole 
area = 4 times the area of OAB. 


Since p=0 when §= Te we see that if 0 


varies from 0 to me the radius vector OP sweeps 


over the areaOAB. Hence, substituting in (D), 
Entire area = 4 x areaOAB=4- L f'02a6 =) a? { cos 2 0d0 =a?; 
Ph de 0 


that is, the area of both loops equals the area of a square constructed on OA as 
one side. 


PROBLEMS 
2 
1. Find the area of the circle p= asin 0. Ans. oe 
2 
2. Find the entire area of the curve p =a cos 2 0. Ans. ae 
3. Calculate the area inclosed by each of the following curves: 
(a) p?=4sin20. Ans. 4. (ihe atin 9-3. ne ar. 
2b) p=sin8 6. a : 
. . T 
37 Gp = sin 3.0 +2. on 
(c) p=1+ cos 0. zy Gee gee cos 3t0 
: Loon (k) p=2+42sin 0. 
=3-sin 0. —_=—: 
Oe 2 (1) p=acos 6+ bsin 0. 
ts 9 9, Y 
(e) p= 2 — cos 0. 9 (m) p = 2 cos? 5- 
(Dp = sine 2 = (n) p=acos né. 
2 4 
1 ee (0) p = cos 3 0 — cos 0. 
L (g) p=5 + cos 2 0. 7 (p) p = cos 3 6 — 2 cos . 


4, Find the area swept over in one revolution by the radius vector of 
the spiral of Archimedes, p = a0, starting with §6=0. How much addi- 
tional area is swept over in the second revolution ? f Aa? 

ns. F 
3 , 


8 73a?. 
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5. Prove that the area generated by the radius vector of the spiral 
p = e® equals one fourth of the area of the square described on the radius 
vector. : 9 
6. Find the area of that part of the parabola p =a sec? 5 which is 
intercepted between the curve and the latus rectum. Pee: 8 a? 

iy 

7. Show that the area bounded by any two radii vectors of the hyper- 
bolic spiral p§ = a is proportional to the difference between the lengths 
of these radii. 


2h2 
8. Find the area of the ellipse p? = arb 


a? sin? 0 + b? cos?0- 
9. Find the entire area of the curve p = a(sin 2 0 + cos 2 6). 
Ans. 7a’. 


Ans. tab. 


10. Find the area of one loop of the curve p? cos 6 = a? sin 3 0. 


3G as 
Ans. re — 2 log 2. 


11. Find the area below OX within the curve p = a sin? g. 
2 
Ans. (10 7+ 278) a7" 


12. Find the area bounded by p? = a? sin 4 6. Ans. a’. 


13. Find the area bounded by the following curves and the given 
radii vectores : 


(a) p=tan0,0=0,0=7- (d) p=sec 6+ tan 0, 0=0, 9=T- 
She ee et) Oey hae 
(bp =e 9 (e) p sin 5 + COS 5 60 Eh 
0 T 2 
(c) p=a?sec?-»§=—,9=—- f) p=asin6+b 6,é0= — 2, 
5 3 3 (f) p=asin cos 0, 0 5 


14. Calculate the area which the curves in each of the following pairs 
have in common: 


(a) p? = cos 2 6, p? = sin? 6. Ans. Vee 
2Vv2 
L— (b) p=1, p=1+4 cos 0. 27 _ 2, 
(c) p=sin 0, p=1-—cos 8. bar WE 
(-1) 
(d) p=38 cos 0, p=1+ cos 0. 27 3. 
-(e) p=1, p? =2 cos 2 0. m+6~-38V3 
6 
(f) p = V6 cos 6, p?=9 cos 2 0. E T+9-3V3 
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(e) pe V2 sin 8, 6? = cos 26, m1 5N8, 


(h) p = V2 cos 6, p2 = V3 sin 2 0. 
(i) 3 p = V3 cos 8, p = cos 2 6. 
(j) 3 p= V6 sin 2 0, p? = cos 2 0. 


160. Volumes of solids of revolution. Let V denote the volume of 
the solid generated by revolving the plane surface ABCD about the 
x-axis, the equation of the plane 
curve DC being 


y =f(2). 

First STEP. Construct rectan- 
gles within the plane area ABCD 
as in the figure. When this area 
is revolved about the x-axis, each 
rectangle generates a cylinder of 
revolution. The required volume 
is clearly equal to the limit of 
the sum of the volumes of these 
cylinders. 

SECOND STEP. Denote the 
bases of the rectangles by Az, 
Ave, ete., and the corresponding altitudes by y1, yz, etc. Then the 
volume or the cylinder generated by the rectangle AEFD will be 
my i2 Ax;, and the sum of the volumes of all such cylinders is 


Cc 


my? Ary + mye? Ate +--+ + TYn? AXn > wy? Ax; 
(= 


THIRD STEP. Applying the Fundamental Theorem (using limits 
OA=aand OB=b), 


lim Ss ry? Ax; = =i TY OL. 
no t=1 


Hence the volume generated by revolving about the z-axis the 
area bounded by the curve, the z-axis, and the ordinates x = a and 
x = b is given by the formula 


b 
(E) Bee il Pde 


where the value of y in terms of x must be substituted from the 
equation of the given curve. 

This formula is easily remembered if we consider a thin slice or 
disk of the solid between two planes perpendicular to the axis of 


266 INTEGRAL CALCULUS 


revolution as an element of the volume, and regard it as, approxi- 
mately, a cylinder of altitude dz with a base of area my? and hence 


of volume zy? dz. 
Similarly, when OY is the axis of revolution, we use the formula 


d 
(F) Y= a x? dy, 
c 


where the value of x in terms of y must be substituted from the 
equation of the given curve. 
ILLUSTRATIVE EXAMPLE 1. Find the volume generated by revolving the ellipse 


v2 y? ° 
= cb De 1 about the x-axis. 


2 
Solution. Since y? = = (a2 — x), and the 


required volume is twice the volume gen- 
erated by OAB, we get, substituting in (£), 


Ve Spa fey Diet eg 
=a f “pda =x fi 2 4 x?)dx 


2 
_ 2 mab? 
SA 
i _ 4 mab? 
Ve = , 
To verify this result, let b = a. Then V, = - a , the volume of a sphere, which 


is only a special case of the ellipsoid. When the ellipse is revolved about its major 
axis, the solid generated is called a prolate spheroid; when about its minor axis, an 
oblate spheroid. 


ILLUSTRATIVE EXAMPLE 2. The area bounded by the semicubical parabola 
(1) ay? = x, 
the y-axis, and the line AB (y =a) is revolved about AB. 
Find the volume of the solid of revolution generated. 


Solution. In the figure, OPAB is the area revolved. 
Divide the segment AB into n equal parts each of 
length Ax. In the figure, NM is one of these parts. The 
rectangle NMPQ when revolved about AB generates a 
cylinder of revolution, whose volume is an element of 
the required volume. Hence 


Element of volume = mr?h = r(a — y)?2 Az, 
since r= PM=RM —RP=a-y 
and NVA 
Then, by the Fundamental Theorem, 


(2) Volume of solid = V = wf “(a —y)?dt=7 [r@ —2ay+y?)dx, 


for the limits are x = 0 and x = AB=a. Substituting for y its value given by (1), 
the answer is V = 0.45 wa. Ans. 

This should be compared with the volume of the cone of revolution with 
altitude AB (= a) and base of radius OB (= a). Volume of cone = 4 Tas. 


ie 
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If the equations of the curve CD in the figure on page 265 are given 
in parametric form c=f(), y= lt) 


then in (£) substitute y = ¢(t), dx = f’(t)dt, and change the limits 
to t, and fa, if 
t=t; whenx=a, t=t whenx=b. 


PROBLEMS 
1. Find the volume of the sphere generated by revolving the circle 
x? + y2 =r? about a diameter. Ans. $ mr. 


2. Find by integration the volume of the truncated cone generated by 
revolving the area bounded by y=6—2z, y=0, r= 0, x = 4 about OX. 
Verify geometrically. 

3. Find the volume of the paraboloid of revolution whose surface is 
generated by revolving about its axis the are of the parabola y? = 2 px 
between the origin and the point (a, y:). 


2 
Ans. 1px? = a oad ; that is, one half of the volume 


of the circumscribing cylinder. 


4. Find the volume of the figure generated by revolving the arc in 
Problem 3 about OY. 


Ans. ee that is, one fifth of the cylinder of 
altitude y; and radius of base 2. 


5. Find the volume generated by revolving about OX the areas bounded 
by the following loci. 


(a) y= 23, y=0, x= 1. Ave zr. 

Mey ae ny Oe 5 

(c) The parabola «? + y? = a?, x =0, y=0. —_ 

(d) The hypocycloid x? + y* = a’. 2 is 

(e) One arch of y = sin x. a 

(f) One arch of y =sin 2 x. a 
(g)y=x?—42,y=0. a 
(h) y=e*, y= 0, c= 0, r=. att 


(i) y2=9x,y=3 x. ae 
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256) 
(i) y= 26, y =0,2=1. Ans, @— AF. 
: 8 a3 
(k) The witch y = nr y = 0. : d wae, 


() y2(6— 27) = 27, y=0,2=0,7=4. 
(rm) yl +o) aie ayia Oe ee 
(nye — 2)* =A py = Oo wee 
(0) y#= (+2), y= 0,e=— 1 ca: 
6. Find the volume generated by revolving about OY the areas bounded 
by the following loci: 


(a) P=4y—Zy?,x=0. Ans. 7 
(b) 4y—y?+4z2=0,2c=0. “oe. 


(c) @ —y?+4=0,2=0, 2=2. GRE ee, 


(d) = yi —4y. 4 rr. 
@Q) 7Se5 2a yah VA ag 
4 ras 


6) GOP =a, Y= Up @ SS @- 
(g)y?=4—-—2,7=0. 
(h) P =1+y,y=0. 
(i) 4 22+ 9 y? = 36. 
7. The equation of the curve OA in the figure is y? = x. Find the 
volume generated when the area 
(a) OAB is revolved about OX. Ans. 64 7. 


;  (b) OAB is revolved about AB. Bee. Y 
L 5 Cc 


A 
(4,8) 


|. (ce) OAB is revolved about CA. MIEN 
b 5 
L (d) OAB is revolved about OY. — 
(e) OAC is revolved about OY. sets 
‘ 
(f) OAC is revolved about CA. ae. 
(g) OAC is revolved about AB. er, 
(h) OAC is revolved about OX. 192 a. 


8. Find the volume of the oblate spheroid generated by revolving 
the area bounded by the ellipse 2x2 + ay? = a2b? about the y-axis. 


Ans. $ 7a*b. 
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9. The plane surface of a spherical segment of one base is a circle of 
radius 8 in., and the greatest thickness of the segment is 4in. Find the 
volume by integration. Mare 416 7 


3 
10. A segment of one base of thickness h is cut from a sphere of radius r. 


Lb 2 ee 
Show by integration that its volume is we “ h), 


cu. in. 


11. Calculate the volume of the solid generated by revolving about 
each of the following lines the area which it cuts from the corresponding 
curve: 


(a) y=3; y=3842 4-22, Ans. me. 

(b) x=3; x=4y—y?. a. 

(c)e=38; y?-2y+x—-3=0. we 

(d) x=4; y?=23. ae. 
ee cd 1S 2 (57 — 80 log 2). 
ff) y=1; a+ y2=4. Ot eRe. 
(g)y=x; y= x. ee, 

(Dea Tey = 4 7 — 3, SUE 

(i) y=utT; y=9—2?. eae 
G)2y—2—-1=0; y=r+l. ae 

(k) ot y=; +yPHl Ea, 
Q)xrty=5; zy=4. ae. 


12. The smaller segment of the circle whose equation is x? + y? = 25 
cut off by the line whose equation is x = 3 is revolved about this line, 
generating a spindle-shaped solid. Find its volume. 


13. Find the volume generated by revolving one arch of the cycloid 


x =r are vers © — V2 ry — y? 
about OX, its base. 


awe) imits y = 0, y =2r, in (B), Art. 160. 
T. Substitute de = —_“—., and limits y = 0, y = 27, in (4), 
a V2ry—y? FA SO NTeo 
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5 x Ee 
14. Find the volume generated by revolving the catenary y = 5 (et+e 2) 
about the x-axis from x = 0 tox= 0. 2% # 
Te ee eo 
Ans. —o- (¢° —e a)4 oe 
15. Find the volume of the solid generated by revolving the cissoid 
3 


about its asymptote x = 2a. Ans. 2 7a. 


2— 
Y 2a-2 


td 
16. Given the slope of the tangent to the tractrix <4 = — ay find 
dx Vaz — y? 
the volume of the solid generated by revolving it about OX. 
Ans. 3 7a’. 


17. Show that the volume of a conical cap of height a cut from the 
solid generated by revolving the rectangular hyperbola x? — y? = a? about 
OX equals the volume of a sphere of radius a. 

18. Using the parametric equations of the hypocycloid 

1z = @ cos? 0, 
y = asin? 0, 
find the volume of the solid generated by revolving it about OX. 
ore 3 32 1a? 
105 
19. Find the volume generated by revolving one arch of the cycloid 
(x =a(@—sin 8), 
Ly = a(1 — cos 8) 
about its base OX. Ans. 5 7a, 

Show that if the arch be revolved about OY, the volume generated 

is 6 7a%. 


20. In the following problems the area between the curve whose par- 
ametric equations are given and the z-axis is to be revolved about the 
x-axis. Calculate the volume. 


(a)x=2-—t, y=t? —4. Ans. “2.. 
(bist + Lay SA = 4 et. 
(ce) c=, y=4t—283, me. 
(d) r= oy y=3t-&. 729 7 
35 


21. By revolving it about the axis indicated, find the volume generated 
by the finite area bounded by the following pairs of curves: 


(a) ry=4,2+y=5; y-axis. Ans. 9 7. 


(b) y2 = x3, y2=2—<2; y-axis. 34 7 
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(c) ye = 127 xX, 3} gp = al a) = ye: y-axis. Ans. a. 

(d) wy = Ac a2 Up 5; x-axis. 18 3. 
e)y=23,y? =x; y-axis. 37. 

( y y 7 


22. Given the curve x = t?, y=4t— #3. Find (a) the area of the loop 
and (b) the volume generated by the area inside the loop when revolved 


about the x-axis. Ans. (a) 258; (b) 61.28. 


23. Revolve the area bounded by the two parabolas y2= 42x and 
y” = 5 — x about each axis and calculate the respective volumes. 
AS mC Kern Lar ey = MOO at, 


3 
24. Revolve about the polar axis the part of the cardioid p = 4+ 4 cos 0 


between the lines 6 = 0 and 0 = D and compute the volume. 
cre 1824 7 


15 


161. Length of a curve. By the length of a straight line we com- 
monly mean the number of times we can superpose upon it another 
straight line employed as a unit of length, 
as when the carpenter measures the length D 
of a board by making end-to-end applica- 
tions of his foot rule. o) B 

Since it is impossible to make a straight 
line coincide with an arc of a curve, we 
cannot measure curves in the same manner as we measure straight 
lines. We proceed, then, as follows: 

Divide the curve (as AB) into any number of parts in any manner 
whatever (as at C, D, E) and connect the adjacent points of division, 
forming chords (as AC, CD, DE, EB). 


The length of the curve is defined as the limit of the sum of the chords 
as the number of points of division increases without limit in such a way 
that at the same time each chord separately approaches zero as a limit. 


E 


A 


Since this limit will also be the measure of the length of some 
straight line, the finding of the length of a curve is also called “the 
rectification of the curve.” 

The student has already made use of this definition for the length 
of a curve in his geometry. Thus the circumference of a circle is 
defined as the limit of the perimeter of the inscribed (or circum- 
scribed) regular polygon when the number of sides increases without 
limit. 
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The method of the next article for finding the length of a plane 
curve is based on the above definition, and the student should note 
very carefully how it is applied. 

162. Lengths of plane curves; rectangular codrdinates. We shall now 
proceed to express, in analytical form, the definition of the last article, 
making use of the Fundamental Theorem. 


A 
Given the curve ics ye et oe : 
and the points P’(a, c), Q(b, d) on it; to find P ! 
the length of the are P’Q. jae 
First Step. Take any number n of points ~ 
on the curve between P’ and Q and draw the ~ 0) #-a@ _@-§ xX” 


chords joining the adjacent points, as in the 
figure. The required length of arc P’Q is evidently the limit of the 
sum of the lengths of such chords. 

SECOND STEP. Consider any one of these chords, P’P’’ for ex- 
ample, and let the codrdinates of P’ and P’’ be p" 

P’(z’, y!) and--P”’(a’ + Az’, y’ + Ay’). 

Then, as in Art. 95, 

P’P" = /(Ax’)? + (Ay')’, 


or PP E + eg lee 


[Dividing inside the radical by (Az’)? and multiplying outside by Azx’.] 


But from the Theorem of Mean Value (Art. 116) (if Ay’ is denoted 
by f(b) — f(a) and Az’ by b — a), we get 


a =f) (a7). (2’< 41 < x’ + Az’) 


I 
| 
' 
x’ x c+Ax' 


x, being the abscissa of a point P; on the curve between P’ and P” at 
which the tangent is parallel to the chord. 


Substituting, P’P’”’ =[1-+ f’ (21)2?Ax! = = length of first chord. 
eybeiivdbgs, veld ca al + Pay Yan" = = ee of second chord, 


ont = [1 -+ f(t) )2 PF Axe) — = length of nth chord. 
The length of the inscribed broken line joining P’ and Q (sum of 
the chords) is then the sum of these expressions, namely, 


[1 + f'(a1)2]P Ac!’ + [1 + f'(ae)2F Ae” +... 4 E+ f! (tn) 27PAx™ 
= Si + f(a)? F Axe, 
i=1 
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THIRD STEP. Applying the Fundamental Theorem, 


lim DL +S'@) PAC = f+ s'@)I de. 
(Dad Th a 


Hence, denoting the length of are P’Q by s, we have the 
formula for the length of the arc 


val (emeanaiece OF 


b 1 
(6) s=[ [+y Pas, 
where y’ = a must be found in terms of x from the equation of the 
given curve. 


Sometimes it is more convenient to use y as the independent vari- 
able. To derive a formula to cover this case, we know from Art. 39 
that 


“ = me hence dx = x’ dy. 

dy 
Substituting these values in (G), and noting that the correspond- 
ing y limits are c and d, we get the formula for the length of the arc, 


(E) s= | “We? + 1Pay, 


where x’ = 2 must be found in terms of y from the equation of the 


given curve. 
Formula (G) may be derived in another way. In Art. 95, 
formula (D), 


(1) ds = (1+y’2)? dx 


gives the differential of the are of a curve. If we proceed from (1) 
as in Art. 142, we obtain (G). Also, (H) follows from (Z) in Art. 95. 
Finally, if the curve is defined by parametric equations 


(2) t=fi), y=o, 


it is convenient to use 
2 A 
@)  s=f @? +d?) = fm + 6°OF a, 
ty 


since, from (2), dx = f’(#)dt, dy = $'(é)dt. 


274 INTEGRAL CALCULUS 


ILLUSTRATIVE EXAMPLE 1. Find the length of the circumference of the circle 
v2 + y? = r2. y 


Solution. Differentiating, dy =e, ; 
dx y 
Pee. (al 
x 
r 42 |2 
BAt— 1+] dx 
ave if | uy al a 
p | 1 
2 213: 2 Tye: 
aa +2 Sl cease de 
MAE Ce ON le et 
Pees y? =r? — x? from the equation of ae 


circle in order to get everything in terms of a. 
are BA = r (' —— = [* are sin r= LL 
0 Vr? — x? T 40 
Hence the total length equals 2 mr. Ans. 
ILLUSTRATIVE EXAMPLE 2. Find the length of are of one arch of the cycloid 
x=a(@—sin#é), y=a(1—cos 6). 
See Illustrative Example 2, Art. 81. 


Solution. dx =a(1—cos 6)d0, dy=asin 6dé. 
Then dx? + dy? = 2 a?(1 — cos 0)d6? =4 a? sin? 4 6d0?. By (5), Art.2 
Using (3), s={"2asin} 6d0@=8a. Ans. 

0 


The limits are the values of 6 at 0 and D (see figure, Illustrative Example 2, 
Art. 81), that is, 9 = 0 and 0 =2 7. 
ILLUSTRATIVE EXAMPLE 3. Find the length of the arc of the curve 25 y? = x 
fromc:—)OltO vi) e 
Solution. Differentiating, y’ = 4 x. Hence, by (G), 


2 1 2 
(4) 8 =. (1+243)?dx = af (4+ 23)tdx. 


The integral in (4) was evaluated approximately in Illustrative Example 2, 
Art. 148, by the trapezoidal rule, and also in Illustrative Example 2, Art. 149, by 
Simpson’s rule. Taking the latter value, s = (4.821) = 2.41 linear units. Ans. 

163. Lengths of plane curves; polar codrdinates. From (J), Art. 96, 
by proceeding as in Art. 142, we get the formula 
for the length of the arc, 


0 = f"leeSi ha 


where p and e in terms of 6 must be substi- 


tuted from the equation of the given curve. 
In case it is more convenient to use p as the independent variable, 
and the equation is in the form 


6= ¢g(p), 


then dO= dilod, eda 
$'(p)dp ape 
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Substituting thisin [262 + dp2]? 


gives G ae 1] ap. 


Hence if p; and p2 are the corresponding limits of the independent 
variable p, we get the formula for the length of the arc, 


(J) s= if : | e*(32) + i} dp, 


1 


where e in terms of p must be substituted from the equation of the 


given curve. 


ILLUSTRATIVE EXAMPLE. Find the perimeter of the cardioid p = a(1 + cos @). 


Solution. Here dp =— asin 0. P 


dé 


If we let 0 vary from 0 to 7, the point P will gen- g 
erate one half of the curve. Substituting in (J), 
: Va 


; =f lea + eos 8)? + a? sin? ae dé ( S 
7 1 T 0 
= 2 = = = 
=af (2 + 2 cos 0)2 dé af cos 5 dé 4a, 


BSS sce AWS 


PROBLEMS 
1. Find the length of the curve whose equation is y3 = x? between the 
points (0, 0) and (8, 4). Ans. 9.07. 
2. Find the length of the arc of the semicubical parabola ay? = x? from 
the origin to the ordinate x= 5a. cial 335 a. 
PAT 
3 
3. Find the length of the curve whose equation is y = a + a from 
the point where x = 1 to the point where x = 3. Ans. 14, 
4. Find the length of the arc of the parabola y? = 2 px from the vertex 
to one extremity of the latus rectum. Pers ae ty gb foodee V3). 
5. Find the length of are of the curve y? = x? from the point where 
x = 0 to the point where x = 3. Ans. 32. 


6. Find the length of arc of the parabola 6 y = x? from the origin to 
the point (4, 3). Ans. 4.98. 
7. Approximate by Simpson’s rule the length of are of the curve 
3 y = x? from the origin to the point (1, 3). Ans. 1.09. 
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8. Find the length of arc of the curve y = log sec x from the origin to 


the point (Z; log 2). ( Ans. log (2+ V3). 
9. Find the length of are of the hyperbola x? — y? = 9 from (8, 0) 
to (5, 4). Ans. 4.56. 
10. Find the length of the arch of the parabola y = 4 x — x? which 
lies above the «x-axis. Ans. 9.38. 


11. Find the entire length of the hypocycloid x? + y? = a’. Ans. 6a. 
12. Rectify the catenary y = 5 (ef ¢. a) from x = 0 to the point (a, y). 

Ans. ; es Bs. Lae. 
13. Find the length of one complete arch of the cycloid 


x= rare vers 2 — V2 ry — y?. Ans. 8r. 


nee ne ae 
dy V2ry—y? 


14. Rectify the curve 9 ay? = x(x — 3 a)? from x=0 tox=38a. 


Hint. Use (H), Art. 162. Here 


Ans. 2av3. 
15. Find the length in one quadrant of the curve (2)"+ (4)'= if. 
a? + ab + b? 
Ans. 7 
16. Find the length between x = a and x = b of the curve ev = - 2a : : 
OA Date 
Ans. log oe = : +a-—b. 
17. The equations of the involute of a circle are 
x = a(cos 0+ @sin 6), 
Ke = a(sin 86 — 6 cos @). 
Find the length of the are from 0 = 0 to 0 = 44. Ans. 46,2. 


x=e®sin 0 


a 
= me, 
y= econ g Om 6=0 to ls 


18. Find the length of are of curve { 
Ans. V2(e— Ge 
19. Find the length of are of each of the following curves: 
(a) y = log (1 — x?) from x= 0 tox =}. 


2 
(b) y= —F log x from x =1 to x= 2, 
(c) y = log ese x from x= to x=. 
(d) 3 2? =y° from y= 1 to y = 20. 
(e) One arch of the curve y = sin x. 
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20. Find the length of the spiral of Archimedes, p= a6, from the 
origin to the end of the first revolution. 


Ans. waV1+4 m? + 5 log (Qar+V1+4 7). 
21. Rectify the spiral p = e” from the origin to the point (p, 6). 


Hint. Use (J). Ans. 2 Va? +1. 
22. Find the length of the curve p = a sec? : : 


from 0 = 0 to O=5- 


Ans. (v2 + log tan a) a. 
23. Find the length of arc of the parabola 


from § = 0 to @= 5. 


Ans. 2[V2 + log (V2 + 1)]. 
24. Find the length of the hyperbolic spiral 
po = a from (p1, 61) to (pe, 02). 
Ans. Va? + pi? — Va? + po? + a log pila + Va? + po”), 
p2(a+ Va? + pi?) 


25. Show that the entire length of the curve p =a sin? is : 3 2. Show 


a B 
PT + cos 0 


that OA, AB, BC (see figure) are in arithmetical progression. 
26. Find the length of arc of the cissoid p = 2 a tan @ sin @ from 0 = 0 


at ALB 
to aA 


27. Approximate the perimeter of one leaf of the curve p = sin 2 0. 


164. Areas of surfaces of revolution. A surface of revolution is 
generated by revolving the are CD 
of the curve 


y = f(z) 


about the axis of X. 

It is desired to measure the area 
of this surface by making use of the 
Fundamental Theorem. 

First Step. As before, divide 
the interval AB into subintervals 
Az;, Axz, etc., and erect ordinates 
at the points of division. Draw 


the chords CE, EF, ete. of the ae 
curve. When the curve is revolved, each chord generates the lateral 
surface of a frustum of a cone of revolution. The area of the required 
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surface of revolution is defined as the limit of the sum of the lateral 
areas of these frustums. 

SECOND STEP. For the sake of clearness let us draw the first 
frustum on a larger scale. Let M be the middle point of the chord 


CE. Then 
(1) Lateral area = 2 7NM - CE.* 


In order to apply the Fundamental Theorem 
it is necessary to express this product as a 
function of the abscissa of some point in the 
interval Ax,. As in Art. 162, we get, using the 
Theorem of Mean Value, the length of the chord 


(2) CE =[1+f'(x1)?}? An, 


where «x; is the abscissa of the point P:(a1, y1) 
on the are CE where the tangent is parallel to 
the chord CE. Let the horizontal line through 
M intersect QP; (the ordinate of P;) at R, and denote RP; by «.t 
Then 


(8) NM = Ui €72 
Substituting (2) and (8) in (1), we get 


2 r(y: — 4x)[1 +f’ (a1)?}? Az; = lateral area of first frustum. 


Similarly, 
2 r(yo — €)[1 +f’ (ae)2}?Aae = lateral area of second frustum, 


2m (Yn — €n)[1 +f’ (an)? 7Ax, = lateral area of last frustum. 
Hence 


= 2 r(yi— €:)[1 +f’ (ai)??? Ax; = sum of lateral areas of frustums. 
i=1 
This may be written 


4) Y2mwl +s ey Pan 24d elt FT Ans 
i= r= 


* The lateral area of the frustum of a cone of revolution is equal to the circumference of 
the middle section multiplied by the slant height. 

+ The student will observe that as Av; approaches zero as a limit, €: also approaches the 
limit zero. ' 
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THIRD STEP. Applying the Fundamental Theorem to the first 
sum (using the limits OA = a and OB = b), we get 


n b 
lim 32 mysll+ fen = if 2autltr@rtan, 


The limit of the second sum of (4) when n — is zero.* Hence the 
area of the surface of revolution generated by revolving the are CD 
about OX is given by the formula 


(K) Saar wf y(t a (2)" Par, 


where y and Hs in terms of x must be substituted from the equation 


of the revolved curve, and S, denotes the required area. Or we may 
write the formula in the form 


b 
(L) s=20f yds, 


remembering that : 
4 22 
ds = (de? dy?) = E i. ‘a de. By (D), Art. 95 


The formula (ZL) is easily remembered if we consider a narrow 
band of the surface included between two planes perpendicular to 
the axis of revolution as the element of area of the surface, and regard 
it as the convex surface of a frustum of a cone of revolution of in- 
finitesimal slant height ds, with a middle section whose circumference 
equals 2 zy, and hence of area 2 zry ds. 

Similarly, when OY is the axis of revolution we use the formula 


a sy =a [elr+() Pay 


where the value of x and e in terms of y must be substituted from 


the equation of the given curve. 
ILLUSTRATIVE EXAMPLE 1. The arc of the cubical parabola 
(5) azy = x3 


between x = 0 and x =a is revolved about OX. Find the area of the surface of 
revolution generated. 


* This is easily seen as follows. Denote the second sum by Sp. If ¢ equals the largest of 
the positive numbers | «|, | e2|, °°°, | €n|, then 


n 
Sn Ze > (+s) VAas, 
al 


The sum on the right is, by Art. 162, equal to the sum of the chords CE, EF, etc. Let 


this sum be I. Then Sp = eln. Since lim e= 0, S» is an infinitesimal, and therefore ose n= 0. 
no n> 


280 INTEGRAL CALCULUS 


: Ponte 
Solution. From (5), y ne Hence 


ds = (1+ y’2) de =4 (at +9 24)? de. 
Then the element of area = 2 ry ds = 2a (a*+9 x)? adr. 
Therefore, by (ZL), 


re PN eye poy, a 4 3 
8, =2F f “(at +9x1)bx de = F(a +924)3 


‘= = (10V10 —1)a?=3.6 a2. Ans. 


a 
0 


ILLUSTRATIVE EXAMPLE 2. Find the area of the ellipsoid of revolution gener- 
ated by revolving the ellipse whose parametric equations are (see (3), Art. 81) 
x=a cos¢, y=b sin d about OX. 

Solution. We have dx 20 sn ddd, dy =) cone dds 
and ds = (dx? + dy?)? = (a? sin? @ + b? cos? $)2 dd. 

Hence the element of area = 2 ry ds = 2 1b(a? sin? + b? cos? p)? sin ddd. 


(6) “18,=2 7b (r 2(a2 sin? + b? cos? )? sin ddd. 


To integrate, let u = cos ¢. Then du =-—sin ddd. Also, 
a? sin? @ + b? cos? g = a?(1 — cos*{h) + b? cos? d = a? — (a? — b2)u2. 
Hence, using the new limits given in the table, and interchanging the wu limits 
(Art. 150), the result is 


1 1 
1S, =2 mb if [a? — (a2 — b2)u2]F du. (a > b) 
Working this out as in Art. 133, by (22), we get 
S,=2 7b? + a arc sin e, where e = eccentricity = — Ans. 


a 


ILLUSTRATIVE EXAMPLE 3. Find the area of the surface of revolution generated 
by revolving the hypocycloid xs + ys = a? about the z-axis. 


5 
Solution. Here ay vs. y = (at — x3)3. 
dx oe 


Substituting in (K), noting that the are BA generates only one half of the 
surface, we get 


Sz = m f(a _ “(1 ae E) ae 
2 0 2 
xs 
a A 2.1 
= 2 mf (a3 — x)(S) ax 
0 es 
=2 mat ("ai —2x3)ix-t dx 
0 
_ 6 Wat. 
5 
“.S.= 12 1a? 


5 
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PROBLEMS 


1. Find by integration the area of the surface of the sphere generated 
by revolving the circle ~? + y2 = r? about a diameter. Ans. 4 mr?. 


2. Find by integration the area of the surface of the cone generated 

by revolving about OX the line joining the origin to the point (a, 0). 
Ans. mrbVa2 + 0. 
3. Find by integration the area of the surface of the cone generated 


by revolving the line y = 2 x from x = 0 to x = 2 (a) about OX; (b) about 
OY. Verify your results geometrically. 


4. Find by integration the lateral area of the frustum of a cone gen- 
erated by revolving about OX the line 2y=x2—4 from x=0 to x=5. 
Verify your result geometrically. 


5. Find the area of the surface generated by revolving about OY the 
arc of the parabola y = x? from y= 0 to y = 2. pe 13 7 
. 3 e 
6. Find the area of the surface generated by revolving about OX the 
are of the parabola y = x? from (0, 0) to (2} 4). 


7. Find the area of the surface generated by revolving about OX the 
are of the parabola y? = 4 — x which lies in the first quadrant. 


Ans. 36.18. 

8. Find the area of the surface generated by revolving about OX the 

ALC OMmune para volary= — 2 px trom c —0 toe = 4p). Tex 52 mp? 
3 3 


9. Find the area of the surface generated by revolving about OY the 
arc of y = x® from (0, 0) to (2, 8). 


10. Find the area of the surface generated by revolving each of the 
following curves about OX: 


(a) Dy 033 from 7=0tox=2. Ans. — 
(b) y2=9 2, from x= 0 tox =4. 49 or. 
(ec) y2 = 24 —4 x, from r= 3 tox =6. ae 
(cd) 6 y—2itrom «= 0 tox— 4. (820 — 31 log 3)7_ 
UE ee 

(e) y= Came. from «= 0 to x = ©. a[V2 + log (1 ans V2)). 
(f) The loop of 9 ay? = x(8 a — x)?. 3 ra?. 

AT a2 
(g) 6a’xy=2++3a4, fromz=ator=2a. —Fe 

2 

(h) The loop of 8 a?y? = a2x? — xt. a 

10 7 


(i) y2+42=2logy, from y=1 to y=2. ee 
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x = a(@—sin 0), ie 64 ma?. 
= —cos2 ‘ 
(k) The cardioid ie Z ae is A Be Ai : 
(1) y2=4 2, fom x=0 toxr=3. 
(m) x? + y2=4, from x=1 toxr=2. 
(n) 22+ 4 y? = 36. 
(0) 922+ 4 y? = 36. 
11. Find the area of the surface generated by revolving each of the 
following curves about OY: 


(j) The eyeloid { 


(a) x= y', from y = 0 toy =3. Ans. an [(730)? — 1]. 
(b) y= x3, from y= 0 toy =3. 
(c) 6a2xzy = xt —3 a1, fromx=atoxr=3sa. (20 + log 3) za?. 
(d) 4y= 2? — 2 log z, from x=1 toxr=4. 24 7. 
(e) 2y=2Vx? — 1+ log (x — Vx? —-1), from r= 2 tor=5. 

Ans: 185, 
(f) y? = «3, from +x = 0 tox =8. Ansuloleas 


(g)4y=2x?, from y=0 toy= 4, 
(h) x?7+4y?= 16. 
(i) 422+ y? = 64. G) 92= 47%, from 4=0ito y= 33 
12. Find the area of the surface generated by revolving each of the 
following curves: 


About OX About OY 
ge a wb?, 1+e 
(a) The ellipse 7) - fa =Ib > a? — log 
HINT. e = eccentricity of ellipse 
_ Va? — be 
os a 
acted 
(b) The catenary y= 5 et+e a, ; 
froma 0 toe TY (e?+4—e-2), 2 ma?(1 —e7!), 


(c) x4+3=62y, fromz=1tor=2. 42 7. 7 (42 + log 2). 
x=e'sin 0, fed a 2V2 4 =e ae hey 
(d) oes A from 9=0 to 9 5 (e" — 2). 5 (2e7+1). 
= 3 7 Ta? 
(e) 8272+4y2=3 a?. Geesaker (4+8 log 3) — 


13. The slope of the tractrix at any point of the curve in the first 
maeylees dy i —y 
quadrant is given by ips Vay Show that the surface generated 
by revolving about OX the are joining the points (a1, ¥1) and (x2, y2) on 
the tractrix is 2 me(y; — y2). 


14. The area in the first quadrant bounded by the curves whose equa- 


tions are y = x3 and y = 4 x is revolved about OX. Find the total surface 
of the solid generated. Ans. 410.3. 
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15. The area bounded by the y-axis and the curves whose equations 
are x7 =4y and x—2y+4=0 is revolved about OY. Find the total 
surface of the solid generated. Ans. 141.5. 


16. Find the surface generated by revolving about OX the arc of the 


Cor ele: uk ye 208 a 
6 + 5; from 1 = 1 tox =3. Ans. ie Ouuas 
ee 17. Find the entire surface of the solid generated by revolving about 
OX the area bounded by the two parabolas y? = 4 4 and y2=2z+3. 
Ans. 3 m(17V17 + 2V2 — 2) = 594.1. 


18. Find the area of the surface generated by revolving about OX one 
arch of the curve y = sin x. Ans. 14.42. 


curve whose equation is y = 


165. Solids with known parallel cross sections. In Art. 160 we dis- 
cussed the volume of a solid of revolution, such as is shown in the 
accompanying figure. All cross sec- 
tions in planes perpendicular to the 
x-axis are circles. If{OM=2, MC=y, 
then 


(1) Area cross section 
ACBD = my’ = 7[$(2)P, 


if y = d(x) is the equation of the 
generating curve OCG. Hence the area 
of the cross section in any plane perpen- 
dicular to OX ts a function of its perpendicular distance (= x) from 
the point O. 

We shall now discuss the calculation of volumes of solids that are 
not solids of revolution when it is possible to express the area of any 
plane section of the solid which is 
perpendicular to a fixed line (as OX) 
as a function of its distance from a 
fixed point (as O). 

Divide the solid into n slices by 
equidistant sections perpendicular to 
OX, each of thickness Az. 

Let FDE be one face of such a 
slice, and let ON =x. Then, by hypothesis, 


(2) Area FDE=J): 
The volume of this slice is equal, approximately, to 
(3) Area FDE X Ax = f(x)Ax (base X altitude). 


Then 3 f(z; Az; = sum of volumes of all such prisms. It is evi- 


amall 
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dent that the required volume is the limit of thissum; hence, by the 
Fundamental Theorem, 


lim Sjedder= f fede, 


N00 7 — 4 
and we have the formula 
(N) v= | ode, 
where f(x) is defined in (2). 


ILLUSTRATIVE EXAMPLE 1. The base of 
a solid] is a circle of radius r. All sections 
perpendicular to a fixed diameter of the 
base are squares. Find the volume of the 
solid. 


Solution. Take the circle x? + y? =r? 
in the XY-plane as base, and OX as the 
fixed diameter. Then the section PQRS 
perpendicular to OX is a square of area 
4 y?, if PQ=2 y. (In the figure, the por- 
tion of the solid on the right of the section 
PQRS is omitted.) 

Hence f(x) = 4 y? = 4(r? — x”), and, by 
(N), 


Volume = af" (r?—a?)da=18 13. Ans. 
—r 


ILLUSTRATIVE EXAMPLE 2. Find the 
volume of a right conoid with circular 
base, the radius of the base being r and the altitude a. 


Solution. Placing the conoid as shown in the figure, consider a section PQR 
perpendicular to OX. This section is an isosceles triangle; and, since 


RM = V2 rx — x? 


(found by solving x? + y? = 2 ra, the equation of the 
circle ORAQ, for y) and 
=. 


the area of the section is 
av2rxe — x? = f(x). 
Substituting in (N), 


2r ? 2 
Vaaf V2 re — 2 de = 7. Ans. 


This is one half the volume of the cylinder of the same base and altitude. 


ILLUSTRATIVE EXAMPLE 8. Calculate the volume of the ellipsoid 


a ee 


by a single integration. 
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Solution. Consider a section of the ellipsoid perpendicular to OX, as ABCD, 
with semiaxes b’ and c’. The equation of the ellipse HEJG in the XOY-plane is 
42 y? 
ape ‘ 
Solving this for y( = b’) in terms of 
x( = OM) gives 
b’ =- Va? — x?, 


Similarly, from the equation of the 
ellipse EFGI in the XOZ-plane we get 


w 
a 
Hence the area of the ellipse (section) ABCD is 


rie! = 2% (q2 — a2) = f(a). 


Ca OF =F, 


Substituting in (N), 
+ 
v= re — x?)dx =$ mabe. Ans. 


PROBLEMS 


1. A solid has a circular base of radius 20 in. The line AB is a diam- 
eter of the base. Find the volume of the solid if every plane section per- 
pendicular to AB is 

(a) an equilateral triangle; Ans. 18,472 cu. in. 

(b) an isosceles right triangle with its hypotenuse in the plane of the 
base; Ans. 10,667 cu. in. 

(ec) an isosceles right triangle with one leg in the plane of the base; 

Ans. 21,333 cu. in. 


(d) an isosceles triangle with its altitude equal to 20 in.; 
Ans. 12,568 cu. in. 


(e) an isosceles triangle with its altitude equal to its base. 
Ans. 21,333 cu. in. 
2. A solid has a base in the form of an ellipse with major axis 20 in. 
long and minor axis 10 in. long. Find the volume of the solid if every 
section perpendicular to the major axis is 


(a) a square; Ans. 1,383 cu. in. 

(b) an equilateral triangle; 511.8 CU. ins 

(c) an isosceles triangle with altitude 10 in. 392.7 cu. in. 

3. The base of a solid is a segment of a parabola cut off by a chord 
perpendicular to its axis. The chord has a length of 16 in. and is distant 
8 in. from the vertex of the parabola. Find the volume of the solid if 
every section perpendicular to the axis of the base is 

(a) a square; 

(b) an equilateral triangle; 

(c) an isosceles triangle with altitude 10 in. 


Ans. 1024 cu. in. 
443.4 cu. in. 
426.7 cu. in. 
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4. A football is 16 in. long, and a plane section containing a seam is an 
ellipse, the shorter diameter of which is 8 in. Find the volume (a) if the 
leather is so stiff that every cross section.is.a square; (b) if the cross 
section is a circle. Ans. (a) 8413 cu. in.; (b) 535.9 cu. in. 


5. A wedge is cut from a cylinder of radius 5 in. by two planes, one 
perpendicular to the axis of the cylinder and the other passing through a 
diameter of the section made by the first plane and inclined to this plane 


at an angle of 45°. Find the volume of the wedge. Ans. 23° cu. in. 

6. Two cylinders of equal radius r have their axes meeting at right 

angles. Find the volume of the common part. Maa 16 r3 
eee 


7. The center of a square moves along a diameter of a given circle of 
radius a, the plane of the square being perpendicular to that of the circle, 
and its magnitude varying in such a way that two opposite vertices move 
on the circumference of the circle. Find the volume of the solid generated. 

Ans. $a. 

8. A circle of radius a moves with its center on the circumference of 
an equal circle, and keeps parallel to a given plane which is perpendicular 
to the plane of the given circle. Find the volume of the solid it will 


generate. Ans. a (8 7 + 8). 


9. A variable equilateral triangle moves with its plane perpendicular 
to the x-axis and the ends of its base on the points on the curves y? = 16 ax 
and y?=4 az, respectively, above the x-axis. Find the volume generated 
by the triangle as it moves from the origin to the points whose abscissa 
ous Ans. = a’. 

10. A rectangle moves from a fixed point, one side being always equal 
to the distance from this point, and the other equal to the square of this 
distance. What is the volume generated while the rectangle moves a 
distance of 2 ft.? Ans. 4 cu. ft. 

’ 2 2 

11. On the double ordinates of the ellipse = os < = 1, isosceles tri- 
angles of vertical angle 90° are described in planes perpendicular to that 
of the ellipse. Find the volume of the solid generated by supposing such 
a variable triangle moving from one extremity to the other of the major 
axis of the ellipse. : 

P Ans. 2 a : 

12. Calculate the volumes bounded by the following quadrie surfaces 

and the given planes 


(a) 2=2?+4y?; g=1. Ans. 


(b) 4274+922+y=0; y4+1=0. 


SE ee 
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(Ope ae tees P10; 2 — 1 0. Ans. +2. 
(d) 25 y2+922=14+2?; x—2=0. ue. 
(e:) +4 y?4922=1. *E. 
) 2=22+9y?; 2+1=0. ae. 


13. Given the parabola z= 4— x? in the XZ-plane and the circle 
x? + y? =4 in the XY-plane. From each point on the parabola lying 
above the circle two lines are drawn parallel to the YZ-plane to meet the 
circle. Calculate the volume of the wedge-shaped solid thus formed. 


Ans. 67. 


CHAPTER XVI 
FORMAL INTEGRATION BY VARIOUS DEVICES 


166. Introduction. Formal integration depends ultimately upon 
the use of a table of integrals. If, in a given case, no formula is 
found in the table resembling the given integral, it is often possible 
to transform the latter so as to make it depend upon formulas in the 
tables. The devices which may be used are 


(a) integration by parts (Art. 136), 
(b) application of the theory of rational fractions, 
(c) use of a suitable substitution. 


We proceed to discuss (b) and (c). 

167. Integration of rational fractions. A rational fraction is a frac- 
tion the numerator and denominator of which are integral rational 
functions, that is, the variable is not affected with negative or frac- 
tional exponents. If the degree of the numerator is equal to or greater 
than that of the denominator, the fraction may be reduced to a 
mixed quantity by dividing the numerator by the denominator. For 


peu): fat 3th ee ee 
e?+2ex+1 v?+2xe+1 


The last term is a fraction reduced to its lowest terms, having 
the degree of the numerator less than that of the denominator. It 
readily appears that the other terms are at once integrable, and hence 
we need consider only the fraction. 

In order to integrate a differential expression involving such a 
fraction, it is often necessary to resolve it into simpler partial frac- 
tions, that is, to replace it by the algebraic sum of fractions of forms 
such that we can complete the integration. That this is always pos- 
sible when the denominator can be broken up into its real prime 
factors is shown in algebra.* 


Case I. When the factors of the denominators are all of the first 
degree and none are repeated. 


* See Chapter XX in Hawkes’s “Advanced Algebra” (Ginn and Company, Boston). 
288 
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To each nonrepeated linear factor, such as x—a, there corre- 
sponds a partial fraction of the form 


A 
, 
1G 0h 


where A is a constant. The given fraction can be expressed as a 
sum of fractions of this form. The examples show the method. 


(22+ 3)dxr 


ILLUSTRATIVE EXAMPLE. Find | — : 
w+u2—24 


Solution. The factors of the denominator being x, x —1, x +2, we assume* 


2x2+3 -A, B C 


(1) a(e—l1)(e+2) 2 'x—1' x42’ 


where A, B, C are constants to be determined. 
Clearing (1) of fractions, we get 


(2) 2%+3=A(e—1)(a4+2)+ Bia+2)x4+ C(x —1)z, 
2%474+8=(A+B4C)22?4+(A+2B—C)x—-2A4. 


Since this equation is an identity, we equate the coefficients of the like powers 
of x in the two members according to the method of Undetermined Coefficients, 
and obtain three simultaneous equations 


(3) 1 A412 Be Gee, 
il 3 Aga. 


Solving equations (3), we get 
A=-§, B=g, C=-}. 
Substituting these values in (1), 


ee 
a(e—1)(e+2) 38@—1) 6@+2) 


d 
eet aie =-3 (+ bel pee=e Bes 


— 3 log a + $ log(a — 1) — 3 logiv +2) + loge 
og EL 
xu? (a + 2)¢ 
A shorter method of finding the values of A, B, and C from (2) is the following: 
Let factor x =0; then 3 = —2A, or A=-—#3 
Let factor x —1=0, orx=1; then 5=83 B, or B=3. 
Let factorz+2=0, orx=—2; then—1=6C,orC=—}. 


Ans. 


In every example in rational fractions the number of constants to 
be determined is equal to the degree of the denominator. 


* In the process of decomposing the fractional part of the given differential neither 
the integral sign nor da enters. 
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Case II. When the factors of the denominator are all of the first 
degree and some are repeated. ; 

To every n-fold linear factor, such as (x — a)", there will corre- 
spond the sum of n partial fractions, 


A B L 
SG) ee we were 
in which A, B, ---, L are constants. These partial fractions are 


readily integrated. For example, 


A dx Bera, A 
J Gr 4fe-o aden aa V Sar 


v3+1 
———_ dx. 
a(x —1)3 ef 
Solution. Since x — 1 occurs three times as a factor, we assume 


o+1 A B G (Hie 
x(%—1)3 eu (een Gai: ea 


Clearing of fractions, 
w+1=A(x—1)§+ Br + Cau(x —1) + Da(x — 1)?2. 
v+1=(A+D)z?+(—-8A+C—2D)x?+(83A+B—C+D)r-—A 
Equating the coefficients of like powers of x, we get the simultaneous equations 


A+D=1, 
—3A+C-2D=0, 
8A+B-—C+D=0, 


ILLUSTRATIVE EXAMPLE. Find uF 


—-A=1. 
Solving, A =— 1, B=2, roe gs 
x3 +1 2 1 2 
a(x —1)3 = aa ee 
xe4+1 1 1 
“. | ———— dr = - 1 Se pe ee = 
leer og x G@—D? Fwy Tt 2 lose 1)+C 
Sh ease (ei 
= G@—pt lee . +C. 
PROBLEMS 


Verify the following integrations: 
8 ; d 2 3 
oe ers ee log +. 
woten tte (2 2 —1)3(2x+1) 
2. 4x3 —g7 ne x pent 


(Tx?-x2-—6)dxr_, (82+2)3(22+43)? 
623°4+13a24+6r 8 x eh 
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4. { G= ade _ =— : +4 log=*- 4+ ¢, 

5. (Fe Bee or 

Cat eet de - log A a 
2 = 

Derg oe ia acs 
8. [Soe eee ey Aet Oe 6)dx _ Sstracs de ihe aa 4¢ 

(2 ot 1)dz _ 1)2 a4 
10. ? ae alee) Ie Neaeeeie log 


11. (SOE 8 + 4 tog 2. 


(+ 0 


12, (eee log — 


3 (x — 1)(x — 2) 
2 ae 
EA | Score es ae 


 6e = s)de 200. 
15. 
Reese ae: bs —4% SMO Ey 81 


Aran 
Of Sa ee pen ee 


dt i 

17 (ee ail 

Cae HUE = 5 
4143 x)dz  ., 8 
18a) Ce Or eon 
er ee as 0k ee 


Work out each of the following integrals : 


9. (2 ai fa 1)dzx. 
2 
20. f Gy eet ay ae : 8. 
eos 
wale 
NG KS 


8. (GEDe+DEtD 


4. (22 ++ 2 — 3)dz 
2 ite 


—1)(@— 2)(¢—38) 


(0223 B= 2dr 
Le {Somer germnmree x*—5x?+4 
(2 x? — 1)dx 
26. (TS De (ea) | 


27_ 
a7. f Ly dys 


OPES CUE ae®) 


dx 
8 Soma 


(2-7 hat 
9. (oa 3e 


(7 +3 ¢—2 27)dx 
80. f (a + 1)?(4% — 8) 


31. (ee +2 +1)dx 


Go 1)? 
a? + 9)dz_ 
a7 i Suey x(x — 8) 
(a + 1)dx 
ee (een 
nee 
go, (Soa, 
At A 78 


Case III. When the denominator contains factors of the second degree 


but none are repeated. 
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To every nonrepeated quadratic factor, such as x? + px + q, there 

corresponds a partial fraction of the form 
Ar+B 
x? + px + q 

The method of integration of this term is explained on page 209 
(Illustrative Example 2). 

If p is not zero, we complete the square in the denominator, 

PERE eh dd Bees ge eee ta (4q> p?) 

Letx+4p=u. Thenz=u—}4p, dx =du. Substituting these 
values, the new integral in terms of the variable u isreadily integrated. 


ILLUSTRATIVE EXAMPLE 1. Find ie 4 da) 
v+4a 
Solution. Assume AL ey: Ke Bu+C_ 


u(w2?+4) aw «2?+44 


Clearing of fractions, 4 = A(a?+ 4) +2(Bx+C)=(A+B)x?+Cx+4A. 
Equating the coefficients of like powers of x, we get 


An -Di=0.0 G = Ope Aras ae 


4 1 ir 


This gives A = 1, B=-1, » C=), 60 thal aa ee ed 


a lees ={¢ 2 


= log x — 5 log (2 + 4) + log ¢ = log —=—. Ans. 


Va2+4 
ILLUSTRATIVE Seay 2. Prove 
dx Le +2)2 1 
= 1) ah 13 
ifr E= 34 0g = Soyerey |, /ab) 8 arc tan +e 
Solution. Factoring, x? + 8 = (x + 2)(472 —2”+44). 
1 A 
r+B if C 


e+8 22?—24+4'24+2’ 
1= (Av + B)(a@ + 2) + C(x? —2 2 +4), 
1=(A4+C)e?+(2A+B—2C)x+2B+4C. 


Then A=— 5B = 4; C= 75. 
dx _ deal ee 
Hence = apt +h 
[ewe eager + fu. 
4—2x 
4 
(4) =pleswets log (x +2) +. 


Now #7? —-24+4=(¢—-1)?4+8=u2?4+3,ife—1l=u. 
Then x =u+1, dx = du, and 


hee te! Pell 
————_ dz = | —-du= ea 
Werner: x W Pacers V8 are tan 7 5 log (u? +8). 


Substituting back u = x — 1, using (4), and reducing, we have the answer. 
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Case IV. When the denominator contains factors of the second degree 
some of which are repeated. 
; To every n-fold quadratic factor, such as (x2 + px + q)", there 
will correspond the sum of n partial fractions, 
Aisi CGD ie eM 
(Geet Piet Ge (haps gest x? + px-+q. 


To carry out the integration, the ‘reduction formula”’ 
(5) iA ee el ee ae 
(u? +07)" 2(n—1)a?| (u? + a?)"-! 
du 
+@n-8) { Gpa=il 


proved in the next chapter, is necessary. If n > 2, repeated applica- 
tions of (5) are necessary. If p is not zero, we complete the square, 
xv? + pe+q= (4+ 5 p)?+4(4¢—p?) =u? + a”, etc., as before. 
ILLUSTRATIVE EXAMPLE. Prove 
ee (a? + 1) + are py tp are tans +C. 
Solution. Since x? + 1 occurs twice as a factor, we assume 
203+xe+3 Ax+B Cx +D_ 
@?+1)?2  G@+1? +1 
Clearing of fractions, 
2e3+2+38=Ax+B+4 (Cx+ D)(x? +1). 
Equating the coefficients of like powers of x and solving, we get 
Asi, eS, C=a%, IDS, 
20 +e +3 4 dx = [= t+ 3 g n+ (22e 
~(@? +1)? Geis ie op Il 
= log (v7? +1) — 


1+32 


Hence 
_ edn 
ait Sear 


The first of these two integrals is worked out by the power formula (4), the 
second by (5) above, with w=2,a=1,n=2. Thus we obtain 


2e3+2e4+3 , _ 5 1 3 
TESTS dx = log (x 1s aeyecererne 10) [ecg tare tana] +C. 
Reducing, we have the answer. 


Conclusion. Since a rational function may always be reduced to 
the quotient of two integral rational functions, that is, to a rational 
fraction, {it follows from the above discussion that any rational 
function whose denominator can be broken up into real quadratic 
and linear factors may be expressed as the algebraic sum of integral 
rational functions and partial fractions. The terms of this sum have 
forms all of which we have shown how to integrate. Hence the 
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Theorem. The integral of every rational function whose denominator 
can be broken up into real quadratic and linear factors may be found, 
and is expressible in terms of algebraic, logarithmic, and inverse trigono- 
metric functions, that is, in terms of the elementary functions. 


PROBLEMS 


Verify the following integrations: 


OMG i 
WW bree ee c 


y dy ve. y2 +1 2 
2. {Sy DG FD = 10% @y 43 t gre try t ©. 


3 (Ete da =logv+2arctanrx+ C. 


SF 
4. [SRF =o Joss + Seare tan 2/2 4 eh 
5. ees D) = log ast +aretanz+C. 
6. (ta egatk arc tanz+C. 
1. fg = glee Ot 4+ = are tan 7 + C. 
8. [ae = = Slog (x$+3 2?+2)+4+ V2 arctan rV2—arctanz+C. 


x 


1 
9. — 
ma 2? +1). 2 are tanx+ C. 


3 
1 at eat ee 2- ee 
0. (app = Tara t log @? +2) pate tn Fe tC. 
11. | ——————__ = = lo saab 
Saeaa+a58 = 4, °8 Gel) eee 


Coa? 2 
12. ( (B= ah dr =2+5O% _2aaretan? +. 


+ 
(424+ 3)dr_42734+527-2 1 oo 
18. [Gata 8) a 8 (Aae SB) TRG Es ES Clee 
ale cnarie = — 4 +510 Brey t VS aretan22—1 4 ¢, 


CE alle ti ed 10 
Serr ayer eae = aay tape ty oe +2) 


— 9 log (w?+38)+6. 
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4 x? — 8 x)dx 3 x? eal)2 
16. (—{ Sisco (x —1) 
Date 1)2(@2+1)2” (ex—1)(2?+1) ‘eS ere 1 + aretanz + C. 
3.¢ + 2)dx 13-4 — 24 i 
in Be isis 124 24-3 
(emery To a a EeLOe 
ie pal os 
a ——— 
J, ze +1) 2°83" 
en OL ee 1 ) 
WO. RaW EEAETy (x + 1)(x? + 4) = 56 (7 + lo “). 
20. [Fee ee LOL 11, 
(x? + 1)(@? +38) 2 eS 
12e2+a+4+38)dx_ 7 
q1, (1 @w4+xt 3)de_ x 
1, "einer ee ea 
1 dt ap, ib 
22. ES St Se 
ames at a 
Work out each of the following integrals : 
(i = x)dx_, (03 + 4)da 
cm (Pm SY Seat 
(24 — 2)dz (4-2 x)dzx 
oer eree bl Seca 
eee CE eA ja 
26. fo + 2)(@ — 1) 30. [5 yi + y 
(x? + 2)dx ae 2)dz_ 2 +2+1)dzx 
Sree 31, (tee. 
(2 + 2)dt. (82?—x2+2)dx 
id eres bee CUMS siaer came aay 


168. Integration by substitution of a new variable; rationalization. 
In the last article it was shown that all rational functions whose 
denominators can be broken up into real quadratic and linear factors 
may be integrated. Of algebraic functions which are not rational, that 
is, such as contain radicals, only a small number, relatively speaking, 
can be integrated in terms of elementary functions. By substituting 
a new variable, however, these functions can in some cases be trans- 
formed into equivalent functions that are either in the list of standard 
forms (Art. 128) or else are rational. The method of integrating a 
function that is not rational by substituting for the old variable such 
a function of a new variable that the result is a rational function is 
sometimes called integration by rationalization. This is a very im- 
portant artifice in integration, and we shall now take up some of the 
more important cases coming under this head. 
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Differentials containing fractional powers of x only. Such an expres- 
sion can be transformed into a rational form by means of the substitution 
ee", 
where n is the least common denominator of the fractional exponents of x. 
For x, dx, and each radical can then be expressed rationally in 


terms of z. 
a? dx 4 


ILLUSTRATIVE EXAMPLE 1. Prove uf Et saa gt — : log (1 + at) +C. 
1+ x4 


Solution. Here n =4. Hence let x = 24. 


1 3 
Then Yo 725) ct — 2 On 4 ede, 


etde _ 2? 3 25 
Then if ad Be Re re 


1 + x4 
22 4 4 
= 2 — — oo is 3 
=4 f(e =e a)de= 32 3 log (1 +29) +0. 


Substituting back z = xt, we have the answer. 


The general form of the irrational expression here treated is then 


1 
R(x")dx, 
where R denotes a rational function of x”. 


Differentials containing fractional powers of a+ bx only. Such an 
expression can be transformed into a rational form by means of the 
substitution a+ br = 2" 


where n ts the least common denominator of the fractional exponents of 
the expression a + bax. 

For x, dz, and each radical can then be expressed rationally in 
terms of z. 
dx 


ILLUSTRATIVE EXAMPLE 2. Find if 7 aa ee 
(1+2)3+(1+2) 


Solution. Assume 1+2=2?, 
Then dx=22dz, (1+2)?¥= 23, and (1+2)?=2, 


: dx 2z2dz dz 
ete =9 
fete sa ar FRSy ies een 


=2aretanze+C= 2 arc tan (1 +P +C, 
when we substitute back the value of z in terms of x. 


The general integral treated here has then the form 


i 
R[x, (a+ ba)n] dx, 
where R denotes a rational function. 
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PROBLEMS 


Verify the following integrations: 


dx Ve+1 
1. | —————_ = log (x + 2Vx + 5) — are tan + C. 
creme ( ) 2 
Phi Ea ope tC. 
x — x8 1— x3 
V2 448 de ON paren NV Ibe 6 9 V5 
SIN Oe ep og ee 
ESE GT a Ni NESS a er EY 
4. [ (14 — 5 x)dx Eno 108 RSet ar 
(x +8)(1—2)$ aie Vi-z+8 


2 dx 1 Nisa il x+1 
5. | ———_—_—. = = log ——— = = AIO wan + C. 
|i Zaereseaeer 2 Noe V8 Neon 


6. fa~ dx 5 = BF +2 log Fat + daretan st +o. 
13) Se 


dx 2(2 a + bx) 
7f/—S. -wo tic 
jt bx)? 9b? Va + bar 


8. fyVaty dy = 55 (4y—Sayatyi+ C. 


9 EE Vat1+1)dr _ =rt+14+4Vr+1+4log(Ve+1—1)+C. 
Vit+1-1 


10 == p+ Dt +3@4 DF + 8log d+ Vert +c. 
[J 2s 


ia pee ON Ee ND are tany |=" eC. 


xVa— 2 


ae 6 — 18 are tan 5 
i 
tell race anes : =e alle arama = 5.31. 
19 fe == — 8.986 
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Work out each of the following integrals: 


Dias 24. | eae aaah 
dx x dx 
21, f(———_- 05 A eee 
formers Ure Faia Caeat 
dx (2-— Vax+1)dz. 
El mee ee 96. (5 vee 
Vr(1 — x*) 3-2 
O93 (eee oe 
Laren emote 74+ (1+62x)? 


28. ae Pe na 

(1 —12x)?- (1-12 2)8 
29. Find the area bounded by the curve y=x+ Vx+1, the z-axis, 
and the ordinates x = 3 and x= 8. Ans. 40%. 


30. Find the volume generated by revolving about the z-axis the area 
of the preceding problem. 

31. Find the volume generated by revolving about the x-axis the area 
in the first quadrant bounded by the codrdinate axes and each of the 
following curves: 


(a) y=2— Vo. (ec) y=a— Vaz. 
(b) y=2—W,. (d) y=4—2%. 


32. Find the area bounded by the curves y=2x2+ V22+1 and 
y =x — V2x2+1 and the ordinates x = 4 and x= 12. 


33. Find the area bounded by the curve 
(x —1)y?= («+ 1)2y—-1) 

and the ordinates x = 3 and x= 8. Ans. 4] v2 + log aed 

169. Binomial differentials. A differential of the form 

(1) x™(a + ba")? dx, 
where a and b are any constants and the exponents m, n, p are rational 
numbers, is called a binomial differential. 

Let e=2z*; then dz = az-'ldz, 
and x(a + ban)Pdx = agra +e—1(q + bzgne)rdz, 

If an integer a be chosen such that ma and na are also integers, * 
we see that the given differential is equivalent to another of the same 
form where m and n have been replaced by integers. Also, 


(2) x™(a + bx”)? dx = a™t"P(ag-™" + b)Pdx 


* It is always possible to choose a so that ma and na are integers, for we can take a as 
the L.C.M. of the denominators of m and n. 


FORMAL INTEGRATION BY VARIOUS DEVICES 299 


transforms the given differential into another of the same form where 
the exponent » of x has been replaced by — n. Therefore, no matter 
what the algebraic sign of n may be, in one of the two differentials 
the exponent of x inside the parentheses will surely be positive. 
When » is an integer the binomial may be expanded and the dif- 
ferential integrated termwise. In what follows p is regarded as a 


° 5 H fe . 
fraction ; hence we replace it by x where r and s are integers. * 


We may then make the following statement : 
EHvery binomial differential may be reduced to the form 
x(a + bx)sda, 
where m, n, 7, 8 are integers and n is positive. 


In the next section we prove that (1) can be rationalized under the 
following conditions : 


CASE I. When me i an integer or zero, by assuming 


Gor =e 


i 


CASE II. When a : = an integer or zero, by assuming 


a+ be" = 2x". 


3 
ILLUSTRATIVE EXAMPLE 1. it aa = i 23 (a + ba?) Fdx 
(a + bx?)2 
2 
a leas ba 6 
b? Va + bx? 
Solution. m= 38,n =2,r = —3,s=2; and here EE 2, an integer. Hence 
this comes under Case I, and we assume Ls 
14 
a+ bx? = z?; whence x = ie = “\" dz = ee and (a+ ba2)? gee 
b b2 (22 == a)? 


(de =/ (259) #4 

oy) (a + bu?)? b } pig—ayt ® 
aa! — —2 al =! 
=, fa az )dz = 55 (@ + a2 )+C 
_1 20+? 16 


b? Va + bx? 
20?—-1)0+ n2)t 
ILLUSTRATIVE EXAMPLE 2. lave Wee =Gn—eter+c 
Solution. m=—4, n= ee -=— 3 and here a + : =—2, an integer. 
s 


* The case where p is an integer is not excluded, but appears as a special case, namely, 
P= iy ee 
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Hence this comes under Case II, and we assume 


1+ 2? = 2242, go tet 


x 
whence 2? = <u » 1t+e=——, Vidas : 
2—1 pees | (22 — 1)? 
also ese ss and aidee tee ee 
Fantomas ome? (22 — 1)3 
2dz 
; dx Snel (22 —1)2 
Weare Merah pe 
(= LE: (22 — 1)? 
a7 Bee Gea Das as 
A ry sah 3 x3 +C, 


PROBLEMS 


Verify the following integrations: 


1. fo VT Pdr = BEACON 


5 dix jianetee 

hig ee ase Ee 

dpe = ie 

; 3 2(5 x3 — 16)(8 + x)e 

3. (25/8 + 23)idz = CO 16) (8 + 2%)? 
if (8 + x3)3dx = Gz 


ry edz _s «(2 a + bz) +¢. 
(a + bx)? — -8b2Va + bx? 
5. f—@ _-_ Gray i ¢ 
x7(1 + x3)3 « 
dix (1 + 2)8 
G. | ay ear So eee 
a + x3)8 AE ro 
th [> any tS atoa by to, 
BCE ef eel me 
n—1 
1 min 
3. eae =-Gtr 4 G 
eal: ce 
9, f—@ ____1+3825 | 


x3(1 + 28)8 2 x2(1 + 23)3 
2V1 +x 4d ay praer: 
10, {5 & = log (x? + VI4 a) — ~~“its 


pei 


- FORMAL INTEGRATION BY VARIOUS DEVICES 301 


Work out each of the following integrals: 


1. {x8 V1 — ade. 12. f 13. [25(a? — x3)#de. 
5 2 1 
14, (EFA ede (a + 2 x? )de 15. ('(1 + 2)Far, 
(east 


170. Conditions of rationalization of the binomial differential 


(A) x™a + bx")dx. 
CASE I. Assume a+ bx” = 2°. 
1 r 
Then (a+ bx")? =z, and (a+ ba")?*=2'; 
1 m 
ze —a\r nm (2a, 
also 2 =(7=4)" and ae ail E ) ; 
1_y 
ga AD) aaa a 
hence Gi Fn Z ( b ) dz. 


Substituting in (A), we get 
-1 


m a aS: reo © ee : 
ee (a + ban)§da = 5 2 ( P ) dz. 


The second member of this expression is rational when 


m+1 
n 
is an integer or zero. 


CASE ITI. Assume a + bx” = 28x". 


2: a , Nn — v8y~n — az* A 
Then ee), and) o- b2*=27 mea 
Hence (a + ben)* = a8 (22 — b) 82"; 
1 es m _m 
also eae —b) x 0"); 
qu Slo 
and dx = — s ares—1(ze— b) * dz. 


Substituting in (A), we get 
m+11,r 


r OD (ida 
x(a + bar)" = — = a i 8 5) ( a> Japtet dz. 
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The second member of this expression is rational when 
is an integer or zero. 
Hence the binomial differential 


a™(a + ba")sdax 


m+if 
n s 


can be rationalized in the cases given in the preceding article. 


171. Transformation of trigonometric differentials. 


Theorem. A trigonometric differential involving sin u and cos u 
rationally only can be transformed by means of the substitution 


(1) tan 5=%, 


or, what 1s the same thing, by the substitutions 


22 Pay ge ase oe 2 dz 
1+ 22’ an feLigan 142 


(2) sin u = 


into another differential expression which is rational in z. 


Proof. From the formula for the tangent of half an angle in (5), 
Art. 2, after squaring both members, we have 


af 1— cos u 
Pd pe a a 
vat ye oo 1+ cos u 
Substituting tan 4 w =z, and solving for cos u, 
(3) Cos yee 
14+ 2 


one of the formulas (2). The right triangle in the figure shows the 
relation (3) and gives also sin wu as in (2). Finally, from (1), 


u = Zare. tame 


2 dz 
and hence ces ies 
Thus the relations (2) are proved. 

It is evident that if a trigonometric differential involves tan u, 
cot u, sec u, ese uw rationally only, it will be included in the above 
theorem, since these four functions can be expressed rationally in 
terms of sin wu, or cos u, or both. It follows, therefore, that any rational 
trigonometric differential can be integrated, provided the transformed 


differential in terms of z can be separated into partial fractions (see 
Art. 167). 
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A arc tan +C, 


ILLUSTRATIVE EXAMPLE. Prove i) ReeLeno = 3 fae) 


Solution. Let 2x=u. Then x = 3 u, dx =4 du. Substituting these values, and 
then using (2), we have 


2 da 
5+4sin2¢% 2/5+4sinu 2 5 er: 
ps 
oo 
=garetan (2244) 4 0, 


Substituting back z = tan 4 uw = tan x gives the above result. 


PROBLEMS 


Verify the following integrations: 


dé 


6 
ly eae Che log (1+ tan 5) 


pada Si 1 De Ne ae 
2. Sad tang 9 Oe tng AOR Searle 
2 (; 2) 
tan = G: 
iene i CP tAD | 5 at aa 
x 
: oa tan5 +3 ge 
 lireagrerrte = | emai ; 
2 


(ou 1 1 o 
. | —cc“-“-= — t — tan whe 
Od ere 2 pee an(Zz 


dx ( z) 
SSS SST ES t 14+ 2tan=)4+ C. 
2sinzx—cosx+8 ESS 2 
cos 6 dé OES ( 2) 
=— = - = € 14+ 2tan=)4+C. 
1 a coe OF engeets Bn a 2 
9 4 tan = — 3 
—_—————_ == it (tan Z) + = log ——/+ C. 
bl ae as Bo iis ee OTS tanZ +3 
1 = 
9. & Ve Sy ee da 
ency V7 | sear Cer 
2 ado = Bie, 12. Bie dot oe 
lO iomanipongcee oo 2 eomeaaTe 4 
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Work out each of the following integrals: 


Nee ae alae 

ae fap est Le ipeear | 

ne Sates OY orcs 
lbersrery | oilfee 7 ier or) 


sin dé 20 dx ; 94 2 da . 
20. oan 8 22. f, 5+38cosx -S, 2+ cosa 


172. Miscellaneous substitutions. So far the substitutions con- 
sidered have rationalized the given differential expression. In a 
great number of cases, however, integrations may be effected by 
means of substitutions which do not rationalize the given differential, 
but no general rule can be given, and the experience gained in work- 
ing out a large number of problems must be our guide. 

A very useful substitution is 


called the reciprocal substitution. Let us use this substitution in the 
next example. 


vee 


ILLUSTRATIVE EXAMPLE. Find at dx. 


Solution. Making the substitution x = ;, dz = — = we get 
Z 


pee 


252 _ 1)% pes 8 
= be sls bes 5h (a x?) C. 


dx = — { (a2? — 1)?#zdz=— 3a? nprec 


PROBLEMS 


Verify the following integrations : 


dx cx 1 

1. apa eer Tata 

Ul sepperare ata TaVina TS sie 
aV x? — 2 +2 5) Var? —27+2 ERT NE 

Let Vz? —7+2=2—72. 


3. ( —— __ = 2 are tan (n+ Vi? F22—1)4 C. 
eve? +22—-1 
Let Vv? +22—1l=z—72. 
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rV2+u4—22 V2 V24+22¢4+V2—<2 
Let V2+2%—2?= (4+ 1)z. 
dar Ne [28 — x) 
5. | ———_—__—_. — — = GING) dy) 
Vs eee 3 are tan Go ae’ 


Let V5 x — 6 — 4? = (4 — 2)z. 


- (Lo 1 
Bf eet a ( ) etl, 
Als 3:2? —22—1 picasa oe nae Bene Zz 
dx 12 1 2 
7. (——“ ___ =o (esti Meee aia asa 
tf 14+42+5 x? S x ene 1 
Let + =~ 
dx 1 - {2—2 iL 
8. Sg rg sin ( )+ Ge Let 7 ==- 
ifn w+4ze—4 2 rv2 z 
| —~ V1+2274+3 2? 
2V1+224+838 2? x 
V14+2243 22 
ete tea Lees t3F) io, 
Let x == 
= ¥ 
10. f dx — N20 2? +62 +—3aresin(* 32) 4c, 
e?V274?+62—-—1 x 6 x 1 
Let x==-- 
Zz 
10 fee 6. Let «=. 
2: de =aretane——.- Let e*=2. 
o e+e % 4 


Let x =a sin?z. 


a 
1s = 
if NAS mg) 


14. (V2 04 # dt = VB — 3 log (2 + V8). Let +1=z<. 

Work out each of the following integrals: 

bb Bue : Let V2? —2244+3=2-2. 
yVn?2 —22%4+38 

iG bees cae eee a ae : Let V2? —224+3>=2-¥2. 
(72 — 2248)? 2 

17. (24. ~* * Let V5 « — 6 — 2? = (& — 2)z. 
V5x2—6— <x? 

18. (=24 _. Let V5 x«—6— 2? = (x — 2)z, 
V5x2—6— 2? 


CHAPTER XVII 
REDUCTION FORMULAS. USE OF TABLE OF INTEGRALS 


173. Introduction. In this chapter formal integration is completed. 
The aim is eventually to lay down directions for using a table of in- 
tegrals. Methods of deriving certain general formulas, called reduc- 
tion formulas, given in all tables are developed, since these methods 
are typical in problems of this sort. 

174. Reduction formulas for binomial differentials. When the bi- 
nomial differential cannot be integrated readily by any of the methods 
shown so far, it is customary to employ reduction formulas deduced 
by the method of integration by parts. By means of these reduction 
formulas the given differential is expressed as the sum of two terms, 
one of them not affected by the sign of integration, and the other 
an integral of the same form as the original expression, but one 
which is easier to integrate. The following are the four principal 
reduction formulas: 

xm—nt+i(g te bxn)etl 

A x™ (a + bx")? dx = ——_—m i — 

“) i ( ) (np + m+1)b 
os mane Oe f(a + bx")? dx 

(np +m-+1)b : 
x™t+1(q + bx")? 

np+m+1 
( eOnpae m n)p—1 
+e fe (a + bx")?-! dx. 
xmt+l(@4+ bx")P+1 
(m+ l)a 
_ (npt+n+m+1)b 
(m+ l)a 
xm™+liq4+ bxr)etl 
n(p+lja 


np+n+m+1 

po a kB eB m n\p+1 
7 PSII le (a + bx")? +1dx, 
306 


(B) f x™ (a+ bx")? dx = 


(C) ife (a + bx")? dx = 


x™+n(a + bx")> dx, 


(D) fx (a + bx")? dx = — 
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While it is not desirable for the student to memorize these for- 
mulas, he should know what each one will do and when each one fails. 
hus: 

Formula (A) diminishes m by n. (A) fails when np +m+1=0. 

Formula (B) diminishes p by1.  (B) fails whennp+m+1=0. 

Formula (C) increases m by n. (C) fails whenm+1=0. 

Formula (D) increases p by 1. (D) fails when p+1=0. 


I. To derive formula (A). The formula for integration by parts is 


(1) fu dv = uv — fo du. (A), Art. 186 
We may apply this formula in the integration of 
fre + bx")? dx 
by placing %—=4"—*T!* and dv = (a-- ba*)?x"— da; 
then du=(m—n+1)e™-"dx and v= eae 


Substituting in (1), 
Be 7 ee es (Or OL) 
(2) fe Ce) ey 
ite ee 
nb(p + 1) 


But f2"-*(a + ba")? t1 da = [a + bx”)? (a + bx”) dx 


ee =a ba) PT lax. 


os fern bard 


+ bf amat ba”)? dx. 
Substituting this in (2), we get 


24 - a em—rlig+ ba)P+1 
f? (a + bx”)? dx = aa aby Alaa 


vig) fet ed 
ee _m—n+1 
n(p + 1) 


Transposing the last term to the first member, combining, and 


a™(a + ba")? dx. 


solving for Hf a™(a + bx”)? dx, we obtain (A). 


*In order to integrate dv by the power formula it is necessary that x outside the 
parenthesis shall have the exponent n — 1. Subtracting n — 1 from m leaves m — n +1 for 
the exponent of x in u. 
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It is seen by formula (A) that the integration of «(a + bx”)? dz is 
made to depend upon the integration of another differential of the 
same form in which m is replaced by m — n. By repeated applications 
of formula (A), m may be diminished by any multiple of n. 

When np +m+1=0, formula (A) evidently fails (the denomi- 
nator vanishing). But in that case 

i ee 
see Ue 0; 
hence we can apply the method of Art. 169, and the formula is not 
needed. 
II. To derive formula (B). Separating the factors, we may write 


(8) fen + ba")? dx =f x(a + ba")?—1(a + ba") dx 
= af oa + bx")?-1dx 


+ bf am*n(a + bx")?—!dax. 


Now let us apply formula (A) to the last term of (8) by substi- 
tuting in the formula m+ n for m, and p—1 for p. This gives 


m+n n —1 ee be) 
b [x +b)\de—= 


_ _a(m + 1) A n\p— 
aaa (a+ ba”)?—1 dx. 


Substituting this in (8), and combining like terms, we get (B). 
Each application of formula (B) diminishes p by unity. Formula 
(B) fails for the same case as (A). 


III. To derive formula (C). Solving formula (A) for 
fre + bx")? dx, 


and substituting m+ n for m, we get (C). 

Therefore each time we apply (C), m is replaced by m+ n. When 
m-+1= 0, formula (C) fails, but then the differential expression can 
be rationalized by the method of Art. 169, and the formula is not 
needed. 

IV. To derive formula (D). Solving formula (B) for 


fen + ba")?—! dx, 


and substituting p+ 1 for p, we get (D). 


REDUCTION FORMULAS 309 


Each application of (D) increases p by unity. Evidently (D) fails 
when p+ 1=0, but then » = — 1 and the expression is rational. 
Formula (5) of Case IV, Art. 167, is a special case of (D), when 
n= 0p =— nn, 7=2, 0 = a7, b= 1, 
oe dx 
V1 — x? 


Solution. Here m= 3, n=2, p=—3,a=1,b=—-1. 


ILLUSTRATIVE EXAMPLE 1. fh =— ; (x2 + 2)(1 — #2)?4+ C. 


We apply reduction formula (A) in this case because the integration of the dif- 
ferential would then depend on the integration of Hs x(1 — x2) 7da, which comes 


under the power formula. Hence, substituting in (A), we obtain 


as x3 - a+1(1 —a2)— 341 iG eee) 
3 — 72 2 ey a aa eg Se i 
sea eee oa pa Saad) 


— 4 42(1 — 42) 3 + 3 f 2d — x2) dx 
—$a2(1 — a2)? — 31 — 2)? +C 
— $(@? +2)(1—2*)F +C. 


ILLUSTRATIVE EXAMPLE 2. iE gL ta =— G x3 + 3 a?e) Va? — x? 
(a? — x?)2 


e3-2(1 — a2)~2 dx 


+ 3a! aresin= + C. 
Hint. Apply (A) twice. 
ILLUSTRATIVE EXAMPLE 3. i (a2 + x2)? dx = : Va? + x? 
+f log @ + Va? +a) +0. 
Hint. Here m=0,n=2, p= a a=a?,b=1. Apply (B) once. 


_ (@—1)3 


1 
i = C. 
es 3 4 BBL 


ILLUSTRATIVE EXAMPLE 4. i 

Hint. Apply (C) once. 
PROBLEMS 

Verify the following integrations: 


1. [o°VI + a8 de = gs (8 a — 2)(1 + 28)? + C. 


2 = 
2 (2 _ = 10. 
Cte re 
3, (Ra = EN EES — Nog (02 + Viet £4) + ©. 
Vat +4 4 
4 Ned s NEES p(AtE—*) 4c 
Af x 2 Nie 
5. (fe _=7 (5 «6 — 623 + 9)(1 + 23)? + C. 
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6. {x V1 —x¢tdr= qs [are sin x? + (2 26 — x?) V1 — at ]4+C. 


7.faviFatd =1[a?V1 + xt + log (x? + V1 + 2t)] 4+. 


TORR 22°+1 
8. (aa as + 25)3~ — 10(1 + 2)? ie 
4 2 Vi1 
9. f 23(1 +a8)idy= OP Fee JNItE | + 3° log (xt + V1+ 28) +0. 
EE ee (1 + 78)? 
10 es raoaia aia Toc a 


To x3 dx ph 2k Ee 
(1+ 28)? 12(1 +28)? 
io jpteee xdr  _ 5(3 #8 — 5)(1 + «88 


+ C. 
ake x8)8 192 
V4 — x? dx (4 — x)? 
Pe errr eee pet 
cuore ae ee oes 3 S08 
14. fF = qe Bre eae + 8)V1i—7r2+6. 
ae we els 
15. f= + bx?) 3a log (ane aP Be Aes 
2 V Sinn 2 
Gk | Cee aN are cos(1 ==) 
V2 ax — x? 2 2 a 
Hey) == = x2 (2 a—x)~? dz. Apply (A) twice. 
ax—2Z 
17. f yedy §_ (2 y® + 5 ry +1517?) V2 ry — y? 
J V2 ry — y? . 6 
+ oT are cos(1 ~_ 4 C. 
8, (a = — V2at—? + aare eos (1 — +) +6, 
V2 at — t? 
Work out each of the following integrals: 
dx cl da x dx 
19. | ————- 22. | ————.. 260 —— 
lee 1— x3 ise (ine = 
20. [ 1+ x?)Fdx ag, (V1 + side, 26. { Va? + Bat. 
a6 at 
x8 dx xv dx 2 dz 
ph fp 4,/—— or. 27 | ees 
leper. lige ane Ire 


Sax dt 
98) (jee Cig a 
Iv ez te Lia — tt)# 
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175. Reduction formulas for trigonometric differentials. The method 
of the last article, which makes the given integral depend on another 
integral of the same form, is called successive reduction. 

We shall now apply the same method to trigonometric differen- 
tials by deriving and illustrating the use of the following trigonometric 
reduction formulas : 


, sin™ +1x cos?-1x 
(E) i sin” x cos" x dx = —————————_ 
m+n 


Pie if sians cos"— 2x dx. 
m+n 
ium—1 n+1 
(F) i} Bin COST CC tes te 
m+n 
<. ae sin” 2x cos" x dx. 
m+n 
inmtl sia 
(G) J sans cos"x dx = — ata ee ed 
n+1 
te Te talinee sin” x cos" + 2x dx. 
n+1 
inmt+l n+1 
(A) sans Cost xd ee 
m+1 
+f ment? f sinm+s cos" x dx. 
m+1 
Here the student should note that 
Formula (E) diminishes n by 2. (E) fails when m+ n= 0. 
Formula (F) diminishes m by 2. (F) fatls when m+ n= 0. 
Formula (G) increases n by 2. (G) fails when n+1=0. 
‘Formula (H) increases m by 2. (A) fails when m+1=0. 


To derive these we apply, as before, the formula for integration 
by parts, namely, 


(1) fu dv = uv —fo du. (A), Art. 186 
Let u=cos"-1xz, and dv=sin"x cos xdz; 
re eee en eee a Sine) 
then du=— (n—1)cos”-2xsinzdz, and » rar 


Substituting in (1), we get 
(2) if sin” cos"x dx = + 


sin”t! cos"—1x 
m+1 


eal inmt2 n—2 
+25 [sin x cos"—2% dx. 
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In the same way, if we let 
u=sin”™-!z7, and dv=.cos"2z sin xdz, 


we obtain 
(3) sin” x cos"x2 dz = — —— > 
n+1 
tay 
+ m= [ sinm-2z cos"*2a da. 
n+1 
ae fsinm2a cos"~2xdx= {| sin™x (1 — cos?x) cos*~ 22 dx 


= ii sin” x cos"—?2da— If sin” x cos" x dx. 


Substituting this in (2), combining like terms, and solving for 
ff sin” x cos"x dx, we get (E). 

Making a similar substitution in (3), we get (F). 

Solving formula (£) for the integral on the right-hand side, and 
increasing n by 2, we get (G). 

In the same way we get (H) from formula (F). 

Formulas (£) and (F) fail when m+ n=0, formula (G) when 
n+1=0, and formula (7H) when m+1=0. But in such cases we 
may integrate by methods which have been explained previously. 

It is clear that when m and n are integers, the integral 


if sin” x cos" x dx 


may be made to depend, by using one of the above reduction for- 
mulas, upon one of the following integrals: 


fe. sin xde, cos edz, sin 2 cos ede, ies ese x dx, 
sin x 
ade dx ; 
fesz=f ee, eae fran A ‘fect edz, 


all of which we have learned how to integrate. 


ILLUSTRATIVE EXAMPLE 1. Prove 


F j 5 7 3 
{fsin?s costa de = —SREEOSE 5 SNE COS + 7 (sin x cos +2) +C. 


Solution. First applying formula (F), we get 


ae 4 __ sinxcos'x , 1 
(4) fosin PiCosedc do— ae + r f costa de. 


[Here m = 2, n= 4.] 


REDUCTION FORMULAS 313 


Applying formula (E) to the integral in the second member of (4), we get 


5 i _ sin x cos*x | 3 5 
(5) f cos x dx 9 +3 f cos x dx. 


[Here m = 0, n = 4.] 
Applying formula (EZ) to the second member of (5) gives 
(6) f costa dr _ sin see oan z. 
Now substitute the result (6) in (5), and then this result in (4). This gives the 
answer as above. 


ILLUSTRATIVE EXAMPLE 2. Prove 
tan?2e, 1 i 
f Rope =z sec 2x tan 22 q log (sec 2x + tan 2x) +C. 
tan?2e2_sin?2e, 1 _sin?2e. 
cos2x  cos22xz cos2x” cos’2x 


Let 2%=u. Then x= 3 u, dx =3 du, and 


Solution. 


(7) J sin?2 x cos-*2 xdx = } ['sin?u cos-?u du. 

Apply (G) to the new integral in (7), with m = 2, n = — 3, replacing «x by wu. 
(8) fein?u cos udu = — Snes TH 4 1 fsinty cos-! udu. 

Apply (F) to the new integral in (8), with m=2,n=—1. 


(9) J sin?w cos“! udu = — sin w+ [ cos! udu =—sin u + log (sec u + tan u). 


Substituting from (9) and (8) into (7), reducing, and setting wu = 2 x, we have 
the answer. 


PROBLEMS 
Verify the following integrations : 
: ; ih ab 
1. fsintzx cos?x dx = sin x cos x3 sint x — 34 sin? — al =} ae Ge 
3% ge —3 tan2= LF yeh 
2. f tan 3 dz = 5 tan 3 + 3 log cos 3 + 


3. feott9 da = — 2" + cot + 6+. 
3 
4. [sec?t dt = 3 see t tant + 2 log (sect + tant) + C. 
5. { ese? xdx = — 5 ese cot x + 2 log (ese x — cot x) + C. 
6. [eset 6 dp = — SEF COEF (ose29 + 3) 4 3 log (ese 6 — cot 6) + C. 


4 
7. [ sin? cos? do = } tan $ (38 — sin?¢) —3 4+ C. 
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g. (CO 2000 — _ F cot 2 6 ese 2 0 — 5 log (ese 2  — cot 26) + C. 


sin 2 0 4 
dz _ cost  2Z2cC0ser 
{lates » 9 8 sin? x aa.sine 
10. f'cos* 6d = cos @ sin 878 cost + 10 cos?@ + 15] + oe + (es 
48 16 
4 387, 
11. (C sint 0 dé = i6 
St ap SOU 
4 ep de 8 aed 
12. {" cos* x dz = 3 14. { sin’ ¢ d¢ 128 
57. 2costadz 5 37 
6 = wm no--—-— 
13. ip sin® 2 6d@ = 30 15. { sin? Z 3 
4 
Work out each of the following integrals: 
ee sin? x dx. peer 
16. { sin? 2 68. 1S ae 20. if tan? 5 dé. 
0 idee 
3 = i 4x dx. 
17. { ese 5 dé. 19. faxes cos 2 Af sin x dx 
22. { “sin? 8 cos? 6 dé. 23. [ 2 + sin 6)*d0. 
0 0 


176. Use of a table of integrals. The methods of integration de- 
veloped in Chapters XII, XVI, and XVII have been directed to re- 
ducing a given integral to one or more of the Standard Elementary 
Forms in Art. 128. Various devices have been elaborated to this 
end, such as 


integration by parts (Art. 136) ; 

integration by partial fractions (Art. 167) ; 

entegration by substitution of a new variable (Arts. 168-172) ; 
use of reduction formulas (Arts. 174-175). 


When, however, a more or less extensive table of integrals is 
available, the first step in any problem in formal integration is to 
search for a formula in the table by which the problem can be solved 
without the use of any of these devices. Such a table is given in 
Chapter XXVII. Some examples will now be given. 


ILLUSTRATIVE EXAMPLE 1. Prove, by the Table of Integrals, 
dx Pe 2+ 
erences peek es )+e. 
Solution. Use 14, with a=2,b=1, andu=vx. 
This example, without the table, would be worked out as in Case II, Art. 167. 
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ILLUSTRATIVE EXAMPLE 2. Verify, by the Table of Integrals, 


2 
Waoneras = 1 cere) 
Solution. Use 22, with a=3, b=2, and u=vx. 
This example, without the table, is solved as in Case III, Art. 167. 
ILLUSTRATIVE EXAMPLE 3. Verify, by the Table of Integrals, 
i da i EES 
aV4+32 2  VW443242 
Solution. Use 31, with a=4,b=38, and u=~-x. 


This example, without the table, is worked out by the substitution 4 + 3 x = 22, 
as shown in Art. 168. 


ILLUSTRATIVE EXAMPLE 4. Verify, by the Table of Integrals, 
x dx V302+4x2—7 2 Fare ERTS 
a 5 EE _ 4 jog (60 4-442V8V8024+42—7) +C. 
s Preceerraet 3 8V3 al ) 
Solution. Use 118, with a=—7,b=4,c=3, andu=x. 
Without the table the example would be solved by completing the square as 
in Illustrative Example 2, p. 206. 
ILLUSTRATIVE EXAMPLE 5. Verify, by the Table of Integrals, 


32 j 
fe" cos 22dx = § een eee. 


Solution... Use 1547 with a@=3, n=2, w=: 
Without the table the example would be solved by integration by parts. See 
Illustrative Example 6, Art. 136. 


In many problems the given integral cannot be identified with 
one in the table as easily as in the preceding examples. In this case 
we search for a formula in the table similar to the given integral, 
and such that the latter can be transformed into the former by a 
simple change of variable. This method has been used constantly 
in Chapter XII and in all integration problems hitherto. 


ILLUSTRATIVE EXAMPLE 6. Verify, by the Table of Integrals, 


dx iL 20 
———. = = log ———— + C. 
ce 4224+9 3 §34V42?+49 
Solution. Formula 47 is similar. Let u=2x. Thenx=%u, dx=}4 du, and, sub- 
stituting the values in the given integral, we obtain 


= = (2 = f——. 
av Ae? 9 FuVwe+9 uvu2 +9 
Hence, applying 47, with a = 3, and substituting back u = 2 x, a=3, we have 


i ES (Ges) +c. 


aV4u24+9 3 
Without tables we should proceed as in Illustrative Example 2, Art. 135. 
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ILLUSTRATIVE EXAMPLE 7. Verify, by the Table of Integrals, 


/ = —A 72) 

fi 9x 4a? 5 ee SLGILET gp 
aie 27 aie 

Solution. Formula 84 is similar. Let w=2a2. Then x= }u, dr=}du. 

Substituting, we obtain 
VOG= Ae? Vegu-wv oe f a NEt=” an 
Ji x3 ¥ d u3 u3 

This is now 84 with a=%. Hence, applying 84, and substituting back 

u=2x, we get the required result. 


If no formula from the table can be applied as in the preceding 
two cases, there remains the possibility that the use of one or more 
of the devices mentioned at the beginning of this article will lead 
to new integrals solvable by the table. No general directions can be 
given other than the rules already developed in the text for the 
employment of these devices. 

The student should study the arrangement of the table. He will 
find that the Standard Forms of Art. 128 appear in their proper places. 
The reduction formulas of Art. 174 are given, with modifications, by 
96-104. Also, the reduction formulas of Art. 175, with additional 
ones for various cases, are numbered 157-174. Increased power 
in the technique of integration will come from familiarity with the 
table and practice in using it. 


PROBLEMS 


Verify the following integrations: 


1. fe = MES * + are tan Ve-14 6, 


Vi—-1 
era 22+1 
2. (ape = gare tan ays + C. 
Cate ee =| 
8. fq Soi = glow 4-52) +5 4 -|+0. 
x 


ste SESH 
x 


5. fxsin2xdx=—4xcos2x+hsin22+C. 


a cos? x Bint as 
sin’ x 2.sin*3 > 2 ee eis 
— $ log (ese x — cot x) + C. 
2d 
7. [U2 =-4 5e-22(2a2+2e4+1)4+C. 
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8. { sin? « cos? a dx = 3 sin’a — t sins + C. 


cos? t dt : De ens 
9. | ——— = 2Vsin t — = (sin ft)? + C. 
J Vsin t B | Ds 
2 ——<————— ns 
10. (eS x dx =S[VG+R)O +2) 
+ log (V4 + 2? + V3 4 22)]4+C. 
Ly JES Te AU a — V(1 + sin x) (2 — sin 2) 
V2 —sin x - 
— 3 arc sin Jasin +, 
ee CTE pays 
6 ax? 
sin2fdt _ 4 : 
13. (Gain D3 = Dagingt 2 lee @tsint) +c. 
e2* dx MeN TsO ease 
1+ 2 e — e?* — are sine =—— + C. 
ll Geer +2e—e i 
Work out the following integrals: 
dx dx do 
15. {| ———~- 20. | ——————.- 25. | ——_—_—__- 
\ ery Savin Smee 
dx x dx Nea. 
16. | ——————.- 21. | —__—"_-.. 
ppc il aoe SS 20 eeu eae 
x? dx 3 sin Pe 
eee 22. | «3(1 2)\2 dx. 
17. [= fe. + 2)8da SUA eee 
dx 23. 7-2 M0 5 5 
18. (et EN eae 28. (sin 2 0 sin 3 00. 
V3 02+ 5dz, dt dx 
19. f x? 24. (5 + cost 29. 5 + cos 2x 
a. ff Sasa 32, (—e 
x (a? — 4)3 
31.f—=—. 83. [2°(4 + 22)8dx. 
x?2(1 + x7)? 
Evaluate each of the following definite ner: : 
3 3 
2 2d7.— PROX 
34. f (x2 + 16)? dx = 250.28 a fats a 
i 2+ ae ~ 3x73 
e? dx See 
35. {$ ——=— = 0.124. 8 
J, V9—432 38. pan ee ue 


36. f'\/ 242 ae = 10.02. 39. fe e-' cos? (5) df = 0.727. 
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40. f"ersin xdx = $(e" +1). 43. Tas se = 0.093. 
41. [nerds aaa a4. f° V4 2 — x?dz. 
Sen eee pu Gea 


dx dx 3 dx 
47. po on 50. wee T= 53. —————SS 
i or +3 2) il (49 — 10 x)# JS 23-V3 x? — 2 


B dix 5Va? — 1 dz 1-2. 
48. { ————— ACS eS 2 
fj x26 44 a 1 iy a 4. e 2sin zt dt. 


CHAPTER XVIII 
CENTROIDS, FLUID PRESSURE, AND OTHER APPLICATIONS 


177. Moment of area; centroids. The centroid of a plane area is 
defined in the following manner: 

A piece of stiff, flat cardboard will balance in a horizontal position 
if supported at a point directly under its center of gravity. This 
point of support is the centroid of the area of the flat surface of the 
cardboard. 

For certain areas considered in elementary geometry the cen- 
troids are obvious. For a rectangle or a circle the centroid coincides 
with the geometrical center. In fact, if a plane figure possesses a 
center of symmetry, that point is the centroid. Furthermore, if a 
plane figure has an axis of symmetry, the centroid will lie on that axis. 

The following considerations lead to the determination of the 
centroid by mathematical means. It is beyond the purpose of 
this book to justify the argument by 
mechanics. 

Consider the area AMPNB of the 
figure. Divide it into n rectangles, each 
with base Az, as heretofore. The figure 
shows one of these rectangles. Let dA be 
its area, and C(h, k) its centroid. Then 


GydA=yor, haz, k=sy. 


The moment of area of this elementary 
rectangle about OX (or OY) is the product of its area by the per- 
pendicular distance of its centroid from OX (or OY). If these 
moments are, respectively, dM, and dM,, then 


(A) dM,=kdA, dM,=hdA. 


The moment of area for the figure AMPNB is obtained by applying 
the Fundamental Theorem (Art. 156) to the sum of the moments of 
area of the n elementary rectangles. Thus we obtain 


(B) M,= [ aA, M,=[ haa. 
319 
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Finally, if (Z, 7) is the centroid of the area AMPNB, and A its 
area, then the relations between the moments of area (B) and x 
and ¥ are given by 

(C) Ak=M,, Ay=M,. 

To calculate (%, 7), find the moments of area M, and M,. From 
(1) and (B), these are, for the above figure, 


b b 
(2) M,= af y2dx, My, = ry dx, 


in which the value of y in terms of x must be substituted from the 
equation of the curve MPN. 
If the area A is known, we have, from (C), 
— peel wee: 
Tig ed Be lt ge 
(3) eames 
If A is not known, it may be found by integration, as in Art. 145. 
ILLUSTRATIVE EXAMPLE 1. Find the centroid of the area under one arch of the 
sine curve 
(4) "= Sin fe 
Solution. Constructing an elementary rectan- 
gle, we have 
(5) dA =ydx =sin x dz, 
dM, =kdA=% y2dx=3sin?xdz, dM, =hdA =xydzx =x sin x dz. 
The limits arex = 0, x = 7. Hence 


(6) A=/""sinxdx =2, M, =} ‘sin?xdx =} m, M, = [-'xsin x de =m. 


Then, from (3), =347,9=4 7. Ans. 
The value of % might have been anticipated, since the line x = 3 = is an axis of 
symmetry. 


ILLUSTRATIVE EXAMPLE 2. In the figure the curve OPA is an arc of the parabola 
y? =2 px. Find the centroid of the area OPAB. 


Solution. Draw an elementary rectangle, as in 
the figure, and mark its centroid (h, k). Then B 


dA=xdy, h=$}xz, k=y. 
Using (A), dM, =kdA = xy dy, 
dM, =hdA =} x? dy. 


Finding x in terms of y from y? = 2 pz, and 
integrating between the limits y =0, y = b, we find 


= 


b3 b4 bs 
A=—), M, ==> =. 
6p 8p us 40 p 
eS Oe eS ; P 
Hence % = oe Fag b. But x=a, y=b satisfy the equation y? =2 pz. 


20 p 
Hence b? = 2 pa, and % = 4°, a. The centroid is therefore (,3, a, 3b). Ans. 
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PROBLEMS 


1. Find the centroid of each of the areas bounded by the following 
curves : 


Oey = ti 1 = (0). Ans. t=3,9=%5)- 
(b) y= x?, y=1, x=0. (First quadrant.) T=, es 
()y=x2,2=1,y=0. S= sys 
(d) y=2°, y= 1, x= 0. r= 2,y=¢. 
(e) y2=23,2=4,y=0. (First quadrant.) g= 40,9 = 8. 
(f) x2 + y2?=1. (First quadrant.) ty 4 

(g) =a, 0=4. ie ies 


(GPS OVA eo De 

ry? = = Oe 0! 

Gj) y=4—27,x=0, y=0. (First quadrant.) 
(k) y? = a? — ax, x= 0, y=0. (First quadrant.) 
(1) . - ol ta ay 0, 2 = 6, (First quadrant.) 


_(m ee ait ti 2.0 (First quadrant.) 


2. a io centroid of the area bounded by the codrdinate axes and 


the parabola Vz + Vy = Va. Wi oie a. 


5 

3. Find the centroid of the area bounded by the loop of the curve 

y? = 4 7? — x3, Ans. & =48,7=0. 
4, Find the centroid of the portion in the first quadrant of the ellipse 

a ae _4a,,_ 46. 
Bok bie se 3a 4 3 
5. Find the centroid of the area bounded by the parabola y? = 2 px 

and the line y = mz. A ee a Dan De 
om m 

6. Find the centroid of the area included by the parabolas y? = ax 
and x? = by. Ans. % = 9°y ab, 7 = oy a8. 


7. Find the centroid of the area bounded by the cissoid y?(2 a — x) = x3 
and its asymptote x = 2 a. te 54,9 Te! 
8. Find the centroid of the area bounded by the witch x?y = 4 a?(2a—y) 
and the x-axis. 


R=. 7a 
Ans. 22 = 054 — 5 
9. Find the distance from the center of the circle to the centroid of 
the area of a circular sector of angle 2 0. Dets 2rsin 0 


3 6 
10. Find the distance from the center of the circle to the centroid of 
the area of a circular segment the chord of which subtends a central 


angle 2 0. _2rsin®@ 
c Bre. 3(6 — sin 8 cos 6) 
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11. Find the centroid of the area bounded by the cardioid 


p=a(1 + cos 6). Ans. z= 74,5 =0. 

12. Find the centroid of the area bounded by one loop of the curve 

p= acos 2 0. Ans. Distance from origin = 128 V2. 
105 7 


13. Find the centroid of the area bounded by one loop of the curve 
p=acos3 6. 81 aVv3 
80 7 


178. Centroid of a solid of revolution. The center of gravity of 
a homogeneous solid is identical with the centroid of that body 
considered as a geometrical solid. 
The centroid will lie in any plane 
of symmetry which the solid may 
possess. 

To achieve a mathematical def- 
inition of the centroid of a solid 
of revolution, it is necessary to 
modify the discussion of the pre- 
ceding article only in the details. 

Let OX be the geometrical axis 
of the solid. The centroid will 
then lie on this axis. Let dV bean 
element of volume, that is, a cylin- 
der of revolution with altitude Ax 
and radius y. Then dV = zmy?Az. 
The moment of volume of this cylinder with respect to OY is 


(1) dM, =a«dV = rxy7 Az. 


The moment of volume for the solid is then found by the Funda- 
mental Theorem, and Z is given from 


(2) Vo= Me = f rxy2ae. 


Ans. Distance from origin = 


ILLUSTRATIVE EXAMPLE. Find the centroid ¥ 
of a solid cone of revolution. 

Solution. The equation of the element OB is 
AB_rtr 
OA h 
rx 


’ 
or 


h 
* h 2 
Hence Vie i, Tx rs dx =} rr2h?2, 
70 


Since V= 3 mrh, 7=2%h. Ans. 
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PROBLEMS 
1. Find the centroid for each of the following solids: 


(a) Hemisphere. (See 
figure.) Ans. % = $r. 


v4 


(b) Paraboloid of revo- 
lution. (See figure.) 
Ansax == h. 


2. The area bounded by 
OX and each curve given 
below is revolved about OX. 
Find the centroid of the solid 
of revolution generated. 


@) 2 = 9F =, B=P 
(b) 2ay=0?,x=44,7=2a. 


(Oe re Anse Ci seia 
CC ey eae a toe 4: 
(Oe goa 47 = 0, eS eS = 24, 


Qe — asin 7 = s 7, 
3. The area bounded by OY and each of the curves given below is re- 
volved about OY. Find the centroid of the solid of revolution generated. 
(a) y2=4 az, y=b. Ans. ¥=2 b. 
(b) 2 —y?=1,y=0,y=1. jee 
(c) ay? = x3, y =a. 


| 


4, The radii of the upper and lower bases of a frustum of a cone of 
revolution are, respectively, 3in. and 6in., and the altitude is 8 in. 
Locate the centroid. 


\y 5. Find the centroid of the solid formed by revolving about the y-axis 
the area in the first quadrant bounded by the lines y = 0, x =a, and the 
parabola y? = 4 az. 5a 


Ans. y = “Cie 


6. Find the centroid of the solid formed by revolving about the x-axis 


2 2 
that part of the area of the ellipse ae = 1 which lies in the first 
quadrant. We 3a. 
‘ 8 


”. Find the centroid of the solid formed by revolving about the z-axis 
the area in the first quadrant bounded by the lines y= 0, x = 2, and 
i] 


2 2 
the hyperbola a tis aks 
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8. Find the centroid of the solid formed by revolving about the z-axis 
the area bounded by the lines x=0, = a, y = 0, and the hyperbola 


2 2 ma 
eine! = 


9. Find the centroid of the solid formed by revolving about the x-axis 
the area bounded by the lines y= 0, x= ie and the curve y = sin 2 x. 


10. Find the centroid of the solid formed by revolving about the x-axis 
the area bounded by the lines x = 0, x = a, y = 0, and the curve y = e* 
11. The area bounded by a parabola, its axis, and its latus rectum is 


revolved about the latus rectum. Find the centroid of the solid generated. 
Ans. Distance from focus = 3°, of latus rectum. 


179. Fluid pressure. We will now take up the study of fluid pressure 
and learn how to calculate the pressure 
of a fluid on a vertical wall. Surface of fluid 

Let ABDC represent part of the 
area of the vertical surface of one wall 
of a reservoir. It is desired to deter- 
mine the total fluid pressure on this area. 
Draw the axes as in the figure, the 
y-axis lying in the surface of the fluid. 
Divide AB into mn subintervals and 
construct horizontal rectangles within 
the area. Then the area of one rec- 
tangle (as EP) isy Ax. If this rectangle 
was horizontal at the depth 2, the fluid pressure on it would be 


Wey Ax, 


Ee pressure of a fluid on any given horizontal surface equals the noi 


of a column of the fluid standing on that surface as a base and of height 
equal to the distance of this surface below the surface of the fluid. 
where W = the weight of a unit volume of the fluid. Since fluid pres- 
sure is the same in all directions, it follows that Way Az will be ap- 
proximately the pressure on the rectangle EP in its vertical position. 
Hence the sum 
> Way: Ax; 
t=1 
represents approximately the pressure on all the rectangles. The 
pressure on the area ABDC is evidently the limit of this sum. pecs 
by the Fundamental Theorem, 


lim 5) Way; Ar; = =| Way dx. 


n> O;— 1 
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Hence the fluid pressure on a vertical submerged surface bounded 
by a curve, the x-axis, and the two horizontal lines x = a and x = b 
is given by the formula 


b 
(D) Fluid pressure = W i) yx dx, 


where the value of y in terms of x must be substituted from the equa- 
tion of the given curve. 
We shall assume 62 lb. (= W) as the weight of a cubic foot of water. 


ILLUSTRATIVE EXAMPLE 1. A circular water main 
6 ft. in diameter is half full of water. Find the pres- 
sure on the gate that closes the main. 


Solution. The equation of the circle is x? + y? =9. 
Hence y= V9 — x2, 
W = 62, 


and the limits are from x = 0 tox = 38. Substituting 
in (D), we get the pressure on the right of the 
x-axis to be 


3 
Pressure = 62 f° V9 — 2? + @ de =[— 829 — 2)¥)} = 558. 
Hence Total pressure = 2 x 558 =1116 1b. Ans. 


The essential part of the above reasoning is that the pressure 
(= dP) on an elementary horizontal strip is equal (approximately) 
to the product of the area of the strip (=dA) by its depth (= h) 
and the weight (= W) of unit volume of the fluid. That is, 


(E) dP = WhdA. 
With this in mind, the axes of codrdinates may be chosen in any 
convenient position. 


ILLUSTRATIVE EXAMPLE 2. A trapezoidal gate in a dam is shown in the figure. 
Find the pressure on the gate when the y 
surface of the water is 4 ft. above the WATER LEVEL 
top of the gate. 

Solution. Choosing axes OX and OY 
as shown, and drawing an elementary 
horizontal strip, we have, using (£), 

dA =2 x dy, 
h=8-y, 
dP = W(8 — y)2 x dy. 
The equation of AB is y=22—-8. 
Solving this equation for x, and substi- 


tuting, the result is 
dP = W(8—y)(y + 8)dy = W(64 — y*)dy. 


Integrating with limits y = 0 and y = 4, we obtain 
P=W { (64 —y)dy = 144 W = 14,549 Ib. Ans. 
0 
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PROBLEMS 


1. In the following problems the y-axis is directed vertically upward, 
and the z-axis is at the surface level of a liquid. Denoting the weight of 
a cubic unit of the liquid by W, calculate the pressure on the areas formed 
by joining with straight lines each set of points in the order given. 


(a) (0, 0), (8, 0), (8, — 2), (0, — 2), (0, 0). Ans. 6 W. 
(b) (0, 0), (8, 0), (0, — 2), (0, 0). 2 W. 
(ce) (0, 0), (8, — 2), (0, — 2), (0, 0). 4 W. 
(d) (— 1, 0), (2, 0), (0, — 3), (— 1, 0). $ Ww. 
(e) (— 2, 0), (8, 0), (8, — 2), (0, — 2), (— 2, 0). 22. W. 
(f) (0, 0), (2, - 2), (0, ag 3), (0, 0). 5 We 
(g) (0, 0), qd, ial 1); (0, a 2), a 1, a 1); (0, 0). 2 W. 


2. Calculate the pressure on the lower half of an ellipse whose semi- 
axes are 2 and 3 units respectively, (a) when the major axis lies in the 
surface of the liquid; (b) when the minor axis lies in the surface. 

Ans. (a) 8 W; (b) 12 W. 

3. A parabolic segment, formed by a chord perpendicular to the axis, 
measures 2 ft. across the base and 1 ft. from base to vertex. With the 
axis of the parabola vertical, calculate the pressure on the segment 
(a) when the vertex lies in the surface of the liquid; (b) when the base 
lies in the surface. Ans. (a) $ W; (b) 3 W. 

4. A horizontal cylindrical tank of diameter 8 ft. is half full of oil 
weighing 60 lb. per cubic foot. Calculate the pressure on one end. 

Ans. 2560 lb. 


5. Calculate the pressure on one end if the tank of Problem 4 is full. 


6. The vertical end of a water trough is an isosceles 
right triangle of which each leg is 8 ft. Calculate the 
pressure on the end when the trough is full of water 
(W = 62.5). : Ans. 3771 lb. 


7. A rectangular gate in a vertical dam is 10 ft. wide and 6 ft. deep. 
Find (a) the pressure when the level of the water (W = 62.5) is 8 ft. above 
the top of the gate; (b) how much higher the water must rise to double 
the pressure found in (a). Ans. (a) 41,250 Ib.; (b) 11 ft. 


8. A vertical dam has the shape of a parabola; it is 600 ft. across the 
top and 40 ft. deep in the center. Find the pressure upon it when the 
water is 30 ft. deep. Ans. 3897 tons. 


9. A flood gate 8 ft. square has its top just even with the surface of the 
water (W = 62.5). Find the pressure on each of the two portions into which 
the square is divided by one of its diagonals. Ans. 53334 lb.; 10,6663 lb. 


10. Show that the pressure on any vertical surface is the product of 
the weight of a cubic unit of the liquid, the area of the surface, and the 
depth of the centroid of the area. 
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180. Work. In mechanics the work done by a constant force F 
causing a displacement d is the product Fd. When F is variable, this 
definition leads to an integral. Two 
examples will be considered here. 

Work done in pumping out a tank. 
Let us now consider the problem of 
finding the work done in emptying 
reservoirs of the form of solids of rev- 
olution with their axes vertical. It 
is convenient to assume the z-axis of 
the revolved curve as vertical, and the 
y-axis as on a level with the top of 
the reservoir. 

Consider a reservoir such as the one 
shown; we wish to calculate the work 
done in emptying it of a fluid from the depth a to the depth b. 

Divide AB into n subintervals, pass planes perpendicular to the 
axis of revolution through these points of division, and construct 
cylinders of revolution, as in Art. 160. The volume of any such 
cylinder will be wy?Ax and its weight Wry?Az, where W = weight 
of a cubic unit of the fluid. The work done in lifting this cylinder 
of the fluid out of the reservoir (through the height x) will be 


Wryx Ax. 
[Work done in lifting equals the weight multiplied by the vertical height.] 


The work done in lifting all such cylinders to the top is the sum 
»S Wry ;7x;, Ax; 
i=l 


The work done in emptying that part of the reservoir will evi- 
dently be the limit of this sum. Hence, by the Fundamental Theorem, 


lim > Wry 2a hx; = [wry ie 
Wes igs 

Therefore the work done in emptying a reservoir in the form of a 
solid of revolution from the depth a to the depth 0 is given by the 
formula ; 

(F) Work = Wr it y’x dx, 
where the value of y in terms of x must be substituted from the 
equation of the revolved curve. 
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ILLUSTRATIVE EXAMPLE 1. Calculate the work done in pumping out the water 
filling a hemispherical reservoir 10 ft. deep. 


Solution. The equation of the circle is 


a2 + y? = 100. 
Hence y? =100 — x?, 
W = 62, 


and the limits are from « = 0 to x = 10. 
Substituting in (F), we get 


0 
Work = 62 3 f "(100 — 2?)a dx = 155,000 x ft.-Ib. 


The essential principle in the above reasoning is that the element 
of work (= dw) done in lifting an elementary volume (= dV) through 


a height (= h) is dw = WhdV, 


where W = weight of unit volume of the fluid. With this in mind, 

the axes of codrdinates may be chosen in any convenient manner. 
ILLUSTRATIVE EXAMPLE 2. A conical cistern is 20 ft. across the top and 16 ft. 

deep. Ifthe surface of the water is 5 ft. be- 


low the top, find the work done in pump- 
ing the water to the top of the cistern. 


Solution. Take axes OX and OY as in 
the figure. Then 


dV = rx? dy, 
h=15-y, 
dw = W(15 — y) rx? dy. 
The equation of the element OA is 
x=2y. Substituting, 
dw = rW(15 — y)$ y? dy = $ tW(15 y? — y?)dy. 
The limits are y = 0 and y = 10, since the water is 10 ft. deep. Integrating, 


10 
w=¢ mW (15 y? — y3)dy = 216,421 ft.-Ib. Ans. 


Work done by an expanding gas. If a gas in a cylinder expands 
against a piston head from volume 2 cu. ft. to 2; cu. ft., the external 
work done in foot-pounds is 


v1 
(G) Work =| pdv, 
vo 


where p = pressure in pounds per square foot. 
Proof. Let the volume increase from v to v + dv. 
Let c = area of cross section of the cylinder. 


Then u = distance the piston moves. 
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Since pe = force causing the expansion do, 
Element of work done = pe . dy p dv. 
c 
Then (G) follows by the Fundamental Theorem. To use (G), the 
relation between p and » during the expansion must be known. This 
relation has the form 


(1) pv" = constant, 


the exponent n being a constant. 

Isothermal expansion occurs when the temperature remains con- 
stant. Then n = 1, and the pressure-volume relation is 

(2) pv = Povo = P01. 

If a graph of (1) is made (pressure-volume diagram), plotting 
volumes as abscissas and pressures as ordinates, the area under this 
curve gives, numerically, the work done, as calculated by (G). In 
isothermal expansion the graph of (2) is a rectangular (equilateral) 
hyperbola. 

PROBLEMS 


ae 1. A vertical cylindrical cistern of diameter 16 ft. and depth 20 ft. is 
full of water (W = 62.5). Calculate the work necessary to pump the 
water to the top of the cistern. Ans. 800,000 z ft. Ib. 


2. If the cistern of Problem 1 is half full, caleulate the work necessary 
to pump the water to the top. 


{| —_ 8. A conical cistern 20 ft. across the top and 20 ft. deep is full of water 
(W = 62.5). Calculate the work necessary to pump the water to a height 


of 15 ft. above the top of the cistern. Ans: as ft. Ib. 


4, A hemispherical tank of diameter 10 ft. is full of oil weighing 60 lb. 
per cubic foot. Calculate the work necessary to pump the oil to the top 
of the tank. Ans. 9375 7 ft. lb. 


5. A hemispherical tank of diameter 20 ft. is full of oil weighing 60 lb. 
per cubic foot. The oil is pumped to a height of 10 ft. above the top of 
the tank by an engine of 4 H.P. (that is, the engine can do work at the 
rate of 16,500 ft. lb. per minute). How long will it take the engine to 
empty the tank? 

6. Find the work done in pumping out a semi-elliptical reservoir full 
of water (W = 62). The top is a circle of diameter 6 ft., and the depth 
is 5 ft. Ans. 34874 r ft. lb. 


7. A conical reservoir 12 ft. deep is filled with a liquid weighing 80 lb. 
per cubic foot. The top of the reservoir is a circle 8 ft. in diameter. Cal- 


culate the work necessary to pump the liquid to the top of the reservoir. 
AnSoeLooO0mmuUalbs 
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g. A water tank is in the form of a hemisphere, 24 ft. in diameter, sur- 
mounted by a cylinder of the same diameter and 10 ft. high. Find the 
work done in pumping it out when it is filled within 2 ft. of the top. 


9. A bucket of weight M is to be lifted from the bottom of a shaft 
h ft. deep. The weight of the rope used to hoist it is m lb. per foot. Find 
the work done. 


10. A quantity of air with an initial volume of 200 cu. ft. and pres- 
sure of 15 lb. per square inch is compressed to 80 lb. per square inch. 
Determine the final volume and the work done if the isothermal law holds, 
Chavisep0 1G. Ans. 87.5 cu. ft.; 723,000 ft. Ib. 


11. Determine the final volume and work done in Problem 10 if the 


adiabatic law holds, that is pv” = C, assuming n = 1.4. 
Ans. 60 cu. ft.; 648,000 ft. lb. 


12. Air at pressure of 15 lb. per square inch is compressed from 
200 cu. ft. to 50 cu. ft. Determine the final pressure and the work done if 
theslawis: py —.C- Ans. 60 lb. per square inch; 599,000 ft. Ib. 


13. Solve Problem 12 if the law is pv" = C, assuming n = 1.4. 
Ans. 104.5 lb. per square inch; 801,000 ft. Ib. 


14. A quantity of gas with an initial volume of 16 cu. ft. and pressure 
of 60 lb. per square inch expands until the pressure is 30 lb. per square 
inch. Determine the final volume and the work done by the gas if the 
law isi p=" C- Ans. 32 cu. ft.; 95,800 ft. Ib. 


15. Solve Problem 14 if the law is pv" = C, assuming n = 1.2. 
Ans. 28.5 cu. ft.; 75,600 ft. Ib. 


16. A quantity of air with an initial volume of 200 cu. ft. and pressure 
of 15 lb. per square inch is compressed to 30 cu. ft. Determine the final 
pressure and the work done if the law is pv = C. 


17. Solve Problem 16 if the law is pv” = C, assuming n = 1.4. 


18. A gas expands from an initial pressure of 80 Ib. per square inch and 
volume of 2.5 cu. ft. to a volume of 9 cu. ft. Find the work done if the 
law is pv” = C, assuming n = 1.0646. 


19. Solve Problem 18 if m = 1.131. 


20. Determine the amount of attraction exerted by a thin, straight, 
homogeneous rod of uniform thickness, of length J, and of mass M upon 
a material point P of mass m situated at a distance of a from one end of 
the rod in its line of direction. 


Solution. Suppose the rod to be divided into equal infinitesimal portions (ele- 
ments) of length dz. 


ine mass of a unit length of rod; 


M 
7¢ 


hence x = mass of any element. 
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Newton’s law for measuring the attraction between any two masses is 


product of masses 
(distance between them)?’ 


therefore the force of attraction between the particle at P and an element of the rod is 


Force of attraction = 


which is then an element of the force of attraction required. The total attraction 
between the particle at P and the rod being the limit of the sum of all such elements 
between x« = 0 and x = 1, we have 


ue m dx 
l _Mmei_dx_ Mm_. 
(4a)? ~ bdo Ca ae 
21. Determine the amount of attraction in the last example if P lies 

in the perpendicular bisector of the rod at the distance a from it. 

A 2mM 
Cs 
av4a?+ 
aa 22. A vessel in the form of a right circular cone is filled with water. 
If h is its height and r the radius of the base, what time will it require 
to empty itself through an orifice of area a at the vertex? 


1 
Force of attraction = i Ans, 


Solution. Neglecting all hurtful resistances, it is known that the velocity of dis- 
charge through an orifice is that acquired by a body falling freely from a height 
equal to the depth of the water. If, then, x denotes the depth 


of the water, Ae Ge 


Denote by dQ the volume of water discharged in time 
dt, and by dx the corresponding fall of surface. The volume 
of water discharged through the orifice in a unit of time is 

av2 gx, 


being measured as a right cylinder of area of base a and 
altitude »v (= V2 gx). Therefore in time dt 


=-—-F-__3 


ee Pee 


(1) dQ =avV2 gz dt. 
Denoting by S the area of the surface of the water when the depth is x, we have, 
from geometry, g rie 


ay g 
pe ee 


But the volume of water discharged in time dt may also be considered as the 
volume of a cylinder AB of area of base S and altitude dv; hence 


2 2d. 
2) dQ = dy = TPE, 
Equating (1) and (2) and solving for df, 
ae wre dx 
ah?V 2 gx 
h wreatdx _ 2 ar2Vh A 
i= —____—_—. = —__—= _.: ns. 
seas i, ah?V2 gx 5aV2g 
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181. Mean value of a function. The arithmetic mean (or average 
value) of n numbers 41, Y2, °°; Yn IS - 


(1) T=2 tye te +0). 
We proceed to establish the formula 


b 
x)dx 
(H) Mean value of $(x) tee i #(2) ; 
from x=atox=b) b-—a 

The figure shows the graph of 

(2) y = (x). 

The mean value (= 7) of the ordinates of the arc PQ is to be de- 
fined. Divide AB into n equal parts each equal to Az and let y, 
Y2,** *; Yn, be the ordinates at the n points of division. Then (1) will 
give an approximate value for the mean value required. Multiply 
numerator and denominator of the right-hand member of (1) by Az. 
Then, since n Ax = b — a, we get 

(3). ¥ (approximately) = 4—— + #2 == 1 ta Ax + yo son t+ Yn Ax, 

But the numerator in (3) is, approximately, the area APRQB. 
The average value of y (or ¢(x)) is defined as the limit of the right- 
hand member in (3) when n — ©. This gives (#). 

In the figure the mean value of ¢(x) equals CR if area rectangle 


ABML = area APRQB. 
Taking y as the function (dependent variable), then (H) becomes 


b 
if y dx 


@ g=— 


ILLUSTRATIVE EXAMPLE. Given 
the circle 


(4) v7 + y? = 77. 


Find the average value of the or- 
dinates in the first quadrant 

(a) when y is expressed as a func- 
tion of the abscissa x; 

(b) when y is expressed as a func- 
tion of the angle 0 = 4 MOP. 


Solution. (a) Since y = Vr? — x? 
the numerator in (J) is 


’ 


CN) eae 1 
if rm —adx=%¢ mr, Then ¥=4} mr=0.785 r. Ans. 
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(b) Since y = r sin 9, and the limits are 9 = 0 =a, 0 = 4 @ = b, the numerator 
in (J) is 
(hes sin 0d0=r. Since b—a=3 7, we have y = at = 0.637 r. Ans. 


Thus we have quite different values of y, depending upon the independent 
variable with respect to which the mean value is taken. 


PROBLEMS 


1. Find the average value of y = x? from x=0tox=10. Ans. 331. 


2. Find the average value of the ordinates of y2 = 4 x from (0, 0) to 
(4, 4) taken uniformly along the x-axis. Ans. 22. 


*~ 3. Find the average value of the abscissas of y? = 4 x from (0, 0) to 
(4, 4) when uniformly distributed along the y-axis. Ans. 1%. 


& 4, Find the average value of the abscissas of y2 = 4 x from (0, 0) to 
(4, 4) when uniformly distributed along the curve. 


fads 


Hint. Average value = Ans. 1.64. 


fas 


* 5, Find the average value of sin x betweenz=0Oandx=7. Ans. 2 . 


v 6. Find the average value of sin? x between x =0 and x=7. (This 
average value is frequently used in the theory of alternating currents.) 

Ans. 4. 

7. If a particle in a vacuum were thrown downward with an initial 

velocity of vo ft. per second, the velocity after t sec. would be given by 


(1) V=%+ gt. 
The velocity after falling s ft. would be given by 
(2) v= V0? + 2 gs. (Take g = 32) 


Find the average value of v 

(a) during the first 5 sec., starting from rest; Ans. 80 ft. per second. 

(b) during the first 5 sec., starting with an initial velocity of 36 ft. 
per second; Ans. 116 ft. per second. 

(c) during the first 23 sec., starting fromrest; Ans. 40 ft. per second. 

(d) during the first 100 ft., starting from rest; 

Ans. 58% ft. per second. 

(e) during the first 100 ft., starting with an initial velocity of 60 ft. 
per second. Ans. 8132 ft. per second. 

How far does the particle fall in (c)? Ans. 100 ft. 

Why are the results different in (c) and (d)? 


Vv 


f 


Vv 
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8. A particle is projected vertically upward with a velocity of 80 ft. 
per second. Find the average value of the velocity up to the highest point 
(a) as to the time; (b) as to the distance. 

9. A quantity of steam expands so that it follows the law pv9-8 = 1000, 
where p is measured in pounds per square inch. Find the average pressure 
as v increases from 2 cu. in. to 5 cu. in. 

10. In simple harmonic motion s =acos nt. Find the average value 
of the velocity during one quarter of a period (a) as to the time; (b) as 
to the distance. 

11. Show that in simple harmonic motion the average kinetic energy 
with respect to the time for any multiple of a quarter period is half the 
maximum kinetic energy. 

12. A quantity of steam expands according to the law pv!-? = 500. 
Find the average value of p as v increases from 3 cu. in. to 8 cu. in. 

13. A point is taken at random on a straight line of length a. Prove 
(1) that the average area of the rectangle whose sides are the two seg- 
ments is § a2; (2) that the average value of the sum of the squares on 
the two segments is 3 a?. 

14. If a point moves with constant acceleration, the average as to the 
time of the square of the velocity is 4(vo2 + vov1 + 112), where vo is the 
initial and » the final velocity. 

15. Show that the average horizontal range of a particle projected 
with a given velocity at an arbitrary elevation is 0.6366 of the maximum 
horizontal range. 


HINT. Take a = 0 in the formula of Problem 19, p. 114. 


CHAPTER XIX 


SERIES 


182. Definitions. A sequence is a succession of terms formed ac- 
cording to some fixed rule or law. 

For example, 1P4a 916225 
and Ws fae ee ae 
are sequences. 

A series is the indicated sum of the terms of a sequence. Thus 
from the above sequences we obtain the series 


14+4+9+416+4 25 
2 3 4 5 
and deity Sis 28 ee Pm 
hs nh as 

When the number of terms is limited, the sequence or series is 
said to be finite. When the number of terms is unlimited, the sequence 
or series is said to be infinite. 

The general term, or nth term, is an expression which indicates 
the law of formation of the terms. 

ILLUSTRATIVE EXAMPLE 1. In the first example given above, the general term, 


or nth term, is n?. The first term is obtained by setting n = 1, the tenth term by 
setting n = 10, ete. 


ILLUSTRATIVE EXAMPLE 2. In the second example given above, the nth term, 
Ke) ee a) me 1 


except fon?) = 1. 1s, ————_— — mr 


If the sequence is infinite, this fact is indicated by the use of dots, as 
ihe OE bce ences 

Factorial numbers. An expression which occurs frequently in con- 

nection with series is a product of successive integers, beginning 


with 1. Thus, 1 x 2x 3x 4x 5is called 5 factorial and is indicated 
by [5 or 5! . 


In general, |[W=1X2X3X---X(n—-1) Xn 
is called n factorial. It is understood that n is a positive integer. The 


expression |” has no meaning if n is not a positive integer. 
335 
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183. The geometric series. For the geometric series of m terms, 


(1) S,=atar+ar?+.:-- Sa me 
it is shown in elementary algebra that 
ei tibeatay _ ar” — 1) 
(2) 1 ee it ame or SLi pee emer 


the first form being generally used if |r|< 1, and the second form 
ar) aL: 
If |r| < 1, then r” decreases in numerical value as » increases and 


lim. (7) = 0: 
From formula (2) we see, therefore, that (Art. 16) 
(3) lim S, = 7 


Hence if |r|< 1 the sum S, of a geometric series approaches a 
limit as the number of terms is increased indefinitely. In this case 
the series is said to be convergent. 

If |r| > 1, then r” will become infinite as n increases indefinitely 
(Art. 18). Hence, from the second formula in (2), the sum S,, will 
become infinite. In this case the series is said to be divergent. 


A peculiar situation presents itself if r=—1. The series then 
becomes 
(4) a—-ata—at+ta-—a-::-. 


If nm is even the sum is zero. If nisodd the sum isa. As 7 increases 
indefinitely the sum does not increase indefinitely and it does not 
approach a limit. Such a series is called an oscillating series. 


ILLUSTRATIVE EXAMPLE. Consider the geometric series with 
a=), res, 


eee Al 
5 r= eee eke ore ee 
(5) S,x=1+ 5 + : =F + —e 
peas 
We find, by (2), that $,=——7*=2-.1.. 
Then : 
(6) m S,, = 2, which agrees with (3), when a= 1, r= z, 
no 
It is interesting to dis- Pa eas Lo Now ey enn HE qt bu fi ? 
cuss (5) geometrically. To S, Se Ss Ss 


do this, lay off successive values of S, ona straight line, as in the figure. 

n i! a 3 4, ete. 

Sn 1 13 13 1}, ete. 
Each point thus determined bisects the segment between the preceding point and 
the point 2. Hence (6) is obvious. 
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PROBLEMS 


In each of the following series (a) discover by inspection the law of 
formation; (b) write three more terms; (c) find the nth, or general, term. 


CAG pe coh wat As aca Ans. nth term = 2", 
2.1-344-44..., ee 

3, SU ebi) eee aE ae ase 
40th 4 pig. mo 
eat ett on 
££ 24... salt, 


Write the first four terms of the series whose nth, or general, term is 
given below: 


oe: Ans de ae ee 8 ee 
“Vn No ei Noe NA 
n+ 2 de Oy Oe 
Bal Sarina ame 
en Cag hake a 
9. ant" LP Sar liar og iano 
Atala x x2 x3 
i ° . Dee Ee ee 
7% Vn VOTENS 4 
(— Det = 43 x ts: et 
ba = a sean a 
n+1 
(ea) 13 Gea): 2a 14. 2 2 ‘ 15. 37-169” ; 
12. “[n . 2nrIn in +2 ar\In —1 


184. Convergent and divergent series. In the series 
Sn = U1 + U2 + Ug +++ Un, 
the variable S,, is a function of n. If we now let the number of terms 
(= n) increase without limit, one of two things may happen. 
Case I. S, approaches a limit, say wu, indicated by 
(1) lim’ S;, =": 


no 
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The infinite series is now said to be convergent and to converge to the 
value wu, or to have the value wu. 
CASE II. S, approaches no limit. The infinite series is now said 
to be divergent. 
Examples of divergent series are 
Lb eis pak trae, 
1—1+1-1+-:-:.. 
As stated above, in a convergent series the valwe of the series is the 
number u (sometimes called the sum) defined by (1). No value is 


assigned to a divergent series. 
In the applications of infinite series, convergent series are of major 
importance. Thus it is essential to have means of testing a given 


series for convergence or divergence. 

185. General theorems. Before developing special methods for 
testing series, attention is called to the following theorems, of which 
proofs are omitted. 

Theorem I. Jf S, is a variable that always increases as n increases 
but never exceeds some definite fixed number A, then as n increases 
without limit, S, will approach a limit u which is not greater than A. 

The figure illustrates the statement. The points determined by 
the values S;, Se, S3, ete. approach the point uw, where 


tims. Sy SS, uA 
n> oO a no rt 


and w is less than or equal to A. 


ILLUSTRATIVE EXAMPLE. Show that the infinite series 


a ie ae 


1 1 
(1) a OR era ae 


is convergent. 
Solution. Neglect the first term, and write 


(2) Sai u 


PEMA ESI EOP IS Er. 


Consider the variable s, defined by 


1 1 1 

(3) Beene hong toect" 
in which we have replaced all integers in the denominators of (2), except 1, by 2. 
Obviously S, < s,. Also, in (3) we have a geometric series with r=4 and s, < 2 
no matter how large n may be (see Art. 183). Hence S,, as defined by (2) is a vari- 
able which always increases as increases but remains less than 2. Hence S,, ap- 
proaches a limit as n becomes infinite, and this limit is less than 2. Therefore the 
infinite series (1) is convergent, and its value is less than 3. 

We shall see later that the value of (1) is the constant e = 2.71828 ---, the 
natural base (Art. 61). 
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Theorem II. If S, 7s a variable that always decreases as n increases 
but 2s never less than some definite fixed number B, then as n increases 
without limit, S, will approach a limit which is not less than B. 

The next theorem refers to the series 


Sp = U1 + Uz + Uz + +++ + Un. 


Theorem II. The necessary and sufficient condition that S, shall 
approach a limit as n becomes infinite is that 


(A) lim (S,42— Sn) = 0, 


for all values of the integer p. 
In Theorem III, if we set » = 1, the condition becomes 


(B) Tins Ges i==0; 
or, what amounts to the same thing, 
(C) lim: (iy, i==0, 


Hence, if the general (or nth) term of a series does not approach 
zero as » becomes infinite, we know at once that the series is diver- 
gent. (C) is not, however, a sufficient condition for convergence; 
that is, even if the nth term does approach zero, we cannot state 
positively that the series is convergent. For, consider the harmonic 


series toon eal 1 
Uae emcys maine iia 


Here lim (0) = lim (=) =0; 


n> 0 n> o \N 
that is, condition (C) is fulfilled. Yet we shall show in Art. 186 that 
the series is divergent. 

We shall now proceed to deduce special tests which, as a rule, are 
easier to apply than the above theorems. 

186. Comparison tests. In many cases it is easy to determine 
whether or not a given series is convergent by comparing it term 
by term with another series whose character is known. 

Test for convergence. Let 

(1) OB we OES el i 
be a series of positive terms which it ts desired to test for convergence. If 
a series of positive terms already known to be convergent, namely, 

(2) Gy, 1:02 > Og = 0, 
can be found whose terms are never less than the corresponding terms m 
the series (1) to be tested, then (1) ts a convergent series and tts value 
does not exceed that of (2). 
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Proof. Let Sn = 1 + U2 + Ug oss Uh, 
and Sn= + d2+d3+°+++4n, 
and suppose that lim: S, =A, 

Then, since S, < Aland sso. 


it follows that s, < A. Hence, by Theorem I, Art. 185, s, approaches 
a limit and the series (1) is convergent and its value is not greater 


than A. 
ILLUSTRATIVE EXAMPLE 1. Test the series 


1 1 1 1 
(3) l+sitastgetgt 
Solution. Compare with the geometric series 

Ura: 1 1 
(4) l+5t+5atostoit , 


which is known to be convergent. The terms of (4) are never less than the corre- 
sponding terms of (8). Hence (3) also is convergent. 

Following a line of reasoning similar to that applied to (1) and (2), 
we may prove the 


Test for divergence. Let 

(5) UW + U2+Ust--- 
be a series of positive terms to be tested, which are never less than the 
corresponding terms of a series of positive terms, namely, 


(6) bi + be + b3+---, 
known to be divergent. Then (5) is a divergent series. 


ILLUSTRATIVE EXAMPLE 2. Show that the harmonic series 
(7) 1+9+3+t+°:: 
is divergent. 
Solution. Rewrite (7) as below and compare with the series written under it. 
The square brackets are introduced to aid in the comparison. 
(83) 14+44+($4+4]4+4+4+444]4+B4+-°-4H-:-. 
(9) $4+434(2+4)+14+44+44+3] +hete-t+xe]te. 
We observe the following facts. The terms in (8) are never less than the 
corresponding terms in (9). 
But (9) is divergent. For the sum of the terms in each square bracket is Z, 
and S, will increase indefinitely as n becomes infinite. 
Hence (8) is divergent. 
ILLUSTRATIVE EXAMPLE 3. Test the series 
1 


1 1 
1+—+— 4+ + +, 
V2 V3 V4 
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Solution. This series is divergent, since its terms are greater than the cor- 
responding terms of the harmonic series 

ae Wemsraoiy saree 
which is divergent. 

ILLUSTRATIVE EXAMPLE 4. Show that the following series (called the p series), 

1 1 1 

(10) Loe aah etn? 
is convergent when p > 1, and divergent for other values of p. 

Solution. Grouping the terms, we have, when p > 1, 


bebebebedebebeh=b-Ghy: 
hevadbebebebedebebedthes-Gh): 
and so on. Construct the series 
(11) l+s4+ al i igs) de 


When p > 1, series (11) is a geometric series with the common ratio less than 
unity, and is therefore convergent. Therefore (10) is also convergent. 

When p = 1, series (10) becomes the harmonic series which we saw was divergent. 

When p < 1, the terms of series (10) will, after the first, be greater than the 
corresponding terms of the harmonic series; hence (10) is now divergent. 


PROBLEMS 


Test each of the following series: 


1 it 1 1 
WZ oe eee EA name lars, Ans. Convergent. 
ue 3 V3 =—-N/38 Vn3 
a 1 i é 
Oe wile —— at eee Divergent. 
NOt N/S Vn 
Arg ai, Jk fell Wik ee aa Convergent 
5 92 33 nr . 9 
1 eae Bs Pl Rise Convergent 
ec 16 €4203000 Ao nae ey 
: De nt Oso), ee Se ee Divergent 
SEE azy a RECITES f 
a 4 6 aes ee at re LB 
Emam en 456-6" Cape 2)m 8) 
Convergent. 
ind 1 el Bei Divergent. 
Peg heu GaeGume8 Wis 
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ee ee Divergent. 
pte tet Convergent. 
10 gc ee wane Divergent. 
wot atest ommit Convergent. 
1. +o t+ gtetgogt Convergent. 
3. 3544+ oppaapt Divergent. 
4.1+4+44+ 4+ 5 t+c0 tate Convergent. 
15.24 4 tee 

16.8 +45 +3+34+---. 

Voges tpt eee 1.1 +5 +5ti¢e+% 


187. Cauchy’s test-ratio test. In the infinite geometric series 
atar+ar?+ ---tar+ar"tl+..-., 


the ratio of the consecutive general terms ar” and ar"*! is the com- 
mon ratio r. Moreover we know that the series is convergent when 
|r|< 1 and divergent for other values. We now explain a ratio test 
which may be applied to any series. 


Theorem. Let 
(1) Uy + ta ig <= 


be an infinite series of positive terms. Consider consecutive general 
terms Un aNd Un+1, and form the test ratio. 


aPags 2 
Test ratio = =. 


n 


Find the limit of this test ratio when n becomes infinite. Let this be 


= lim “tt. 
cs ae Un 
I. When p < 1, the series is convergent. 
II. When p > 1, the series is divergent. 
III. When p = 1, the test fails. 
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Proof. I. When p< 1. By the definition of a limit (Art. 14) we 

can choose n so large, say n = m, that when n = m the ratio Un+1 wil) 
. . Un 
differ from p by as little as we please, and therefore be less than a 
proper fraction r. Hence 
Um+1 << Um! 5 Um+2 << Um+ir < Uke Um+3 < (Yes ade 

and so on. Therefore, after the term u,,, each term of the series (1) 
is less than the corresponding term of the geometric series 

(2) Ut Unt” Unt ep = 


But since r < 1, the series (2), and therefore also the series (1), 
is convergent (Art. 186). 

II. When p> 1 (or p=). Following the same line of reasoning 
as in I, the series (1) may be shown to be divergent. 

III. When p = 1, the series may be either convergent or divergent ; 
that is, the test fails. For, consider the p series, namely, 


1 


eee eee 
The test ratio is a(t) (oss ) 
and dim (M8) = fim (1 — Sg) = P= 1 oo. 


Hence p = 1, no matter what value p may have. But in Art. 186 
we showed that 


when p > 1, the series converges, and 
when p =1, the series diverges. 


Thus it appears that p can equal unity both for convergent and for 
divergent series, and the test-ratio test fails. There are other tests to 
apply in cases like this, but the scope of our book does not admit of 
their consideration. e tot 1 


For convergence it is not enough that becomes and re- 


mains less than unity for all values of n. This test requires that the 
limit of wat shall be less than unity. For instance, in the case of 


the harmonic series this ratio is always less than unity and yet the 
series diverges as we have seen. The limit, however, is not less than 
unity but equals unity. 

When examining a series for convergence we are at liberty (as 
above) to disregard any finite number of terms; the rejection of such 
terms would affect the value but not the existence of the limit. 
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188. Alternating series. This is the name given to a series whose 
terms are alternately positive and negative. Such series occur fre- 
quently in practice and are of considerable importance. 


Theorem. Jf Uy — Ug +ug—Uusat:-- 


is an alternating series whose terms never increase in numerical value, 
and 4. ; 
f lim wu, = 0, 


no 
then the series is convergent. 


Proof. The sum of 2 7 (an even number) terms may be written in 
the two forms ; 


(1) Son= (Ui —U2)+ (Ug—U4) + (Us —Uo) + >> + (Uen—-1—Ua2n), OF 
(2) Son = U1 — (U2 — Ug) — (U4 — Us) — > ++ — Uren. 


Since each difference is positive, series (1) shows that Se, is 
positive and increases with n, while series (2) shows that Se, is 
always less than wu; therefore, by Theorem I, Art. 185, S2, must 
approach a limit less than uw; when m increases, and the series is 
convergent. 


ILLUSTRATIVE EXAMPLE. Test the alternating series 1—3+3—}+---.> 


Solution. Since each term is less in numerical value than the preceding one, and 


lim (wn) = lim a) = 0, 
ae: n> 0 n>o \N 
the series is convergent. 


An important consequence of the above proof is expressed in the 
following statement: 


The error made by breaking a convergent alternating series off at any 
term does not exceed numerically the value of the first of the terms 
discarded. 


Thus, the sum of ten terms in the above Illustrative Example is 0.646, and the 
F value of the series differs from this by less than one eleventh. 


In the above statement it is assumed, however, that the series has 
been carried far enough so that the terms are decreasing numerically. 

189. Absolute convergence. A series is said to be absolutely or wn- 
conditionally convergent when the series formed from it by making 
all its terms positive is convergent. Other convergent series are said 
to be conditionally convergent. 

For example, the series 


Pe ere 
2a Bs 4k Tt Bs 


eee 
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is absolutely convergent, ee ae ci oe Art. 186, namely, 
1 + 55 ate +a +z eee 
is convergent. The Rare iny series 
Tee ee tea 
ph ema PE Tier fa 
Deacon tas 
is conditionally convergent, since the harmonic series 
lire lL 
1+5tetatete 
rant Zi ed eee) 
is divergent. 
A series with some positive and some negative terms is convergent if 
the series deduced from it by making all the signs positive is convergent. 
The proof of this theorem is omitted. 
190. Summary. Assuming that the test-ratio test of Art. 187 holds 
without placing any restriction on the signs of the terms, we may sum- 


marize our results in the following 
General directions for testing the series 


Ui Ue + Us + Ua be? FE Un + Uns + °° * 


When tt ts an alternating series whose terms never increase in numer- 
ical value, and wf lim u, = 0 
n> oo 
then the serves 1s convergent. 
In any series in which the above conditions are not satisfied, we deter- 
mine the form of Un and Un+1, form the test ratio, and calculate 
lim an p. 
n> oO n 
I. When |p| <1, the series ts absolutely convergent. 
Il. When |p| > 1, the series rs divergent. 
III. When |p| =1, the test fails, and we compare the series with 
some series which we know to be convergent, as 


a Bf ar + i “- a +--+; (r< 1) (geometric series) 
Meer, + a ate Lal 2°; >t) (p series) 
or compare the given series ss some series which is known to be 


divergent, as 
lacs. i +5 a +3 i "ea ; Se (harmonic serves) 


1+5 AleGy: StH et tp < 1) (p series) 
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ILLUSTRATIVE EXAMPLE 1. Test the series 
il 1 il 1 
iene 3 
S 1 i H U ae Uu — sy 
olution. Here * nese Cala 


Unt _ ett = Wy : 
Un |n n 
GL 
=i) 
p now nN 
and the series is convergent. 


ILLUSTRATIVE EXAMPLE 2. Test the series 


bi 2,8 
To 10? 1 1087 
. [n n+1 
Solution. Here DP 10": Unt Torti 


. . . n ne : 
and the series is divergent. 


ILLUSTRATIVE EXAMPLE 3. Test the series 


1 1 1 
marries 
. 1 i 
1 . | hr eR ead ntl — (Sian TO ano Yt 
Solution. Here wu Qn—D2n’ “Ont )(2nt2) 
Un _(2m—1)2n 


(60 = 12 ne ee ee 
Un (2n+1)(2n+2) 4n?+6n+2 


A 4n2?—2n 
=] SSUES 
‘ nee tn + 6n2 q, 
by the rule in Art. 18. Hence the test-ratio test fails. 
But if we compare the given series with the p series, when p = 2, namely, 


peel sy el 
Ditiga th agit gate ee 


we see that it must be convergent, since its terms are less than the corresponding 
terms of this p series, which was proved convergent. 


PROBLEMS 
Test each of the following series : 
jh Pa 
ibyae nica tas TS ape Ans. Convergent. 
OMe tS 


n 
10 qA103> hose: 


Convergent. 
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32+ 5424 ee cae Divergent. 
apt grat greet peat Convergent. 
Bitigt ppt pe... Convergent. 
65+ p+ pe Hee... Convergent. 
7. 3+ 2(3)2 + 8(3)3 +.4(2)¢4---. Convergent. 
3 geet dae shes ees phioe Divergent. 
aes 0a eT Oa 

th Pp adh eae 

ie ee 

1 tsetse 4 8... 


VLA as wea ie NS Ta ce a se 


191. Power series. A series whose terms are monomials in ascend- 
ing positive integral powers of a variable, say x, of the form 

(1) do + ae + agx? + agxv? +---, 
where the coefficients do, a1, @2, -- - are independent of z, is called a 
power series in x. Such series are of prime importance in the study of 
calculus. 

A power series in x may converge for all values of x, or for no value 
except x = 0; or it may converge for some values of x different from 
0 and be divergent for other values. 

We shall examine (1) only for the case when the coefficients are 


such that . 
lim ee “54, 
n>0\ An 
where L is a definite number. To see the reason for this, form the 
test ratio (Art. 187) for (1), omitting the first term. Then we have 
Un+1 i Cepia = An+1 x 
Un Onn" he 


Hence for any fixed value of z, 


p=lim (ee x) = x lim (es) — vl. 


nao nm NM 0 On 
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We have two cases: 

I. If L =0, the series (1) will converge for all values of x, since 
p= 0: 

II. If L is not zero, the series will converge when xL(= p) is nu- 
merically less than 1, that is, when ~ lies in the interval 


1 1 
and will diverge for values of x outside this interval. 

The end points of the interval, called the interval of convergence, 
must be examined separately. In any given series the test ratio 
should be formed and the interval of convergence determined by 
Art. 187. 

ILLUSTRATIVE EXAMPLE 1. Find the interval of convergence for the series 


v2 x3 at 


(2) ue 5e toa gee 
Solution. The test ratio here is 
Unen n? : n? 
at = — ——— x. Also, lim ——— = 1, 
Un (n +1)? n>o (n+1)? 
by Art. 18. Hence p = — 2, and the series converges when x is numerically less 


than 1 and diverges when «x is numerically greater than 1. 
Now examine the end points. Substituting x = 1 in (2), we get 


1 1 1 
eH MACLPET Ro © 
which is an alternating series that converges. 
Substituting « = — 1 in (2), we get 
ae ae se oak Nees Aad 
pat ge toe 


which is convergent by comparison with the p series (p > 1). 
The series in the above example has [— 1, 1] as the interval of convergence. This 
may be written — 1= x = 1, or indicated graphically as follows: 


».¢ =i! 0 1 x 


ILLUSTRATIVE EXAMPLE 2. Determine the interval of convergence for the series 


athe anita eh cae Lee nee 
2° |4 Zn" [2n+2 
Solution. Omitting the first term, the test ratio is 
Un+1 _ [2m 8 ee are es 
Un [2n+2 (2n+1)\(2n+2)° ~ 
1 


Also lim 


ae @ntbDent2 = 0. Hence the series converges for all values of x. 
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PROBLEMS 


For what values of the variable are the following Graphical representations 
series convergent? of intervals of convergence * 


le 


13. 


pot 4, 


ltoetevtt+a3+--- Ans. —1<a<1. sake ol 


2 3 4 
Oe ee eee ae 1 | ee 
~otat+o9+ zi6+---, Ans. —1l<ax<l. As eS 
igs oe 
20 +——+ = +o Ansn— sre, one | athe, 
eat 2 ibs —co + 
: x [zt 3 +--+ Ans. All values of z. pee | ete 
62 64 ~=g6 
pe 9, 1h melons Ans. All values of 6. ee | ert 
3 5 7 
o— f+ foe Paes Ans. Allvalues of ¢. ane | eee 
1 
2 


a 1-8 2 1-8-5 2? | 
nt WOT ot eee 
Ans. -1S251 
~1-—-2274+34727-—4234+---. INOS a NERS Aly, 
2 3 4 
STE SSE carer weer Ga See 
StS OL 
aome(s! l40ct hae All values. 
ZL x? x3 xt 
TEES els a ae yeni a Far mee 
Gey oni HSN Gen eat oo Se a8 
Ge. iLo@ae , o@osare 
So orm ae! SoeednG GOGO, —i1<2x<1. 
Dine cee Eee lee 
eZ, 5 10 n?+1 2 hee, 


* End points that are not included in the interval of convergence have circles drawn 
about them. 
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SB POE" aa ae — ee 
15.1+5 7 +o2.9t95.3 + H.4t ‘ Ss 
x 


ileal er uo Oe —~§< = 6) 
16.3+5 7g2t+o2.g3tos.git *” 


x 2 x? 3 x3 4 x4 2<xr 
Zs ee ey, Soap 
11D 12.305 uDeaoad eee = 


18.1+4274+92774+1673+---. 
A eI ry Rg OS a gn—-lyn 


10.53 teas oc eigeur so eet 


17. 


20. 


Qhitet272?4+38272+---, 
22.10 7+ 100 x2 + 1000 x? +---. 
28.1 +.2 + [227+ [3 2? +--+. 


PLN Re a leg eres i © 


192. The binomial series. This important series is 
m(m — 1)(m — 2) 3 


m(m — 1) bay. 
(US ieteerpan ee ae ts 
4 mn = 1) Gn — 2) «(mnt Dn 


n 
where m is a constant. 

If m is a positive integer, (1) is a finite series of m + 1 terms, since 
all terms following that containing x” have the factor m — m in the 
numerator and vanish. In this case (1) is the result obtained by 
raising 1+ to the mth power. If m is not a positive integer, the 
series is an infinite series. 

Now test (1) for convergence. We have 


i, = Mm = 1) Cm — 2) ++ (mM — HF 2) oa 
1-2-3---(n—1) 


_ m(m—1)(m— 2)---(m—n+2)(m—n+1) 
susie ts 1-2-8---(m—1)n oe 
Ear Unt _ Mm—n+l, _ peat = 1). 
Un n N 


Then, since lim py - 1)= — 1, we see that p=— xz, 


n> © 


and the series is convergent if x is numerically less than 1, and di- 
vergent when x is numerically greater than 1. 
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In the next chapter we shall prove the following statement: 
Assuming that m is not a positive integer and that |x| < 1, the 
value of the binomial series is precisely the value of (1+ 2)”. That is, 


m(m — 1) 


(2) +2)"=1+4+ mz+ 1.2 


If m is a positive integer, the series is finite and equals the value 
of the left-hand member for all values of x. 

Equation (2) expresses the special binomial theorem. We may also 
write 

(3) @+- bo)" =o" a)” i 2= 2. 


Thus the left-hand member of (8) may also be expressed as a 
power series. 

Examples of approximate computation by the binomial series are 
given below. 

ILLUSTRATIVE EXAMPLE. Find V 630 approximately, using the binomial series. 

Solution. The perfect square nearest to 630 is 625. Hence we write 

W630 = V625 + 5 = 25(1 + yh5)?. 
Now write out (2) with m =4. The result is 
(+a)Fo1l+$a— hart gy at— phy atts 
In this example, + = +}5 = 0.008. Hence 
(1 + 445)? =1 + 0.004 — 0.000008 + 0.000000032 + -- -. 

(4) 25(1 + 15)? =25 + 0.1 — 0.0002 + 0.0000008 = 25.099801 (to the nearest 
figure in the sixth decimal place). Ans. 

The series in (4) is an alternating series, and the error in the answer is less 
than 0.0000008. 

193. Another type of power series. We shall frequently use series 
of the form 

(1) bo + bile —a) + bol — a)? + +++ bale — a) +> 


in which a and the coefficients bo, bi, ---, bn, --- are constants. . 
Such a series is called a power series in (4 — a). : 
Let us apply the test-ratio test to (1), as in Art. 191. Then, if 


lim Ont M, 


n> n 
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we shall have, for any fixed value of 2, 


p=lim 4 = (@—a)M. 


nao Un 


We have two cases: 
I. If M =0, series (1) is convergent for all values of zx. 
II. If M is not zero, series (1) will converge for the interval 


i 1 
Oho ee aaa 


A convergent power series in x is adapted for computation when x 
is near zero. Series (1), if convergent, is useful when x is near the 
fixed value a, given in advance. 

ILLUSTRATIVE EXAMPLE. Test the infinite series 

(7-1)? (@—1)8 
Sera eee De OS SL oye 
(co — 1) 3 aaah 


for convergence. 


Solution. Neglecting the first term, we have 


Gel = 
Un meee 1); 
Also, lim ( £ )=1. 
n> n+1 


Hence |p|=[x — 1|, and the series will converge when «x lies between 0 and 2. 
The end point x = 2 may be included. 


PROBLEMS 


1. Using the binomial series, show that 


1 


= a A ie el a ae 
Tae l—-rie x3 + 


Verify the answer by direct division. 


2. Using the binomial series, find approximately the values of the 
following numbers: 


(a) V404 (a) V80 Gs ji) 
10.3 V620 
(b) 990 (e) V30 th) —L (ky —4 
V102 1010 
(e) V130 ee es 25 
: OF ® Fa ONE 
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For what values of the variable are the following series convergent? 


3.1—2(¢—1)+38(¢@—1)?-—4(a4—1)?+---. PACH Simm) <eucce<ca Oe 
i = — os 4 
4.1+(@—2) +252", G7e Oe isn. 
Mei tO) eet) in 
{3}. il teen Deiat cont [4 se jab Gal + 6 iB values. 
3 7 
6. (+1) -2tW, Gt _ ery... 


= Arye 2ay54 
"7, Qr-1)+- Ceo, Gra, Gray... 


8.1 — (7 +8)2+ (e+ 8)!— (w+ 3)o+--+ 


CHAPTER XX 
EXPANSION OF FUNCTIONS 


194. Maclaurin’s series. In this chapter the question of represent- 
ing a function by a power series, or, otherwise expressed, developing 
(expanding) the function in a power series, will be discussed. 

A convergent power series in x is obviously a function of x for all 
values in the interval of convergence. Thus we may write 


(1) f(x) =a + ae + age? +--+ tae" +--+ 


If, then, a function is represented by a power series, what must be 
the form of the coefficients ao, a1, - - -, Gn, etc.? To answer this ques- 
tion we proceed thus: 

Set x =0in (1). Then we must have 


(2) f(0) = ao. 


Hence the first coefficient ao in (1) is determined. Now assume that 
the series in (1) may be differentiated term by term, and that this 
differentiation may be continued. Then we shall have 


f'(@) =a +2 axr4+ 3 agx2?+---+na,v"-!+--- 
(3) [ie =2a2+6a3r+---+n(n—1)aw"-2+--- 
f'"' (©) =6ag+---+n(n—1)(n— 2)anz™-3 +... 
etc. 
Letting x = 0, the results are 


(4) f)=a, f’'O)=[2a, f’0) =[Bas,---, (0) =|na» 


Solving (4) for a1, a2, - + -, dn, ete., and substituting in (1), we obtain 
2 n 
(A) f(x) =f) +f’) fi +f’ (0) E +--+ +f(0) Be Bie 


This formula expresses f(x) as a power series. We say, ‘‘the function 
f(x) is developed (or expanded) in a power series in x.’ This is 
Maclaurin’s series (or formula).* 


; * Named after Colin Maclaurin (1698-1746), and first published in his ‘ Treatise of 
Fluxions” (Edinburgh, 1742). The series is really due to Stirling (1692-1770). 
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It is now necessary to examine (A) critically. For this purpose 
refer to (G), Art. 124, and rewrite it, letting a =0,b= 2. The result is 


(5) f(a) = f(0) +f'(0) itl"O at +++ f@-1) (0) eo 1p 


where R=f(a) rf <2 <2) 


The term RF is called the remainder after n terms. The right-hand 
member of (5) agrees with Maclaurin’s series (A) up to n terms. If 
we denote this sum by S,, then (5) is 


1G) = Sab Ore) C)— Sa = he. 


Now assume that, for a fixed value x = %, R approaches zero as a 
limit when » becomes infinite. Then S,, will approach f(29) as a limit 
(Art. 14). That is, Maclaurin’s series (A) will converge for 2 = 20 
and its value is f(vo). Thus we have the following result : 


Theorem. In order that the series (A) should converge and represent 
the function f(x) it is necessary and sufficient that 

(6) lim = 0: 

It is usually easier to determine the interval of convergence (as 
in the preceding chapter) than that for which (6) holds. But in 
simple cases the two are identical. 

To represent a function f(x) by the power series (A), it is obviously 
necessary that the function and its derivatives of all orders should be 
finite. This is, however, not swfficrent. 

Examples of functions that cannot be represented by a Maclaurin’s 


series are 
log and) cot, 


since both become infinite when x is zero. 

The student should not fail to note the importance of such an 
expansion as (A). In all practical computations results correct to a 
certain number of decimal places are sought, and since the process 
in question replaces a function perhaps difficult to calculate by an 
ordinary polynomial with constant coefficients, it is very useful in sim- 
plifying such computations. Of course we must use terms enough to 
give the desired degree of accuracy. 

In the case of an alternating series (Art. 188) the error made by 
stopping at any term is numerically less than that term. 
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ILLUSTRATIVE EXAMPLE 1. Expand cos x into an infinite power series and de- 
termine for what values of x it converges. 


Solution. Differentiating first and then placing x = 0, we get 


f(x) = cos z, A) te, 
f'(«) =—sin 2, (O05 
f(x) = — cos x, f"(0) =- 
f'"(@) =sin x, f'"(0) = 9, 
fiv(x) = cos 2, fiv(0) =1, 
fv(x) = — sin g, fv(0) =90, 
frviv) =—cosz, , fvi(0) =—- 
etc., etc. 


Substituting in (A), 
CA ee eee 
(7) ih Pm rear Py (pe 
Comparing with Problem 6, Art. 191, we see that the series converges for all 


values of x. 
In the same way for sin x, 


(8) et ety ae ai ae 


which converges for all values of x (Problem 7, Art. 191). 

In (7) and (8) it is not difficult to show that the remainder R approaches zero 
as a limit as n becomes infinite, when x has any fixed value. Consider (7). Here we 
may write the nth derivative in the form 


f@O(G)r="cos (= mat 


Hence R= cos (x + s) ni 


Now cos (x ~ a never exceeds 1 in numerical value. Also, the second factor 


of R is the nth term of the series 


Lia oe ns 
=< [aoe Agi ene 


which is convergent for all values of x. Therefore it approaches zero as n becomes 
infinite (see (C), Art. 185). Hence (6) holds. 


ILLUSTRATIVE EXAMPLE 2. Using the series (8) found in the last example, cal- 
culate sin 1 correct to four decimal places. 


Solution. Here x = 1 radian; that is, the angle is expressed in circular measure. 
Therefore, substituting « = 1 in (8) of the last example, 


gong ere EL Liat LAA 
Bin iat [5 7* [9 
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Summing up the positive and negative terms separately, 


1=1.00000--- 6 = 0.16667 - = 
a — ee 1 — ee 
re = 0.00888 ra = 0.00020 
1.00833 +: 0.16687 --- 
Fence sin 1 = 1.00882 — 0.16687 = 0.84146 - -- 


which is correct to five decimal places, since the error made must be less than iB 


’ 
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that is, less than 0.000003. Obviously the value of sin 1 may be calculated to any 
desired degree of accuracy by simply including a sufficient number of additional 


terms. 


PROBLEMS 


Verify the following expansions of functions by Maclaurin’s series and 
determine for what values of the variable they are convergent: 


2 3 m= 
Gol See os emai anal reg es Ans. All values. 
3 5 = n—-lyp2n-1 
Pe og ee All values. 
2 3 4. = n—1pn 
3. log (d+2)=e-S 45H 4.400)... ae eat 
2 3 4 n 
4, log (L—2) =— 2-7 So eos SRS es 7, 
eer 2 Liste? Pirie tome 
5. aresint=2+ 573 t+ ocg.5 t 
Bebe cen Colic) ees nee ee eee 
2-4---(2n—2)(2n-—1) 
3 5 == yo) 2n—-1 
6. arctanz=2—-S42_,,.4 00 2 4 —-1s721 


GO aoe ae age 


/ . T im ll ae ~ 
SrA) romani (te cae 


/ a eu a get 
C8. log (a+ 4) =loga += 202+ 3a8 
(1 net ; 
ie Dent 


Verify the following expansions: 


are hi2's Pita 
9. tang=a2+ 3 + 15 =e 315 ar 


a v2  5at , 6128 
10. seex=1+ 5+ a4 + 790 


+.:-- 


et 


“ft 


+ =): 


All values. 


—a<xSa. 
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11 sin (F-+2) = 3(Va+2- ee sates 


on 
pia pecs. 
12, tan(Z+2)=1+204+2a7+— +. 
1a oe at ae 
ea tae : 
14. $(e7 + +FeNalty ty fii 
oe 


| 45. log (r +V1+4 2?) =a— a4E 


TO Ce eee 
16. log cos x = ie ras 


Find three terms of the expansion in powers of x of each of the fol- 
lowing functions: 


17. cos (« _ 7). 19. esin®, 
18. sin (x + 1). 20. (e* — e-*). 


Compute the values of the following functions by substituting di- 
rectly in the equivalent power series, taking terms enough to make the 
results agree with those given below: 


Pls CS PAM ARS: © 
Solution. Let x = 1 in the series of Problem 1; then 


x Lae Lae ls eel eee 
o> thas (cule ala aoa 


First term =1.00000 

Second term = 1.00000 

Third term = 0.50000 

Fourth term = 0.16667 --- (Dividing third term by 3.) 
Fifth term =0.04167--- (Dividing fourth term by 4.) 
Sixth term = 0.00833--- (Dividing fifth term by 5.) 
Seventh term = 0.00189 -- - (Dividing sixth term by 6.) 
Eighth term = 0.00020 -- -, ete. (Dividing seventh term by 7.) 


Adding, e = 2.71826--- Ans. 


22. arc tan (+) = 0.1973 ---; use series in Problem 6. 


23. cos 1 = 0.5403 ---; use series in (7), Illustrative Example 1. 
24. cos 10° = 0.9848 ---; use series in (7), Illustrative Example 1. 
25. sin 0.1 = 0.0998 ---; use series in Problem 2. 


26. arc sin 1 = 1.5708 +--+; use series in Problem 5. 


27. sin a = 0.7071 +--+; use series in Problem 2. 
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28. sin 0.5 = 0.4794 +--+; use series in Problem 2. 
29. Gl ee es 7.5891 
2° Pines ee 
30. Ve =1 . = 
ae 27 d212 + aaig t 1.6487. 


195. Operations with infinite series. One can carry out many of the 
operations of algebra and the calculus with convergent series just as 
one can with polynomials. The following statements are given with- 
out proof. 


Let do + au + age? +---+ta wrt... 
and bo + bx + box? +---+b,27+--- 
be convergent power series. Then we obtain new convergent power 
series from them as follows: 
1. By adding (or subtracting) term by term. 
(do ae bo) + (art bi)e---* - (a, = b,x" 
2. By multiplication and grouping terms. 
dobo + (dob: + a1bo)x + (adobe + a1bi + a2bo)x? + 
ILLUSTRATIVE EXAMPLE 1. Computation of logarithms. From the series (Prob- 
lems 3 and 4, Art. 194) 
log (1 +2) ="%—$2?4+3a3-—Fartt--:, 
log (1 —2) =—x2—4$2?-—423-—fxt—--,, 


we obtain, by subtraction of corresponding terms, and using (2), Art. 1, the new series 


(1) log. >= T=A(et+had+ had tiat+-- 3) 


This series converges when |x| < 1. 


To transform (1) into a form better adapted to computation, let M and N 
be two positive numbers, and let M > N. Then, if we set 


_M-N 1l+2 M 
(2) tS aren whence cae ae 
obviously x < 1 for all positive values of M and N. 
Now (1) becomes 


M M—WN M—WN M—N £1: 
Sey a Aandi ae | 
This series converges for all positive values of M and N, and is well adapted to 


computation. For example, let M=2, N=1. Then 
M—-N_1 


M =. —_ . 
loge a7 = loge?2, MWENAS 
Substituting in (3), the result is log,2 = 0.69315. 
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Placing M =8 and N =2 in (3), we get 


ake ob! WE oe Shy ot 
= Bel ery ee Ae Ss Boos | hs ths og. 
log 3 log2-+2[5 +5 Bit 5 5st | 1.0986 


It is only necessary to compute the logarithms of prime numbers in this way, 
the logarithms of composite numbers being then found by using formulas (2), 


Art. 1. Thus, 
4 log 8 = log 23 = 3 log 2 = 2.07944 ---, 


log 6 = log 3 + log 2 =1.79176---. 


All the above are Napierian, or natural, logarithms, that is, the base is 


e = 2.71828 ---. If we wish to find Briggs’s, or common, logarithms, where the base 
10 is employed, all we need to do is to change the base by means of the formula 
_ log.n 
Bisa RET 
Thus, 1og{92 os OBER. ee DOE a ag ees 


log.10 2.302--- 


In the actual computation of a table of logarithms only a few of the tabulated 
values are calculated from series, all the rest being found by employing theorems 
in the theory of logarithms and various ingenious devices designed for the purpose 
of saving work. . 


ILLUSTRATIVE EXAMPLE 2. Find the power series for e” sin x. 


Solution. From the series 


A x3 x5 
Bn = 8 — op Problem 2, Art. 194 
x2 v3 xt x 
and alt eto aet ogg Problem 1, Art. 194 


we obtain, by multiplication, 
3 5 
e*sinx=x+2? + a - 50 + terms in x* ete. Ans. 
3. By division. A special case is shown in the example below. 


ILLUSTRATIVE EXAMPLE 8. Find the series for sec x from the series for cos x 
(see (7), Art. 194). 


(4) CL bel arya 


Solution. From the formula sec x = i we see that we have to carry through 


the division of 1 by the series (4). This is best done as follows: 
Write (4) in the form cos x = 1 — z, where 


5 ae eh ee 

6) a= 2 24 720 

Then 

(6) seem =—*—=1teterper ters, 


if | z| <1 (Problem 1, Art. 193). 
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From (5), we have the series 


See f high 
2 et Sar erms of higher degree, 
eat 


Substituting in (6), the result is 


1 5 61 
=1 =? 4 eG: eats 
sec x = +5 + 54% + 799 0° + . Ans. 


PROBLEMS 


Given log 2 = 0.69315, log 3 = 1.09861, calculate the following loga- 
rithms by the method of the example above: 


1. log 5 = 1.60944. 3. log 11 = 2.39790. 
2 jog 7, —1.94591. 4. log 18 = 2.56495. 
Verify the following series: 
p.e?sin6=0-@ 4+ 5-H 4... 
ee ee oe 
8 cinta at 2 4 Se 
9. (+a)logQdt2)=e+5-T4+F4... 
10, 2 -=14 5-7 SEL... 
MW elogdtzy=etS+S43E 4... 
1, Aa as 
13. sin x cos pon-5 2 
15. (1s)aresine=e—a? + —- 24 SR SR... 
3 a4 5 8 


a 
pede SI Pe a Se LTD oa 
16. (1+ 4%) arctanz=x2+2% 3 act pt Bt 
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ae ae ek 
17. xsin5 = "5 — 4g t 3g40 7 


3x, 25a? 38123 
EL, @> cos Vz =1— = 94. 720 


Zz 1823 524 
29] — Py ———— 
W9vezsinia oa 12 8 


iz 3 
20. Vicp sine ae 


free 


For the following functions find all terms of the series which involve 
powers of x less than 2°: 


= er 
21.e 2cos x. 24. ————.- 
V1+ x? 
22. sna. 25. V2 — cos x. 
23. e* log (1 ~2). 26. V1 —xlog (1— 2). 


196. Differentiation and integration of power series. A convergent 
power series 


(1) do + at + age? + agz3 +---+a,2"+--- 


may be differentiated term by term for any value of x within the 
interval of convergence, and the resulting series is also convergent. 
For example, from the series 


et ee | agen ol 
PmemeTEy AteTigh 


we obtain, by differentiation, the new series 


cosx=1— = a aa ke 


Both series converge for all values of x (see Problems 6 and 7, 
Art. 191). 

Again, the series (1) may be integrated term by term if the limits 
lie within the interval of convergence, and the resulting series will 
converge. 


ILLUSTRATIVE EXAMPLE 1. Find the series for log, (1 + x) by integration. 


Solution. Since a log, (1 +2) = wr Ns we have 
1+ 


dx 
(2) logs ice aye oe 
1 ol+z2 
Now =1l—-—xr+2?-23+4+at-—--,, 


1+2 
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when |z|< 1 (Art. 192). Substituting in (2) and integrating the right-hand 
member term by term, we obtain the result 


log. (l+%)=x-—32? +423 —Lat+.-., 
This series also converges when |x| < 1 (see Problem 2, Art. iS)il)). 


ILLUSTRATIVE EXAMPLE 2. Find the power series for arc sin x by integration. 


Solution. Since “ are sin + = = we have 
: dx 

(8) are sins = ({ —““_. 

Las 


By the binomial series ((2), Art. 192), letting m = — 3, and replacing x by — x2, 
we have 
1 


V1—x2? 


This series converges when |x| < 1.’ Substituting in (8) and integrating term by 
term, we get 


hase ees 
as oer 


=14+50%+ eS +--+. 


‘ ge , de@ae . beset ay 
= = 4+ —— — —++++. Ans. 
are sin x > 9 witd sak who F As 667. aL ns 
This series converges also when |x| < 1 (see Problem 8, Art. 191). 

By this series, the value of 7 is readily computed. For, since the series con- 
verges for values of + between — 1 and + 1, we may let x = 3, giving 


Evidently we might have used the series of Problem 6, Art. 194, instead. Both 
of these series converge rather slowly, but there are other series, found by more 
elaborate methods, by means of which the correct value of 7 to a large number of 
decimal places may easily be calculated. 


ILLUSTRATIVE EXAMPLE 3. Using series, find approximately the value of 


ff isin x? dx. 
0 
Solution. Let z= x?. Then 
e 23 25 
sin z=2— [3 +o-"°* Problem 2, Art. 194 
3° [5 
6 10 
Hence sing? =a? Pe + ee 
d : in x? dx i : x? a + Ts) dx, approximately 
é s = = Anes ’ , 
a 4 0 ( (37 (6) 


3 42+ 13200 
= 0.3103. Ans. 


= & wines {i — 0.3333 — 0.0238 + 0.0008 
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PROBLEMS 


1. Find the series for arc tan x by integration. 

2. Find the series for log (1 — x) by integration. 

3. Find the series for sec? x by differentiating the series for tan zx. 
4. Find the series for log cos x by integrating the series for tan zx. 


Using series, find approximately the values of the following integrals: 


1 5 sin «dx x dx 
5. ( cosVadz. Ans. 0.764. 9. - Ans. 0.0214. 
ir JS, Vise —2 
6. if 1-2 da. 0.747. 10. [ 16 edx, 
7. flog (14+ Vx)dx. 0.071. oy e* cos Vx dx. 
8. it te 4 dr. 0.9226. 12. J "log (1 + x2)dx. 
leos x dx 1 210 (1 — x)dz, 
19) (ee as No P phe Sa aL 
J (= if cos «dx 15. i coe 


197. Approximate formulas derived from Maclaurin’s series. By 
using a few terms of the power series by which a function is repre- 
sented, we obtain for the function an approximate formula which 
possesses some degree of accuracy. Such approximate formulas are 
widely used in applied mathematics. 

For example, taking the binomial series ((2), Art. 192), we may 
write down at once the following approximate formulas: 


First approximation Second approximation 
(l+2)™ = l+me = 1+ mx+im(m-—1)2?; 
1 


In these |x| is small and m is positive. 
Again, consider the sine series 
; ade eng 
(1) = 


Then 
(2) sinv = 2, 
3 rin ee 
(3) sing =x — > 


are approximate formulas. Let us examine the first. 
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In the series in (1), if the first term only is retained, the value of 
the remaining series is numerically less than its first term $ x3 
(Art. 188). That is, 


sin x = x, with |error |<|% 2x3}. 
We may inquire, For what range of values of « will (2) hold to three 


decimal places? Then 
|& x3| < 0.0005, 


that is, |x|< V0.003 < 0.1443 rad. 


We then conclude that formula (2) is correct to three decimal places 
for values of x between — 0.1443 and + 0.1448, or, in degrees, for 
values between — 8°.2 and + 8°.2. 


PROBLEMS 
; ; : be 
-—1. How accurate. is the approximate formula sin x = x — ue when 


Cas OUR et) t= Olt (C) 0 == 90%? 6 
Ans. (a) Error < 0.00083; (b) error < 0.01; (ce) error < 0.08. 


2 
2. How accurate is the approximate formula cosx=1— > when 
mee 1 (bo) = 607 (ce) a= 90°7 
Ans. (a) Error < 0.0032; (b) error < 0.05; (ce) error < 0.25. 
£-8. How accurate is the approximate formula e~*=1-—2x when 
(a)x=0.1? (b) x=0.5? f 
4. How accurate is the approximate formula are tan x = x — a when 
face Ole (Da = 0.5? 9c) aa ? 
Ans. (a) Error < 0.000005; (b) error < 0.006; (c) error < 0.2. 


3 5 
5. How many terms of the series sin x = x — (3 + . —--+-+ must be 
taken to give sin 45° correct to five decimals? Ans. Four. 
2 4 
6. How many terms of the series cos x = 1 — [2 a. 7 —-+--+ must be 
taken to give cos 60° correct to five decimals? : , 
7. How many terms of the series log (1 + x) =x — a + - tee must 
be taken to give log 1.2 correct to five decimals? Ans. Six. 
Verify the following approximate formulas : 
g, SNe 4 2? 12. fe-"dr =C+2—-T4z. 
“1-7 i a ANY) 
cosx Ae Be cave as ex 
Bees = lchig? 1. (log (1 — x)de = C-> — = 
g3 : _ gee tee 
10. e~°cos9=1—6—3- 14. faresin dx = C +5 +55 


2 48 : GEN WP 
LEN cosn) aie Ot ee aa 15. fe? sin 9d9=C+5+ 5° 
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198. Taylor’s series. A convergent power series in x is well adapted 
for calculating the value of the function which it represents for small 
values of x (near zero). We now derive an expansion in powers of 
a —a (see Art. 193), where a is a fixed number. The series thus 
obtained is adapted for calculation of the function represented by it 
for values of x near a. 

Assume that 

(1) f(x) = bo + bile — a) + ba(e — a)? +---+6,(e — a)” + 
and that the series represents the function. The necessary form of 
the coefficients bo, b1, ete. is obtained as in Art. 194. That is, we dif- 
ferentiate (1) with respect to x, assuming that this is possible, and 
continue the process. Thus we have 

fe) = br +2 bole — a) +--+ + nb (e— a) 4-+, 
age) a= 2bo+---+n(n—1)b,(@—a)"-2+- 
ete. 
Substituting z = a in these equations and in (1), and solving for 


bo, 1, b2, -- +, we obtain 
b=fa@), h=f(@), k= Ee bn > b=, 


Replacing these values in (1), the result is 
IG) TOI tare ae 
+ f(a) eo ee 


The series is called Taylor’s series (or formula).* 
Let us now examine (B) critically. Referring to (G), Art. 124, and 
letting b = x, the result may be written thus: 


2) f@) =f@O+F'@ aoa iad peep fond (q) =O" p 
qosc 
where — fin) (t — a)” 
R= f™ (a) amc (a < 2% < 2) 


The term F is called the remainder after n terms. 
Now the series in the right-hand member of (2) agrees with 


Taylor’s series (B) up to n terms. Denote the sum of these terms 
by S,. Then, from (2), we have 


f(z)=Si.+R, or f(x)—S,=R. 


* Published by Dr. Brook Taylor (1685-1731) in his * ” 
Miondonmiviey: ( ) in his ‘““Methodus Incrementorum 
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Now assume that, for a fixed value x = %, the remainder R ap- 
proaches zero as a limit when n becomes infinite. Then 
(3) lim S, = f(%o), 


and (B) converges for « = x and its value is f(z). 


Theorem. The infinite series (B) represents the function for those 
values of x, and those only, for which the remainder approaches zero as 
the number of terms increases without limit. 


If the series converges for values of x for which the remainder does 
not approach zero as n increases without limit, then for such values 
of x the series does not represent the function f(z). 

It is usually easier to determine the interval of convergence of the 
series than that for which the remainder approaches zero; but in 
simple cases the two intervals are identical. 

When the values of a function and its successive derivatives are 
known and finite for some fixed value of the variable, as x = a, then 
(B) is used for finding the value of the function for values of x near a, 
and (B) is also called the expansion of f(x) in the neighborhood of x = a. 


ILLUSTRATIVE EXAMPLE 1. Expand log x in powers of (x — 1). 


Solution. (Qseioea, ia) =O 
eves — iihai 
N"a=—-s> fy =-1, 
vt es 2 vr — 
f@=5, fy =2, 
etc., etc. 
Substituting in (B), logx =x —1— 4(a@ — 1)? + 3(@—1)8 —-++. Ans. 


This converges for values of x between 0 and 2 and is the expansion of log x in 
the vicinity of x =1. See Illustrative Example, Art. 193. 


ILLUSTRATIVE EXAMPLE 2. Expand cos x in powers of (2 - nll to four terms. 


Solution. Here f(x) = cosv anda= ae Then we have 


1@) SCrse, 1(F) = 2 
f'(z) =—sin x, AA ae 
ie (oh COSHL; AC =— a 
. T il 
PG) Saha &, ta = Ae 


OD 
et 
ie) 


etc., 
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The series is, therefore, 


es Go 
oue= 1-1 (,-t)-t\ A ts 
Nv 2Guew 2 4 

The result may be written in the form 


e Veh peek ee =A) tal 
cos. = 0.70711 [1 — (2 4 3 (= eric 4 


To check this result let us calculate cos 50°. Then x — = = 5° expressed in radians, 


or x — 7 = 0.08721, (= Pe t) = 0.00762, (= 2 1) = 0.00066. With these values 


the series above gives cos 50° = 0.64278. Five-place tables give cos 50° = 0.64279. 
199. Another form of Taylor’s series. In (B), Art. 198, if we re- 
place a by xo and let x —a=h, thatis, x =a+h=20+h, the result is 


(C) f(xo-+ h) =f (eo) + f’%0) at £0) me LAF) aa fis 


In this second form the new value of f(x) when x changes from 2 to 
xo +h is expanded in a power series in h, the increment of x. 


ILLUSTRATIVE EXAMPLE. Expand sin x in a power series in h when x changes 
from xo to x% +h. 


Solution. Here f(x) = sin x, and f(% +h) =sin (xo +h). Differentiate and ar- 
range the work as below. 


f(x) = sin x, f(xo) = sin xo, 

if (o) = cos 2: f' (xo) = cos xo, 
f(o) sina f'’ (eo) = — sin x, 
etc., etc. 


Substituting in (C), we obtain 
sin (% + h) = sin xo + cos Zo — sin ay — cos 2 +--+ Ans. 
PROBLEMS 


Verify the following series by Taylor’s formula: 


1. enelt+@—a+ Goat, Gary), 


~ 


Pt de x—a)?. — a)8 
2. sin x = sin a + (x — a) cosa — © ging —- & a) cosa+-:-:- 


|2 3 
3. cos X= cosa— (r—a sin a — SM cos a + EO sin a + 


= oe hie x3 
4, eed?) 1080 eet cae 
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j 2 
5. cos (a+ 2) = cosa—asina—/5eosa+(ysina+.--. 
6. tan (x +h) =tanx+hsec?x + h2sec?xtanx+-->, 


fr 7. (@ thy =a + neh + a ae xn 2p2 


ieee i aaa Gk tb Gog. 


8. Expand sin x in powers of (« = ") to four terms. 


2 3 
Ans. mee, Gea sea) (« =) 


5 eet | 


9. Expand tan x in powers of (« — 4) to three terms. 


Ans. = = ( we: 7)" irs 
. ns. tan x 14+2(c t) +2(x a + 
“10. Expand log x in powers of (x — 2) to four terms. 


Tl. Expand e* in powers of (x — 1) to five terms. 
¢-12. Expand sin (z =i x) in powers of x to four terms. 


13. Expand cot (z f x) in powers of x to three terms. 


200. Approximate formulas derived from Taylor’s series. Such 
formulas are provided by using some terms of series (B) or (C). 
For example, if f(z) = sin x, we have (see Problem 2, Art. 199) 


(1) sin x = sin a + cos a(x — a) 


as a first approximation. 
A second approximation results by taking three terms of the series. 
This is 
(x — a)? | 


(2) Se UE oe CO Oa ae 


From (1), transposing sin a and dividing by x — a, we get 


(3) SINC SIs ee 
L—a 
Since cos a is constant, this means that (approximately) 


The change in the value of the sine 1s proportional to the change in 
the angle for values of the angle near a. 


Formula (8) illustrates interpolation by proportional parts. 
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ILLUSTRATIVE EXAMPLE 1. For example, let a = 30° = 0.5236 radian, and sup- 
pose it is required to calculate the sines of 31° and 32° by the approximate formula 
(1). Then, since x — a = 1° = 0.01745 radian, 

sin 31° = sin 80° + cos 30° (0.01745) 
= 0.5000 + 0.8660 x 0.01745 
= 0.5000 + 0.0151 = 0.5151. 


Similarly, sin 32° = sin 30° + cos 30° (0.03490) = 0.5302. 


These values by (1) are correct to three decimal places only. If greater ac- 
curacy is desired, we may use (2). 


Then sin 31° = sin 30° + cos 30° (0.01745) — ae (0.01745)? 
= 0.50000 + 0.01511 — 0.00008 
= 0.51503. 
sin 30° 


sin 32° = sin 30° + cos 30° (0.038490) — ce (0.03490) 
0.50000 + 0.03022 — 0.00030 
= 0.52992. 


These results are correct to four decimal places. 


From (C) we derive approximate formulas for the increment of 
f(x) when x changes from x to % +h. For, transposing the first 
term of the right-hand member, we get 


(4) f(a +h) — f (x0) = f'(ao)h +f’ (ao) 5 aa 


The left-hand member expresses the increment of f(x) as a power 
series in the increment of x (= h). 
From (4) we derive, as a first approximation, 


(5) F(@o + h) — f(xo) = f'(@o)h. 


This formula was used in Art. 92. For the left-hand member is the 
value of the differential of f(x) for x = a and Ax = h. 
As a second approximation, we have 


6) flo + h) = f(to) =f (za)h + f"(a0) 
ILLUSTRATIVE EXAMPLE 2. Calculate the increment of tan x, approximately, 
when x changes from 45° to 46°, by (5) and by (6). 
Solution. From Problem 6, Art. 199, if x = xo, we have 
tan (ro + h) = tan x + sec? xo hh + sec? wp tan xh? +++. 
In this example x = 45°, and tan a = 1, sec? x = 2. 
Also, h = 1° expressed in radians = 0.01745. Hence, by (5), 


tan 46° — tan 45° = 2(0.01745) = 0.0349; 
by (6), tan 46° — tan 45° = 0.0349 + 2(0.01745)2 = 0.0349 + 0.0006 = 0.0355. 


From the second approximation we get tan 46° = 1.0355, which is correct to four 
places of decimals. 
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PROBLEMS 


1. Verify the approximate formula 
log (10 + 2) = 2.308 + =. 


Calculate the value of the function from this formula and compare 
your result with the tables, when (a) x= — 0.5; (b) x=—1. 
Ans. (a) Formula, 2.258; tables, 2.251. 


: ; (b) Formula, 2.203; tables, 2.197. 
2. Verify the approximate formula 


ain (z ty x) = 0.5 + 0.8660 x. 


Use the formula to calculate sin 27°, sin 33°, sin 40°, and compare your 
results with the tables. 


8. Verify the approximate formula 
tan(Z+2)=14+20+42 0% 


Use the formula to calculate tan 46°, tan 50°, and compare your 
results with the tables. 


4, Verify the approximate formula 


cos x = cosa — (x — a) sina. 


Given cos 80° = sin 60° = 0.8660, 
cos 452 — sin 457 = OF70715 
and cos 60° = sin 30° = 0.5, 


use the formula to calculate cos 32°, cos 47°, cos 62°, and compare your 
results with the tables. 


CHAPTER XXI 


ORDINARY DIFFERENTIAL EQUATIONS * 


201. Differential equations — order and degree. A differential equa- 
tion is an equation involving derivatives or differentials. Differential 
equations have been frequently employed in this book. The illus- 
trative examples of Art. 139 afford simple examples. Thus, from the 
differential equation (Illustrative Example 1) 


dy _ 
we found, by integrating, 
(2) y=2?4+C. 
Again (Illustrative Example 2), integration of the differential equation 
dy __% 
led to the solution 
(4) yet ye = 2 GC. 


Equations (1) and (8) are examples of ordinary differential equations 
of the first order, and (2) and (4) are, respectively, the complete 
solutions. 

Another example is 


(5) 7a tO 


This is a differential equation of the second order, so named from the 
order of the derivative. 

The order of a differential equation is the same as that of the deriva- 
tive of highest order appearing in it. 

The derivative of highest order appearing in a differential equa- 
tion may be affected with exponents. The largest exponent gives the 
degree of the differential equation. 

Thus, the differential equation 


6) y= (+98, 


* A few types only of differential equations are treated in this chapter, namely, such 
types as the student is likely to encounter in elementary work in mechanics and physics. 
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where y’ and y”’ are, respectively, the first and second derivatives of 
y with respect to x, is of the second degree and second order. 

202. Solutions of differential equations. Constants of integration. A 
solution or integral of a differential equation is a relation between the 
variables involved by which the equation is satisfied. Thus 


(1) y=asine 
is a solution of the differential equation 
dy 
2 SE ye 
(2) qt Y= 9 
For, differentiating (1), 
(8) Y _ _ asin x. 


dx? 
Now, if we substitute from (1) and (8) in (2), we get 
—asinx+asinzx=0, 

and (2) is satisfied. Here a is an arbitrary constant. In the same 
manner 

(4) y=bcosxz 
may be shown to be a solution of (2) for any value of b. The relation 

(5) y =c, sin x + cz cos & 


is a still more general solution of (2). In fact, by giving particular 
values to c; and cz it is seen that the solution (5) includes the solu- 
tions (1) and (4). 

The arbitrary constants c; and ce appearing in (5) are called con- 
stants of integration. A solution such as (5), which contains a num- 
ber of arbitrary essential constants equal to the order of the equation 
(in this case two), is called the complete or general solution.* Solutions 
obtained therefrom by giving particular values to the constants are 
called particular solutions. In practice, a particular solution is ob- 
tained from the complete solution by given conditions to be satisfied 
by the particular solution. 


ILLUSTRATIVE EXAMPLE. The complete solution of the differential equation 
(1) y’ +y=0 


is y = ¢1 cos x + C2 sin x (see (5) above). 
Find a particular solution such that 


(2) y=2, y’=—1, whenzv=0. 


* It is shown in works on differential equations that the general solution has n arbi- 
trary constants when the differential equation is of the nth order. 
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Solution. From the complete solution 
(3) y = ¢, cos & + C2 sin a, 

by differentiation, we obtain 


(4) y’ = —c sin x + C2 cos x. 


Substituting in (3) and (4) from (2), we find c: = 2, co =—1. Putting these 
values in (3) gives the particular solution required, y = 2 cosx —sinx. Ans. 


The solution of a differential equation is considered as having been 
effected when it has been reduced to an expression involving integrals, 
whether the actual integration can be effected or not. 

203. Verification of the solutions of differential equations. Before 
taking up the problem of solving differential equations, we show how 
to verify a given solution. 


ILLUSTRATIVE EXAMPLE 1. Show that 
(1) y =x cos log x + cox sin log x + x log x 


is a solution of the differential equation 


Z 
(2) x FU _ pW oy =zloge. 


Solution. Differentiating (1), we get 


(3) “ = (cz — ¢) sin log x + (¢2 + ¢1) coslog x + logx +1, 
C2 sin log x eoslogz , 1 
(4) aa os Hen rele ee 


Substituting from (1), (3), (4), in (2), we find that the equation is identically 
satisfied. 


ILLUSTRATIVE EXAMPLE 2. Show that 
(5) y2-4x7=0 

is a particular solution of the differential equation 
(6) vy’? -—1=0. 
Solution. Differentiating (5), the result is 


yy’ —2=0, whence 7’ = 2. 
y 


Substituting this value of y’ in (6) and reducing, we obtain 4 x — y? = 0, which 
is true by (5). 


ORDINARY DIFFERENTIAL EQUATIONS 375 


PROBLEMS 


Verify the following solutions of the corresponding differential 
equations : 


“dx? axdx x? 


16. 


Differential equations 


dy 2 dy 2Y _ 


a2Vi, 2daV 
cae came 

toy We ipa hoe 
* dx? Paws! = 
dy _ dy i 
dix comme et 


dy dy _ 


: ry TY + (Ft) —y H= 0. 


Ee9s=t+5 

ot oS tar =6e' 
2 4 40=10sin dt. 
2 da=8sin2t. 


Solutions 


Y = C10 + Cox?. 
c 
Y= ee + Ce. 
ie 
4 = c\e?* + coe*”, 
y = ce” + c2e2* + cse—3*, 
CU) = 03" 
ry = ce” + c2e-*. 


s=c, sin (kt + co). 


y= cet + e825, 
Cy C2 
hemi eal ickoy 

3) ae 
are sin4¥=c—-z. 

A 

il 1 

s=5cosstitott se 


a=e'+2 te’ + 3 te’. 
x = 2(sin 2¢— sin 3 t). 


x= 2(1 —t)cos 21. 


_ 2 + logt, 
? 


904. Differential equations of the first order and of the first degree. 
Such an equation may be brought into the form 


(A) 


Mdx+Ndy=0, 


376 INTEGRAL CALCULUS 


in which M and N are functions of x and y. The more common dif- 
ferential equations coming under this head may be divided into 
four types. 

Type I. Variables separable. When the terms of a differential 
equation can be so arranged that it takes on the form 


(1) f(x)dx + F(y)dy = 0, 
where f(x) is a function of x alone and F(y) is a function of y alone, 
the process is called separation of the variables, and the solution is 


obtained by direct integration. Thus, integrating (1), we get the gen- 
eral solution 


(2) if f(x)da + f F(y)dy =, 


where c is an arbitrary constant. 

Equations which are not given in the simple form (1) may often 
be brought into that form by means of the following rule for separat- 
ing the variables. 

FIRST STEP. Clear of fractions; and tf the equation involves deriva- 
tives, multiply through by the differential of the independent variable. 

SECOND STEP. Collect all the terms containing the same differential 
into a single term. If the equation then takes on the form 


XYdxr+ X’Y'dy =0, 


where X, X' are functions of x alone, and Y, Y’ are functions of y alone, 
it may be brought to the form (1) by dividing through by X'Y. . 
THIRD STEP. Integrate each part separately, as in (2). 


ILLUSTRATIVE EXAMPLE 1. Solve the equation 
dy_ 1+y 


dx (1+22)ry 
Solution. First Step. (1 + x?)xy dy = (1 + y?)dz. 


Second Step. (1 + y?)dx — x(1 + x?)ydy = 0. 
To separate the variables we now divide by x(1 + x?)(1 + y?), giving 
hay Se Tek 
e(1l+z2?) 1+y? 
, dx d 
Third Step. ———___ _ (_¥ey _ 
i Sx + x?) 1+ y? me 
x dx _ fydy__ 
ite: a Hees Meer Arter l 


log x — } log (1 + x?) — } log (1+ y?) =C, 
log (1 + w?)(1 + y?) =2 logx —2C. 
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This result may be written in more compact form if we replace — 2 C by log ¢, 
that is, give a new form to the arbitrary constant. Our solution then becomes 
log (1 + x?)(1 + y?) = log x? + log c, 
log (1 + #?)(1 + y?) = log cx?, 
(1 + #?)(1 + y?) =ex?. Ans. 


ILLUSTRATIVE EXAMPLE 2. Solve the equation 


dy a) 
a(x +2y)= ay. 

Solution. First Step. ax dy + 2 aydx = xy dy. 
Second Step. 2 ay dx + x(a -— y)dy = 0. 
To separate the variables we divide by xy. 

2ade , (a—y)dy_ 9 

x 

Third Step. 2a H +af%—fay=c 

By y ‘ , 


2alogx+alogy—y=C, 
aloga?y=C+y, 


By passing from logarithms to exponentials this result may be written in the 
form 


Gay 

uy =ea 4, 

G 

or v?y = eo - ea, 


C 
Denoting the constant e¢ by c, we get our solution in the form 


y 
x?y =cet, Ans. 


Type II. Homogeneous equations. The differential equation 
(A) Mdz+ Ndy=0 


is said to be homogeneous when M and N are homogeneous functions 
of x and y of the same degree.* Such differential equations may be 
solved by making the substitution 


(3) y = Ve. 


This will give a differential equation in v and x in which the vari- 
ables are separable, and hence we may follow the rule under Type I. 
* A function of x and y is said to be homogeneous in the variables if the result of replac- 


ing « and y by Xz and dy (A being arbitrary) reduces to the original function multiplied by 
some power of \. This power of ) is called the degree of the original function. 
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In fact, from (A) we obtain 


d M 
(4) Ree x 
Also, from (8), : ; 
v 
(5) oe =a7 +0. 


The right-hand member of (4) will become a function of » only when 
the substitution (3) is used. Hence, by using (5) and (8), we shall 
obtain from (4) 


6) 22 +v=f0), 


and the variables « and v may be separated. 


ILLUSTRATIVE EXAMPLE. Solve the equation 


Solution. y? dx + (x2 — xy)dy = 0. 


Here M = y?, N = x? — xy, and both are homogeneous and of the second degree 
in x and y. Also we have 
dy 
dx xy —x? 
Substitute y = vx. The result is 


v v 
x a +v=— Te ry 
or vdx +a(1—v)dv=0. 
To separate the variables, divide by vx. This gives 
= zi (1 a =): 
dx dv 
dred rata SAE: 
log x + logv—v=C, 
log. wx =C +2, 
ve = eC + = eC. @, 
vr = ce”. 
But » = e. Hence the complete solution is 
y 
x 


y= ce”. Ans. 


PROBLEMS 


Find the complete solution of each of the following differential 
equations: 


1. (1+ y)dx — (1 — x)dy = 0. Ans. (1+y)(1—2) =c. 
2. rydx+ V1— x? dy=0. Vp Se. 
3. V1 — y2 dx = V1 + x? dy. are sin y = loge(x + V1 — x2). 
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4.V1+ y? dx = (1 — x?)dy. Ans. c(y+ V1 + 42) = aa 
5. (1 + 2)dy = V1 — 7? de. accel ie ean oe ie 
Vis?) en 
Cea yg Gaal e2)dy— 0: are tany + loge V1 + 2? =0. 
7. (22+ 1)dy + y2 dx =0. paper 
8.242 yadz + 1 + x?)dy = 0. (ar? ieee a anes 
9. (1 + y?)dy —ydx=0. n= E+ log ey. 
10. @+ y)dx + xdy=0. x?'+ 2 xy =e. 
11. (@+ y)dx + (y — x)dy =0. log (x2 + y2) —2 are tan¥ =e. 
12. xdy — ydzx = Vx? + y? dx. 1+2cy—c2x2?=0. 3 
13. xy? dy = (x3 + y3)dz. y® = 8 x? log ex. 
14. (a? — 2 y?)dx + 2 xy dy =0. ye a logicx'= 0- 
15. (a? + y?)dx = 2 xy dy. DP = WF AS CIR. 
du_1+4? 
2 GES ae c= 
17. V1 — 2?dy+ V1— y?dx=0. yV1 — 2+ 2V1—ya=e. 
Se 2e0- 4 dy — 1-2) de: y=1t+ aoe 
1+ 2% 
19. (x?y + x)dy + (xy? — y)dx = 0. xy + log 4 =@: 
20. V1 — y2dx = 8 x? y dy. 25. (Vary — «)dy + ydz = 0. 
21. xdy — ydx = Vy? — x2 da. 26. (82+4 y)dy = (2x2 — y)dx. 
22. (y? —9)dx + xdy = 0. 27. (x + xy?)dy —3 dx=0. 
23. (2x2+y)dxr+(x+y)dy=0. 28. rydy — (1 —y?)dx = 0. 
OY, VG = (GY = 4 Uae 29. (1+ x)dy — (1—x)dx=0. 


In each of the following problems find the particular solution which is 
determined by the given values of x and y: 


30. 924+ U0; = 8, y= 4. Ans. x? + y? = 25. 
31. c(e@+2y)dy—y?dr=0; c=1,y=1. xy + y? = 2 2. 
32. (1+ y2)dx —xydy=0; x=1,y=0. g2—y2=1. 


33. (x + y)dy + (x — y)dx = 0; x=0, y= 1. 
34. Find the equation of the curve whose slope at any point is equal 


to —- —“ and which passes through the point (1, 1). 
cry Ans. y2+2 xy =3. 


35. Find the equation of the curve whose slope at any point is equal 


V1 — y? : 90 y 
——_—__ hich th h the ; Ans. © = ——- 
Tae ge and which passes throug origin ap 


to 
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Type III. Linear equations. The linear differential equation of the 
first order in y is of the form 
dy 
24 Py = 
(B) oP y= Q, 


where P and Q are functions of x alone, or constants. 
Similarly, the equation 


(C) = + Hx=J, 
where H and J are functions of y or constants, is a linear differential 
equation. 

To integrate (B), let 

(7) Yy = Uz, 


where z and w are functions of x to be determined. Differentiating (7), 
dy _ dz, du 
(8) dx dx * dx 
Substituting from oA and Mi ) in (B), the result is 
ey a oe Pig 2OL 


(9) e i -- Pu)z= =a; 
We now determine u = integrating 

du 7 
(10) re + Pu=0, 


in which the variables x and wu are separable. Using the value of x 
thus obtained, we find z by solving 
(11) u& =Q, 


in which x and z can be pire Obviously, the values of wu and z 
thus found will satisfy (9), and the solution of (B) is then given by (7). 
The following examples show the details. 


ILLUSTRATIVE EXAMPLE 1. Solve the equation 


dy _2y 5 
12 —t = 
(12) Gouna (~ + 1)3. 
Solution. This is evidently in the linear form (B), where 
P==— a and Q=(¢+1)%. 
Let y = uz; th 
AJR SB a dy dz du 


dah dn ho a 
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Substituting in the given equation (12), we get 
dz 


Ch PROFS 5 
A a a oN PEE “i 
(13) 0 + (He - 2 \ = @ +1)t 
dads - 
To determine u we place the coefficient of z equal to zero. This gives 
due a2 0 
ai ea a 
du _ 2 de 
uU 1l+2 
Integrating, we get log.u = 2 log (1+ 2), 
(14) u = elog(l +)? — (1 4 x)2,* 
Equation (13) now becomes, since the term in z drops out, 
dz _ 5 
Ve (x + 1)3. 


Replacing wu by its value from (14), 


GZ a 
ARS (x + 1)2. 


Integrating, we get dz = («+ 1)?dz. 
(15) t= Ot 4¢. 


Substituting from (15) and (14) in y = wz, we get the complete solution 
re 
We oe +C(e@+1)2. Ans. 
ILLUSTRATIVE EXAMPLE 2. Derive a formula for the complete solution of (B). 
Solution. Solving (10), we have 


log, u +P Ot — Noses 
where log, k is the constant of integration ; 


whence w= ew Fae) 


Substituting this value of wu in (11), and separating the variables z and x, the 


result is 
% dz = LoS PM ae, 


Integrating, and substituting in (7), we obtain 
i pile (feel? ax + C) . Ans. 
It should be observed that the constant k cancels out of the final result. For 
this reason it is customary to omit the constant of integration in solving (10). 


* From the definition of a logarithm to the base e. For the sake of simplicity we have 
assumed the particular value zero for the constant of integration (see Illustrative Ex- 
ample 2). 
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Type IV. Equations reducible to the linear form. Some equations 
that are not linear can be reduced to the linear form by means of a 
suitable transformation. One type of such equations is 

dy 
mat, Py = n 

(D) Te ae 
where P and @ are functions of x alone or constants. Equation (D) 
may be reduced to the linear form (B), Type III, by means of the 
substitution z = y~"*!. Such a reduction, however, is not necessary 
if we employ the same method for finding the solution as that given 
under Type III. Let us illustrate this by means of an example. 


ILLUSTRATIVE EXAMPLE. Solve the equation 


dy, y_ ae 
to tg ee yee 


Solution. This is evidently in the form (D), where 


(16) 


Let y = uz; then pal A yj eee st pe 
Substituting in (16), we get 


dz, du, ua _ 22 
eri rh are 5 o = alog x: u2z?, 
dz du, u\,_ . y2e2 
(17) wet (Gt ge aloes U722, 
To determine wu we place the coefficient of z equal to zero. This gives 
CO 9 Wh 
de ta o: 
du_ _ dx. 
u i 
Integrating, we get log u = — log x = log 1, 
a5 
(18) Fae 


x 


: Since the term in z drops out, equation (17) now becomes 


z 
u—=alog x: u2z? 
dx g , 
de =a log x: uz?. 
dx 


Replacing u by its value from (18), 


ren 16 iyo etrena 
dx 8 x 
Cee ice ees 
2 xv 
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— a(log x) x)? 
2 


Zi 
if BS ng 
ne : a(log x)? +2C 


Substituting from (19) and (18) in y = wz, we get the complete solution 


Integrating, we get +C, 


eee AEBS 4 
— @ a(logx)?+2C 
or xy[a(log x)? +2C]+2=0. Ans. 
PROBLEMS 


Find the complete solution of each of the following differential 
equations : 


1 Wty sen, ANSI yi (Cr-1C em. 
g, Wu TY — gyn y=x"(e* +). 
GHe a 
3g, Ua mw _ fo, — ate, 
dhe” dg anh aye 
4. cost +ssint=1. s=sint+ccost. 
5. E+ scost=}sin 2t. s=sint—1+ce-sint, 
a z (7+ 1)3 2y=(«#+1)#+e@+4+1)?. 
de «+ 
dy ay _ r+ = cx? + —— ee 
(Se a es ee a 
Sh oy eee ee ieee 
dx 42 
ae pai tent log a. 
dy 7 I —2 x)y _ 1 
LOE ca x pe ees 
1 2y _ x 60 y3(x + 1)2=10 x9 + 24 28 
dx'x+1 y? +152t+¢. 
1 st, A ts of mip cea eal at 
as Gia dee OY TOT Tas 
dy, Asy ___1 v?+1)?=arctanz+c. 
Bart +1 @+)3 ut 
in x 
14 dy —ycotx=y? csc x. 2 


di 


oe V2cosx+c 
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dy _ dy , 3Y_ gt 
ha pel = x + Y- 20. eee =e" 
16. =o? + 9. a1. W_4y=sin3 2. 
We G sint + 28 cos t = sin 2t. 22. rh By = ay? 

dy ,§ Y= Vx? +1. 23. dy = cos x. 
18 dae aerad 4 ax z 

dy — gb 3 dy = 19 
19,7 t+2y=e 3 24. a8 tay WW 


In each of the following problems find the particular solution which 
is determined by the given values of x and y: 


20s 2 — =e C—O Ans. 4 =22(e2 — 6). 

26a Wty =3; eh, pS sy = 3(a2 —1). 
dy Rigs rigeeee! bee eee, 

a7. 7 + y tanz=secx; r=0,y=0. y=sin x. 
dy 5 ee DD —2,2 

28. x Ee eta AaB IS SS 4s 7S 8 Uae aes 


29. Find the equation of the curve whose slope at any point is equal 
to y + 2 x and which passes through the origin. Ans. y=2(e7—x—1). 


30. Find the equation of the curve whose slope at any point is equal 

to xy(x?y? — 1) and which passes through the point (0, 1). 1 
Ans, 47 = . 
x?7+1 


205. Two special types of differential equations of higher order. The 
differential equations discussed in this article occur frequently. 
d” 


y 
E = 
”) dx" a 


where X is a function of x alone or a constant. 
To integrate, first multiply both members by dz. Then, inte- 
grating, we have! 


d”~ly ay Ai Pe 
da”"— 1 = | da” dx = [ Xdv +c. 


Repeat the process (n — 1) times. Then the complete solution con- 
taining n arbitrary constants will be obtained. 
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3 
- ILLUSTRATIVE EXAMPLE. Solve we = ae, 
Mi 


Solution. Multiplying both members by dx and integrating, 
Cea es 
dx? = [xe dx + Ci, 


dy 


or Gay 
dx? 


= ve* —e*? + Ch. 
Repeating the process, 


BU = ( ner du — fe da + f Crde + Co 
d 


or Wp wt — 2 + Cit + Ce. 
y= vet de — [207 dx + [Crm dx + [Code + Cs 
ner 30° 4 + Cov + C3. 
Hence y = xe* — 8 eF + "2 + cou +03. Ans. 


A second type of much importance is 


d’y 
@) <a=Y, 


where Y is a function of y alone. 
To integrate, proceed thus. Write the equation 


dy’ = Y dz, 
and multiply both members by y’. The result is 
dy = Y yor. 
But y’ dx = dy, and the preceding equation becomes 
yay =. ay. 
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The variables y and y’ are now separated. Integrating, the result is 


by? = Ydy tc. 


The right-hand member is a function of y. Extract the square root, 
separate the variables, x and y, and integrate again. The following 


example illustrates the method. 


ILLUSTRATIVE EXAMPLE. Solve = ub a +a?y=0. 


2. 
Solution. Here ae = ce =— a and hence the equation belongs to type (F). 
Multiplying both members by y’dx and proceeding as above, we get 
y' dy’ = — a’y dy. 
Integrating, Zy2%=—$ary?+C. 
Ap == NON G = CREE 


dx 
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setting 2 C = C; and taking the positive sign of the radical. Separating the vari- 


ables, we get 
dy 


———*—— _ = dr. 
VC, — ary? 
- il OH} 
Integrating, = arc sin == = Oar 
g g a Cx 2 
2 ai 
or arc sin =ax + aCo2. 
VC 
This is the same as Te = sin(ax + aCe) 
1 
= sin ax cos aC2+cosaxsinaC2, (4), Art. 2 
or y= - cos aC2° sin ax + “! sin aC2- cos ax. 
Hence y =, sin ax + c2 cos ax. Ans. 
PROBLEMS 


Find the complete solution of each of the following differential 
equations : 


1. = i. Ans. rai tatten 
2. Can, x= ce" + coe *. 
3. 2 = 4sin Bt. x=-—sin2t+cet+ co. 
4, TE = eX, r= FS tatter. 
AS aes ci(s + 1)? = (qt + ce)? +1. 
6. = 3t=2a*(s?—2¢) (s? +)? + C2. 
te ae cy? =a + (ext + ce). 
5 PH ao, 
ns. Veit + 9 — log (Vey + V1 + cy) = ac1V2 2+ 0. 
9. “ate +— ib =) een cunt. feat given that s =a, & = —() ewnenei——a0e 


Ans. Nr ea cae i}. 
a 


=x+sinz. ie cercoer? pe 


MO Tis de dy = 4 Y 
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206. Linear differential equations of the second order with constant 

coefficients. Equations of the form 
d’y d 
G tL GUL = 

(G) FR oe 
where p and q are constants, are important in applied mathematics. 

To obtain a particular solution of (G), let us try to determine the 
value of the constant r so that (G) will be satisfied by 


(1) y =e". 
Differentiating (1), we obtain 

dy yy UM BLOs 
2 ea me —Y — r2prt 
@) deme fo dee 


Substituting from (1) and (2) in (G) and dividing out the factor 
e”*, the result is 

(3) r pr g = 0; 
a quadratic equation whose roots are the values of 7 required. 
Equation (3) is called the auxiliary equation for (G). If (8) has dis- 
tinct roots r; and rz, then 


(4) =e and if = es 
are distinct particular solutions of (G), and the complete solution is 
(5) y = cre + coe". 


In fact, (5) contains two essential arbitrary constants, and (G) is 
satisfied by this relation. 


ILLUSTRATIVE EXAMPLE 1. Solve 


le a a 
(6) ae Ae 34=0. 
Solution. The auxiliary equation is 
(7) r2—2r—3=0. 


Solving (7), the roots are 3 and — 1, and by (5) the complete solution is 
y = ce3* + coe-*. Ans. 

Check. Substituting this value of y in (6), the equation is satisfied. 

Roots of (3) imaginary. If the roots of the auxiliary equation (8) 
are imaginary, the exponents in (5) will also be imaginary. A real 
complete solution may be found, however, by choosing imaginary 
values of c; and c, in (5). In fact, let 


(8) n=atbVv—1, re=a—bvV—-1 
be the pair of conjugate imaginary roots of (3). Then 
(9) ent — glatbV—1)« = eaxgbeV—1, ert = e(a—bv-1) 2 = ette— be V=1, 
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Substituting these values in (5), we obtain 
(10) y = e% (cer? Y—1 + ege—**¥-1), 
In the algebra of imaginary numbers it is shown that* 
e=V—1 — cos ba + V—1 sin bz, e-*Y-1= cos ba — V— 1 sin be. 


When these values are substituted in (10), the complete solution 
may be written 

(11) y = e*(A cos bx + B sin bz), 
if the new arbitrary constants A and B are determined from c; and ¢, 
by A =¢1 + ©, B= (c1 — c2)V—1. That is, we now take for c; and cz 
in (5) the imaginary values c; = 4(A — BV—1), co =3(A+ BV—1). 

By giving to A and B in (11) the values 1 and 0, and 0 and 1, in 
turn, we see that 

(12) y=e*cosbx and y=esin bx 


are real particular solutions of (G). 


ILLUSTRATIVE EXAMPLE 2. Solve 


Og is 
(13) an t Ry =0. 


Solution. The auxiliary equation (3) is now 
r4+kh2=0. «r= tkV—1. 
Comparing with (8), wesee thata=0,b=k. Hence, by (11), the complete solution is 
y=Acoskx +B sin kz. 


Check. When this value of y is substituted in (13), the equation is satisfied. 
Compare this method with that used for the same example in Art. 205 (k = a). 


* Replacing « by zbx in Problem 1, Art. 194, gives 
‘ ‘ b2a2 = ib3a3 | b4at , 1b5x5 
eibe = 1 + iba — —— — Se 
[2 ils = ae ate ae , or 
b2a? , b4xt ( b3x3 | b5ax5 )s 


1 ey ea Ui = fr UES 
(1) eon la +i7( bx Ts 5 


and replacing « by — ibx gives 
=. : b2x2, ib3x3 , b4at  ibdard 
e— tha = 1] — ibe —- —— at Soe 8 
[2 = B + are ne Or 

eee b2a2  btat : b3x3 , bda5 

(2) e— ibe — 1 — ue maleic 4 hae a ee 
ce os a(S: j 
But, replacing x by bz in (7) and (8), Art. 194, we get 
b2x2  b4xt 


(3) aphialne amu rere ive se: 
(4) sind bass be = Oe ee oe 
bee 


Hence (1) and (2) become 
eibt = cos ba +isinbs, e-—ibe = cos bax —7sin be. 
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Roots of (3) real and equal. The roots of the auxiliary equation (3) 
will be equal if p? =4q. Then (3) may be written, by substituting 


as 
(14) (ah tap = (7-15 p)2 = 0, 
and 1; = r2 =— 4p. In this case 
(15) y—e* ands y= xe 


are distinct particular solutions, and 
(16) y = e*(c1 + Cox) 
is the complete solution. 
To corroborate this statement, it is only necessary to prove that 


the second equation in (15) gives a solution. But we have, by dif- 
ferentiating, 


(17) y= xe, oe 


ae er re)s oe =en(2 71 + 172). 
Substituting from (17) into the left-hand member of (G), the 
result is, after canceling e™”, 


(18) (RES 6 IEE a aN les 0 
This vanishes, since r; satisfies (8) and equals — 4 p. 


ILLUSTRATIVE EXAMPLE 3. Solve 


d?s ds ee 
(19) ae ae te 


Find the particular solution such that 
ds 


s=4and 7 = — 2 whent=0. 


Solution. The auxiliary equation is 

Zee Oe One ut) 1) 210 
Hence the roots are equal, r, = — 1, and, by (16), 
(20) s=e-*(cy + Cot). 


This is the complete solution. 
To find the required particular solution, we must find values for the constants 


¢; and C2 such that the given conditions, 


Pedant: Se when = 0 


are satisfied. dt 
Substituting in the complete solution (20) the given values s=4, t=0, we 


have 4 = c, and hence 
(21) s=e'(4 + Cot). 
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Now differentiate (21) with respect to ¢t. We get 


= = e- "(Ce —-4-— Cet). 


By the given conditions, 2 = — 2 when t= 0. 


Substituting, the result is — 2 =c. —4, and hence ¢: = 


solution required is s=e‘“(44+21t). Ans. 


2. Then the particular 


PROBLEMS 
Find the complete solution of each of the following differential 
equations: 
d?s a5 ds — —_ t 3t 
1. 44,+38=0. Ans. s = cye' + c2e?*, 
d?y dy _ = — —22z 3x 
2. aie Og = y=ce a | ae 
da 4 dx = mayan at 
3. TD STE etc se (Ce SEO 
d2x f 
4.72 +42=0 % = ci cos 21 -F co sin 2. 
d?s = 
Sry al $= ce?! + Ge She. 
d*y , 3 dy a ~32 
Oy ea y = C, + c2e737, 
aa dx a 
1. ip 44,7 2 x = e?*(c; cos 8 t+ c2 sin 8 2). 
2 yi 
g. 44S erao. x = e-**(e, cos 2¢+ ce sin 2 ft). 
dy _ - dy ae d®s = 
9. 2 et a UO 13.73 + 16s= 
aes drag @s | eds 
10.275 + Fy a) 14. Fa + 167 0 
dp_ydp, diz dz : 
11 TD ap oe 15. 7D 8 + 25x%=0 
ds -_ ds ds ‘a 
12. 7 Kg 16.5 +62 +10s=0 


In the following examples find the particular solution which satisfies 
the given conditions: 


17 


de 
dt? 


v» 
18, © + 


dic? 


dx 


=o 


dt 


dy 
dx 


+260 == ceca 


dx © 
ao 


d. 


1, whent=0. Ans. x= e+, 


——2y=0; y= 3, 94 = 0, when x =0. 


Ans. y = 2 e* + e- 22, 
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d? 
19. =< 48 =0; s= 6, &=0, when t=0. Ans. s=3 e2'+ 8 e-2#, 
d? 
20. 57 F48=0; a= 0, 2=10, whent=0. Ans. s=5sin2t. 
Q1 dy T 
a tT Y= 9; y =4 when x= 0, and y = 0 when x= 5: 
Ans. y=4cosz. 
d? di 
22. 5 6a + 9y=0; y= 0, au — 2, when «= 0. 
oe : IMS WS Bag OF. 
23, 5 +24 20=0; o=8, a = — 3, when f = 0. 
e ; Ans. x= 3'6-* cos f. 
24. at get BPH 03 s=1, S=1, when t= 0. 
G a Angus —en. (COS 2th sin 2b). 
as. s ae — 
25. a + 3G, + 2s=0; = SEE Tia re 
d?y dy d 
26. a + 4a. seel y= OS op= il, woh when x= 0. 
GSM Vs ap = s 
27. 7a + ws=0; s=0, 7 =v, when t= 0. 
d?s Coe, Maney es ae ie 
rai ei = « s=0, 4, =m, when t= 0. 
aa dx dx 
29. ae tg tee: L105 at = 110, woe ¢ = 0, 
dy _ ody ay age eee BL ae a 
30. 72 A sh ame UE > Gy = 8s When x = 0. 
To solve the differential equation 
: d?. 
(H) Ys ph + gy = XG 


dx? 


where and q are constants and X is a function of the independent 
variable x or a constant, three steps are necessary. 


First STEP. Solve the equation (G). Let the complete solution be 
(22) y=. 
Then u ts called the complementary function for (A). 
SECOND STEP. Obtain a particular solution 
(23) y=0 
of (A) by trial. 
THIRD STEP. The complete solution of (H) 1s now 
(24) y=u+r. 
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In fact, when the value of y from (24) is substituted in (4), it is 
seen that the equation is satisfied, and (24) contains two essential 
arbitrary constants. ; 

To determine the particular solution (23), the following directions 
are useful (see also Art. 208). In the formulas all letters except 2, 
the independent variable, are constants. 

General case. If y= X is not a particular solution of (G), if 


Form of X Form of v 
X=a-+ be, assume y=v=A+ Bz; 
X= ce, assume yov=<Ae™; 


X=a,cosbr+azsinbs, assume y=v=A;,cosbe+ Azsin de. 


Special case. If y= X is a particular solution of (G), assume for v 
the above form multiplied by x (the independent variable). 

The method consists in substituting y = v, as given above, in (A), 
and determining the constants A, B, A, Az, so that (A) is satisfied. 


ILLUSTRATIVE EXAMPLE 4. Solve 
(25) —_- deme ae 


Solution. First Step. The complementary function wu is found from the com- 
plete solution of 


(26) ——— ae B= 0. 


By Illustrative Example 1, above, therefore 
(27) Yy =U = cye3™ + Coe-F, 


Second Step. Since y = X = 2 is not a particular solution of (26), assume for 
a particular solution of (25) 


(28) y=v=A+ Bx. 

Substituting this value in (25) and collecting terms, the result is 

(29) —2B-—-3A-—3Br=22. 

Equating coefficients of like powers of x, we get 
—-2B-3A=0, —8B=2. 


Solving, A = 4, B= — 3, and substituting in (28), we obtain the particular 
solution 

(30) y=v=¢— 8x. 

Third Step. Then, from (27) and (30), the complete solution is 


y=u+v=ce* +ce*4+4—2%. Ans. 
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ILLUSTRATIVE EXAMPLE 5. Solve 
(31) dy _ 2M _ gy 26, 
Solution. First Step. The complementary function is (27), or 
(32) Yy =U = ce3* + cge-*, 


Second Step. Here y= X =2e~ is a particular solution of (26), for it is 
obtained from the complete solution (32) by letting c; = 0, co =2. Hence assume 
for a particular solution v of (31), 


(83) =v = Ages. 
Differentiating (83), we obtain 


Qs Apo = the Tee i ao 
(34) ee Ae“(1 — 2), a Ae*(x% — 2). 
Substituting from (33) and (84) in (81), we obtain 
(85) Ae*(4 — 2) — 2 Ae*(1 — x) — 8 Awe* = 2 c=. 


Simplifying, we get — 4 Ae-* = 2 e~, and hence A = — 3. Substituting in (33) 
we obtain 


(36) y=v=—3 xe". 
Third Step. The complete solution of (31) is, therefore, 
y=uUu+tv= cyes* + c2e7-* — 4 xe-*. Ans. 


ILLUSTRATIVE EXAMPLE 6. Determine the particular solution of 


d?s ae 
(87) qe + 48 = 2 cos 2, 


such that $= 0 and “ = 2 when t= 0. 


Solution. Find the complete solution first. 


First Step. Solving 
d?s 


(38) Be 
we find the complementary function 
(39) s=u=cq cos2t+ecosin2t. 


Second Step. Considering the right-hand member in (37), we observe that 
s = 2 cos 2 tis a particular solution of (38) resulting from (39) when ¢ = 2, co = 0. 
Hence for a particular solution s = v of (87) assume 


(40) s=v=1t(A; cos2t+ Aosin2t). 


Differentiating (40), we obtain 


Be A, cos 2t+ Ae sin 2 t— 2 t(A1 sin 2 t — Ae cos 2 2). 
d?s 
di? 


(41) 
—=—4A,sin2t+4 Az cos2t—4 t(A: cos2¢ + Ae sin 2). 
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Substituting from (40) and (41) in (37), and simplifying, the result is 
(42) —4A,sin2t+4 A» cos2t=2 cos2t. 


This equation becomes an identity when A; =0, Az = 4. Substituting in (40), 
we get 


(43) s=v=tsin2t. 
Third Step. By (39) and (43) the complete solution of (87) is 
(44) s=c, cos2t+c,sin2¢+ 3 tsin2t. 

We must now determine c; and cz so that 
(45) ; s=0 and & =2 when t= 0. 
Differentiating (44), 
(46) = —2esin2t+2c,cos2t+}sin2t +t cos 2. 


Substituting the given conditions (45) in (44) and (46), the results are 
(Wwe VASA, ote Wii Sk 

Putting these values back in (44), the particular solution required is 

(47) s=sin2t+4tsin2t. Ans. 


PROBLEMS 


Find the complete solution of each of the following differential 
equations: 


dx i Le a , ee 
1 ATLL amet Ans. x=, cosdt+e.sindit¢+r7e 
d? ; 
2. Fe 2 Sea 2ttl, eae teen — 24d 
a2: d. 
oa = Oe te 88, x = e3*(e, cos 2¢+ co sin 2 t) +3. 
apy dx : BY 
Aa pe tet x = e?#(c, cos V3 t + co sin V3 t) + 2. 
dy dy at 
Dery en a y = cre! + eget — 
d? dy 5 
6. as ote y = ce?! + coe! + te", 
dx 
1. Ge t 9x =O es, x= ¢, cos 3t-+c2sin3t-+ 5%, 
dx 
8. Fa + 9x=5 cos 2t. x=c, cos3t+cesin3 t+ cos 2 t. 


9.—— + 9x=3 cos8t. =e, cos3t-+cosin3¢+5tsin3t, 


10. 


11: 


12. 


13. 


14. 


15. 


16. 


Li. 


18. 


19. 


20. 


21. 
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d2x 1 
ade 27 = 6 cos 8 t. Ans. Te Cami 2 ta C08 9.1. 


a2 : 

qe 1 47 = 10sin 30. x=c, cos2t+cosin2¢—2sin3 t. 

dx roe. ‘ 

qe t 40> 8sin2t. x=c,cos2t+cosin2t—2tcos2t. 

@y_ody_9,_ = oe 

7D 2 oY —'S' COB Zt. ie OE pee 
— Gp C08 2 t. 

d2 . 

+624 13.7=20 sins, x = e3*(c, cos 2 t + ce sin 2 £) 
+2 sin t— cost. 

2 

23 455=10sint. s=e-'(c, cos 2¢t+ ce sin 2 t) 
+2sint+ cost. 

Chap 9 dx ok : Sy : 

wo at ova lisin2t. x =e ‘(¢, cos 2 ¢ + ce sin 2 ft) 
+4cos2t+ sin 2t. 

2 2: 

G-4E435=4, 22, Te 2 green 

2 2 

tS _ 6 r=3t, 23. 2 9 sce, 

2 2. 

CU 4y= 2-2, 24. CY _y =sint. 

d?x A552 ada ep lye. 

ae e ube 25.4, +e=4sin5 

2 a 74 

a 26. 2-16 s=2cos4t. 


In the following examples find the particular solution which satisfies 
the given conditions: 


27. 


28. 


OAD). a 


30. 


31. 


ds ds 


ap ote 4 s=1, 4, =0, when t= 0. AnSS = 62) emo als 
+ 4s=8t; s=0, S=4, when t= 0. 

! Ans. s=sin2¢+ 2 t. 
os _3 Ga; s=1,2=1, when t=0 

é Ans. § = e3§ — 21. 
CU 5h Gy = er; y=1, = 1, when v= 0. Aiea y= ec. 
2 +o =sin 2b; = 0, 2 =0, when t=0. 


Ans. 2=2sint— sin 2t. 
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d?x dx = 0, when t= 0. 


aes ais © dt Ans. x=2cost+isint. 
33, CL 9y=2—2; y = 0, 44 =1, when x= 0. 

31. fe ona; n= 4, & = 2, when t=0. 

35. +2 tae; n= 0, & = — 2, when t=0. 

36. 4+ 4s=4sint; s= 4, = 0, when {= 0. 

a7. +48 =2cos2t; s=0, S=4, when t= 0. 

38, Th dy = 4 or; y = 0, 54 = 0, when x = 0. 

39. T+ s= sin’ + cos 21; s=0, S=0, when t=0. 

40. B+ sset4+2; s=0,S=0, when t= 0. 


207. Applications to problems in mechanics. Many important prob- 
lems in mechanics and physics are solved by the methods explained 
in this chapter. For example, problems in rectilinear motion often 
lead to differential equations of the first or second order, and the solu- 
tion of the problems depends upon solving these equations. 

Before giving illustrative examples it is to be recalled (Arts. 51 
and 59) that 


@) Yih Pe dee 


where v and a are, respectively, the velocity and acceleration at any 
instant of time (= t), and s equals the distance of the moving point 
at this time from a fixed origin on the linear path. 


ILLUSTRATIVE EXAMPLE 1. In a rectilinear motion the acceleration is inversely 
proportional to the square of the distance s, and equals — 1 whens = 2. That is, 
(2) Acceleration = a = — = 
32 
Also, 7 = 5, ¢=8, when t= 0: 
(a) Find v when s = 24. 


Solution. From (2), using the last form for a, we obtain 


dv 4 
38 —_=— —. 
( ) ° ds s? 


Multiplying both members by ds and integrating, the result is 
Uke 


4 8 
4 <i petits , 
(4) 3 in nes or ae. 
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Substituting in (4) the above conditions » = 5, Ss = 8, we find C’ = 24. Hence 
(4) becomes 


(5) e= : 424, 


From this equation, if s = 24, v= 4V219 = 4.93. Ans. 
(b) Find the time which elapses when the point moves from s = 8 to s = 24. 


Solution. Solving (5) for v, we get 


(6) Cae a OS, 
dt 
Separating the variables s and ¢ and eee for t with limits as given, s=8, 
S = 24, we find, for the ca A time, a 
(7) = 3.20. Ans. 
~ 9 ae Cs Vs+332 

Norte. Using the first form in (1) for a, (2) is 

Ca 

di? g2’ 


which is of the form (F), Art. 205. The method of integration here is the same as 
in Art. 205. 

An important type of rectilinear motion is that in which the ac- 
celeration and the distance are in a constant ratio and differ in sign. 

Then we may write 

(8) a= — k?s, 
where k? = magnitude of a at unit distance. 

Remembering that a force and the acceleration caused by it differ 
in magnitude only, we see in the above case that the effective force 
is directed always toward the point s = 0 and is, in magnitude, di- 
rectly proportional to the distance s. The motion is called semple 
harmonic vibration. 

From (8), we have, using (1), 

(9) O51 has = 0, 

dt2 
a linear equation in s and t of the second order with constant coeffi- 
cients. Integrating (see Illustrative Example 2, Art. 206), we obtain 
the complete solution, 

(10) s = ¢, cos kt + co sin kt. 

From (10), by differentiation, 

(11) vy = k(— cq sin kt + cz cos kt). 

It is easy to see that the motion defined by (10) is a periodic 
oscillation between the extreme positions s=b, and s=— 8), de- 
termined by 


(12) b= Ve? +e”, period = oF. 
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In fact, we may replace the constants ¢c, and cz in (10) by other 
constants 6 and A, such that 

(13) ¢,=bsin A, ceo=becosA. 

Substituting these values in (10), it reduces to 

(14) s=bsin (kt+ A), by (4), Art. 2 
and now the truth of the above statement is manifest. 

In the following examples we give cases when the simple harmonic 


motion is disturbed by other forces. In all cases the problem de- 
pends upon the solution of an equation of the form (G) and (4), 


discussed above. 
ILLUSTRATIVE EXAMPLE 2. In a rectilinear motion 


(15) a@=—78—7. 


Also, v= 2, s=0, when i= 0. 
(a) Find the equation of motion (s in terms of f). 


Solution. Using (1), we have, from (15), 
(16) sae te rari as = Oy 
an equation of the form (G). The roots of the auxiliary equation r? + 7+ § =0 are 
m=—}+ ete tfe= — 4 — V1. 
Hence the complete solution of (16) is 
(17) s=e 2c cos t + ¢2 sin f). 


By the given conditions, s= 0 when = 0. Substituting these values in (17), 
we find c; = 0, and hence 


(18) s = ce ?' sin t. 
Differentiating to find v, we get 
(19) v = coe 3*(— 3 sin t + cos 2). 


Substituting the given values » = 2 when t = 0, we have 2 = eo. 
With this value of c2, (18) becomes 


(20) s=2e-%'sint. Ans. 
(b) For what values of ¢ will » = 0? 


Solution. When v=0, the expression in the parenthesis of the right-hand 
member of (19) must vanish. Setting this equal to zero, we readily obtain 


(21) tani¢ —!2- 
For any value of ¢ satisfying (21), » will vanish. These values are 


(22) t=1.10 + nz. (n = an integer). Ans. 
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Successive values of ¢ from (22) differ by the constant interval of time 7. 
Discussion. This example illustrates damped harmonic vibration. In fact, in 
(15) the acceleration is the sum of two components 


(28) m=—$s, a=—2. 
The simple harmonic vibration corresponding to the component a; is now dis- 


turbed by a damping force with the acceleration az, that is, by a force proportional 


to the velocity and opposite to the direction of motion. The effects of this damping 
force are twofold. 


; First, the interval of time between successive positions of the point where v = 0 
is lengthened by the damping force. In fact, for the simple harmonic vibration 


(24) y=? 8, 
we have, by comparison with (8), k = 1/5 = 1.12, and the half-period, by (12), is 


0.89 7. As we have seen above, for the damped harmonic vibration the correspond- 
ing interval is 7. 


Second, the values of s for the successive extreme positions where v = 0, instead 
of being equal, now form a decreasing geometric progression. Proof is omitted. 


ILLUSTRATIVE EXAMPLE 3. In a rectilinear motion 

(25) a=—4s+2cos2t. 

Alsons O0h0— 12, when t— 0: 

(a) Find the equation of motion. 

Solution. By (1), we have, from (25), 

(26) C2 $45 =2 cos2t. 

The particular solution required was found in Illustrative Example 6, Art. 206, 
and is given by equation (47), p. 394. Hence 

(27) s=sin2t+ tsin2¢. Ans. 

(b) For what values of t willv = 0? 


Solution. Differentiating (27) to find v, and 
setting the result equal to zero, we get 

(28) (2+#)cos2t+4sin2t=0; 
or, dividing (28) through by cos 2 t, 

(29) Z4tan 2i42+t=0. 

The roots of this equation may be found as ex- 
plained in Arts. 87-89. The figure shows the curves 
(see Art. 88) 

(30) =ttan2t, y=—-2-1, 
and the abscissas of the points of intersection are, approximately, 

t = 0.88, 2.36, ete. Ans. 

Discussion. This example illustrates forced harmonic vibration. In fact, in (25) 
the acceleration is the sum of two components 

(31) @=—48, d@=2cos2t. 

The simple harmonic vibration corresponding to the component a with the 
period z is now disturbed by a force with the acceleration dp, that is, by a periodic 


Yy 
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force whose period (= 7) is the same as the period of the undisturbed simple 
harmonic vibration. The effects of this disturbing force are twofold. 

First, the interval of time between successive positions of the point where 
v= 0 isno longer constant, but decreases and approaches 4 7. This is clear from 


the above figure. a 
Second, the values of s for the successive extreme positions where v = 0 now 


increase and eventually become, in numerical value, indefinitely great. 


PROBLEMS 


In each of the following problems the acceleration and initial conditions 
are given. Find the equation of motion. 


l.a=—48; s=0,7=10, when t=0. “Ans. ¢—5 sin Zt. 


ofa — Ass — 6 0 ewheniti— Os s=8 cos 2 tf. 
3.¢=—45: $=2,7=10, when’ =0- s=2cos2#+ 5sin2i. 
AVG —'s-Hicees = 0,0 —0 swinenii — 0. s=k(1— cost). 

56. a= —27— 6s: s=5, i —— 5, when t= 0. si— > 6 54 COS 2. 

620 =— 20 —") ss 8.070 = 12) when? — 0s si — 2 Cmeasineete 
7.@= sin 2t—¢* ¢—0,09— 1) whens = s=sint—}sin2t. 
8.a=sin2t—4s; s=0,v=0,whent=0. s=#sin2t—itcos2t. 
9.a=—53 s=0,07=4, whent=0. 


LOn a= 9 es) si— 057 — Osewinenun— 0. 
liv a= — 49) — 5 sas = 0, o =o; when i—0- 
1230 -— Cost — 455+ s —1 0.9910 ewnenw—10s 
1350; — Cosi2it — 418-5 S105 0 — 0 mwhene—0s 
14.a=—4v—18s; s=0,v=6, whent=0. 
15. The acceleration of a particle is given by 
a=—4s+8sint. 


(a) If the particle starts from rest at the origin, find its equation of 
motion. Ans. s=sint—4sin2t. 


What is the greatest distance from the origin reached by the particle? 
(b) If the particle starts from the origin with velocity v = 4, find its 
equation of motion. Ans. s=sint+ 3 sin 2t. 
What is the greatest distance from the origin reached by the particle? 
16. Answer the questions of the preceding problem if the acceleration 
is given by 
a=—4s8s-—8sin2t. 


Ans. (a)s=2tcos2t—sin2t; (b)s=2tcos2t+sin2t. 


ORDINARY DIFFERENTIAL EQUATIONS A01 


Wy. A body falls from rest under the action of its weight and a small 
resistance which varies as the velocity. Prove the following relations: 


a=g—kv. 
yee 2 i kt 
len Op 


s=5 (kt + e-** — 1). 


g ~ ke) _ 
ks +0 + £1og (1 *)=0. 

18. A body falls from rest a distance of 80 ft. Assuming a = 32 — 2, 
find the time. Ans. 3.47 sec. 


19. A boat moving in still water is subject to a retardation propor- 
tional to its velocity at any instant. Show that the velocity ¢ sec. after 
the power is shut off is given by the formula v = ce~*', where c¢ is the ve- 
locity at the instant the power is shut off. 

20. At a certain instant a boat drifting in still water has a velocity of 
4mi. per hour. One minute later the velocity is 2 mi. per hour. Find 
the distance moved. 

21. Under certain conditions the equation defining the swing of a 
galvanometer is 

d?0 dé Ay 
TE +2 pu Ma + k?6= 0. 


Show that it will not swing through the zero point if 4 > k. Find the 
complete solution if u < k. 


208. Linear differential equations of the nth order with constant coef- 
ficients. The solution of the linear differential equation 


d"y ae ey 
% ay = 0, 
(1) Peele, t+ 9 oY tee ++ pry 


in which the coefficients p1, Po, - - -, Pn are constants, will now be dis- 
cussed. 
The substitution of e for y in the first member gives 


Gist Oilen ap Dt motets De 
This expression vanishes for all values of r which satisfy the 
equation 
(1) To pl (pi ip, 0; 
and therefore for each of these values of r, e’ is a solution of (J). 
Equation (1) is called the auxiliary equation of (1). We observe that 


the coefficients are the same in both, the exponents in (1) correspond- 
ing to the order of the derivatives in (J), and y being replaced by 1. 
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From the roots of the equation we may write down particular 
solutions of the differential equation (J). The results are those of 
Art. 206 extended to cases when the order exceeds two, and are 


proved in more advanced textbooks. 
Rule to solve the equation (/) 
First Step. Write down the corresponding auxiliary equation 
(1) Te pir EF Dar ee ee. . 


SECOND STEP. Solve completely the auxiliary equation. 
THIRD STEP. From the roots of the auxiliary equation write down the 
corresponding particular solutions of the differential equation as follows : 


AUXILIARY EQUATION DIFFERENTIAL EQUATION 


(a) Each distinct 
root r1 
(b) Hach distinct pair 


real 3 ‘ ; 
} gives a particular solution e'”. 


(two particular solutions e cos bx, 


of imaginary roots a + bz } ves gat gin ber. 
s (or 28) particular solutions ob- 
(c) A multiple root occur-) _. tained by multiplying the par- 
: : ves : 
ring s tumes if ticular solutions (a) (or (b)) by 


1 ates eee, ee: 


FOURTH STEP. Multiply each of the n* independent solutions thus 
found by an arbitrary constant and add the results. This result set equal 
to y gives the complete solution. 


d*y 3 dy 
daxc8 dx? 


ILLUSTRATIVE EXAMPLE 1. Solve +4y=0. 


Solution. Follow the above rule. 


First Step. r? —3 r2 +4 = 0, auxiliary equation. 
Second Step. Solving, the roots are — 1, 2, 2. 
Third Step. (a) The root — 1 gives the solution e~*. 
(ce) The double root 2 gives the two solutions e?*, xe2*, 
Fourth Step. The complete solution is 


y = ce* + coe?* + c3xe?*, Ans. 


dty _ 4 ey d2y — youu 


y 
ILLUSTRATIVE EXAMPLE 2. Solve ast 4 +10— a? ep +5y=0. 


Solution. Follow the above rule. 


First Step. rt —41r3 +10 r? —12r +5 =0, auxiliary equation. 
Second Step. Solving, the roots are 1, 1, 1 + 2%. 


* A check on the accuracy of the work is found in the fact that the first three steps 
must give n independent solutions. 
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Third Step. (b) The pair of imaginary roots 142i gives the two solutions 
€7 cos 2/2, e* sin 2) 2. G1, 0S”) 
(c) The double root 1 gives the two solutions e?, xe*. 
Fourth Step. The complete solution is 
y = ce” + Coxe” + c3e” cos 2 x + c4e* sin 2 x, 
or y = (C1 + Cow + €3 cos 2% +4 8in 2 x)e?. Ans. 


The linear differential equation 


d’y Cie ti d‘—2y 
(J) HR eae em at oot pay = X, 
in which 1, po, ---, Pn are constants, and X is a function of x or a 


constant, is solved by methods like those used in Art. 206 for equa- 
tion (#1). The three steps described on page 391 are to be followed 
here also. That is, we solve first the equation (J), obtaining 


(2) Y=U, 
the complete solution of (J). Then w is the complementary function 
for (2); 

Next we find in any manner a particular solution of (J), 


(8) y=ve 
Then the complete solution of (/) is 
(4) Y=U+?. 


In finding (3), methods of trial may be used analogous to those 
given on page 392 for n = 2. The rules given there for the general 
case apply also for any value of n. In any case we may follow the 


Rule to find a particular solution of (J) 


First Step. Differentiate successively the given equation (J) and 
obtain, either directly or by elimination, a differential equation of a 
higher order of Type (1). 

SECOND STEP. Solving this new gauation by the rule on page 402, 
we get vts complete solution 

Sree 


where the part wu is the complementary function of (J) already found 
in the first step,* and v is the sum of the additional terms found. 
TuirD STEP. To find the values of the constants of integration in 
the particular solution v, substitute 
y=v 
* From the method of derivation it is obvious that every solution of the original 
equation must also be a solution of the derived equation. 
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and its derivatives in the given equation (J). In the resulting cdentity 
equate the coefficients of like terms, solve for the constants of integration, 
and substitute their values back in 
y=u+y, 
giving the complete solution of (J). 
This method will now be illustrated by means of examples. 


Note. The solution of the auxiliary equation of the new derived differential 
equation is facilitated by observing that the left-hand member of that equation is 
exactly divisible by the left-hand member of the auxiliary equation used in finding 
the complementary function. 


ILLUSTRATIVE EXAMPLE. Solve 


(5) y' —38y +2 y=xze*. 
Solution. We first find the complementary function wu. Solving 
(6) y’—3y +2y=0, 

the result is 
(i) Yi= U = Ce?" = Ce". 
First Step. We now differentiate (5), obtaining 
(8) YY — 3 Yl A Ye Cees 
Subtracting (5) from (8), the result is 
(9) yi Ay" +5 y' —2y =e. 
Differentiating (9), we obtain 
(10) yiv — 4 yl + by — 2 y =e. 
Subtracting (9) from (10), we get 
(11) yiv— By" +94" —Ty +2y=0, 


an equation of Type (J). 
Second Step. Solve (11). The auxiliary equation is 


(12) ré—§749r?-—Tr+2=0. 


The left-hand member must be divisible by r? — 3 r + 2, since the auxiliary 
equation for (6) is r? -3r+2=0. Im fact, we find that (12) may be written 


(13) (r? —38r+2)(r —1)2?=0. 

The roots are r= 1, 1, 1, 2. Hence the complete solution of (11) is 
(14) Yy = c1e?* + e* (Co + ¢3@ + C4x?). 

Third Step. Comparing (7) and (14), we see that 

(15) y = v = e*(c3x% + C4x?) 


will be a particular solution of (5) for suitable values of the constants c3 and ¢4. 
Differentiating (15), we obtain 


(16) y’ = ecg + (¢3 +2 c4)e + cyx?), 
y’’ = e*(2(c3 +4) + (c3 +4 ¢4)0 + C427). 
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Substituting in (5) from (15) and (16), dividing both members by e* and reduc- 
ing, the result is 


(17) 2¢C4—¢€3 —2equ =e. 
Equating coefficients of like powers of x, we obtain —2c,=1, 2¢4—c3 =0, 
whence we find ce; = — 1, cs = — 3. Substituting these values in (15), the particular 


solution is 
(18) y=v=e7(—x—3 2), 
and the complete solution is 


=uUu+tv=cye2™ + cet — e*(x +4 22). Ans. 
y 2 


PROBLEMS 


Find the complete solution of each of the following differential 
equations : 


dts d?s 


ieee 6 oe: Ans. s = cyet+ coe~*+ 3 cos 2t+c4 sin 2 t. 
9, Te = 0. X= Cy + Cot + czge?! + cse~ 24 

3, Te _ 12% = 0. X= C1 + coe?! + cge7*%. 

4. oy _ ou = 0. Yy = C1 + c2€?* + ce 2, 
eA = 


* dt® dt Terr 8=c, + ene 21+ cge— ¥26-+ c, cos V2t+cssin V2t. 


d*y d?y = 
Cee — 0) 
da dx? Ans. y= ce¥2* + coe—¥2* + cz cos 2x + ca 8in 2 2 

d*p d?p As 
7.—— —12—5 + 27 p=0. = 
aot dé? Ans. p = e163 + coe 38 + ce ¥89 + cge-V38, 
Gene OSes OS Te 5, s=e-t t + cst?). 
Bane ee gt 3 Ans. s=e-'(er + Cot + cst?) 


as dx3 dx? dx Ans. y= e*(e1 + cox) + ¢3 cos x + ca 8in x. 


dts dés d?s ds _ A = 9 + et (¢ + c3t + cat”). 
100 ae +! at at 5 ns. §& 1 (C2 3 


dty UI hig 
11. = + 2 2? + nty = 0. 
dat dex Ans. y = (e1 + cox) cos nx + (¢3 + C4X) Sin NZ. 
-5 V3 t N31 
1D. =. Ans. s=Gqe'+e 2(c, cos 9 + c3 sin 9 ) 
‘ Q2 
13, £2 _ 28 + B= ot Ans. p=ate(a+att >): 
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14. tm. Ans. y = ce* + coe~* + cz COS X + C4 SIN LX — X”. 
15, £3 — a = 6. S = cy + ce?" + ce 7 =F. 
dy dy rae 
16 tO ae ee eds oe eee 
Tao Sa . n2=—3n+2 (n?—38n+4+2)? 
3t 2 
17, 3 —9F +205 = ter, Ans. s = cet! + cne5t + © ne, 
d?s : 
18. —-+4s=tsin?t. 5 
dt? i ; t_teos2t_ #sin2t 
Ans. s=c, cos2t+c.sin2t+ 9 85 2 eT 
d's d?s ond 
dts d?s _ 
20.7, +5 +4 = (i) 
dy _dy_ 4 dy ae 
21.73 x? De a Bon! 8. 
go, HY _ 3 Hy d*y dy _g 


MISCELLANEOUS PROBLEMS 


Find the complete solution of each of the following differential 


equations: 
2 1 
1. #454 — <0. Ans. ce¥’=22+4+1. 
Py. (7H) SSA y=(t+ c)?. 
= . 
3. i = 7 7 SS) y= (e+). 
Fe 
4.4(F) = 90. y=a?+e. 
dy . 
5. G2 + 4y=5sin3t — 10 cos3t. 
eo Ans. y=c, cos2t+esin2t+2cos3t—sin3t. 
6. thy ase tae, 
a Ans. y= cos 2¢ + co sin 2¢ + 4 ce?! + 12 — 2, 


7.=>+4y=16—5sin 8t. 


8.—~+4y=8 e244 15 sin 


dt? 
dy 


Ans. y=c, cos 2.¢+cosin2¢t+sin3 ¢+ 4. 
t 
z 


Ans. y= C1 cos2t+ersin2t+ e+ 4sin 5. 


* di? 


26. 


ea 


Gt ets | mae 
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.ydx+ (x+y)dy =0. Ans. y2+2xy=c. 
oes, ee 


dt 4 3. Ut 


Se fy2 sasg3 C18? = (cyt + co)? + 4. 
.x sin (4) dy — y sin (4) dx +xdx = 0. cx = cold). 


Bc an s=1+ccost. 


di 
dy _ dy 


noe cae Pa y=6et'—8e', Ans. y =cye3! + coe 2! + ef +2 €-#, 


dx dx 


ee i 4 eo 11 2, x = c1e3! + coe * + te3! + 4, 


dt? dt 


2 
ee 


Ans. x =e~‘(c, cos 24+ cy sin 2t) + e241) e+, 


. (x? + y?)dx — 2 xy dy = 0. Ans. cx = x? — y?, 
Rect 1 s=5 (2-1) +ee-%, 


3 dy 
imme ke gto ae Oe _2 

% Ans. y=c1e 2+ e*(co cos x + ¢3 sin x). 
ds PSR Al 


2 
8 14% 4 138=4cos3i—12sin3t. 


* di? dt 


d2x dx 


oe Or — 5 ec — 6t— 18. 


di? di 


Tage CSN 6 fk int 


adi? di 


ye 2 8 24. 


Ghee 


dy, 2y _ 2. 27. x2y dx — (x3 + y3)dy = 0 
yar ra ee . oy dx — (x3 + y?)dy 3 


dy dy = 
(4y+3a)7 +y=22. 28. 7 ty tang=1. 


Solve each of the following differential equations by making the trans- 
formation suggested : 


29. 


2 4 3 
p&—26-s8=0. Let s= 4. Ans. 54+ 550, 


30. (2 + t)ds = (#2? + 2 st + s)dt. Let s =. Ans. s=ct(1+1%) -—t. 


31. 


(3 + 2 st)sdt = (8 — 2 st)tds. Let st =». 


32. (e+ yp haQet2y +6. Let x+y=v. 


CHAPTER XXII 
PARTIAL DIFFERENTIATION 


909. Functions of several variables. Continuity. The preceding 
chapters have been devoted to applications of the calculus to func- 
tions of one variable. We now turn to functions of more than one 
independent variable. Simple examples of such functions are af- 
forded by formulas from elementary mathematics. Thus, in the 
relation for the volume »v of a right circular cylinder, 

(1) v= 7x*y, 

v is a function of the two independent variables « (= radius) and 
y (=altitude). Again, in the formula for the area u of an oblique 
plane triangle, 

(2) u=% xy sina, 

u is a function of the three independent variables x, y, and a, rep- 
resenting, respectively, two sides and the included angle. 

Obviously, in (1), as well as in (2), the values which can be as- 
signed to the variables in the right-hand member are entirely in- 
dependent of one another. 

The relation 

(3) z= f(z, y) 
can be represented graphically by a surface, the locus of the equation 
(3) obtained by interpreting x, y, z as rectangular codrdinates, as in 
solid analytic geometry. This surface is the graph of the function 
of two variables, f(x, y). 

A function f(x, y) of two independent variables x and y is defined 
as continuous for « = a, y = b, when. 

(A) lim f(y) = f(a, b); 

y>b 
pai in what way x and y approach their respective limits a 
and b. 

This definition is sometimes roughly summed up in the statement 
that a very small change in one or both of the variables produces a 
very small change in the value of the function.* 


* This will be better understood if the student again reads over Art. 17 on continuous 
functions of a single variable. 
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We may illustrate this geometrically by considering the surface 
represented by the equation 


(3) z= f(a, y). 


Consider a fixed point P on the surface where x =a and y=b. 
Denote by Ax and Ay the increments of the variables x and 


y, and by Az the corresponding increment of the function z, the 
coordinates of P’ being 


(@ + Ax, y+ Ay, z+ Az). 
At P the value of the function is 
C= (ar bya MP: 


If the function is continuous at P, then how- 
ever Ax and Ay may approach zero as a limit, Az 
will also approach: zero as a limit. That is, M’P’ will approach coin- 
cidence with MP, the point P’ approaching the point P on the sur- 
face from any direction whatever. 

A similar definition holds for a continuous function of more than 

two variables. 
: In what follows, only values of the variables are considered for 
which a function is continuous. 


210. Partial derivatives. In the relation 
(1) z= f(x,y), 


we may hold y fast and let x alone vary. Then z becomes a function 
of one variable x, and we may form its derivative in the usual manner. 
The notation is 


= = partial derivative of z with respect to x.(y remains constant).* 
Similarly, 
< = partial derivative of 2 with respect to y (x remains constant).* 
y 


Corresponding symbols are used for partial derivatives of functions 
of three or more variables. 

In order to avoid confusion the round d {+ has been generally 
adopted to indicate partial differentiation. 


* The constant values are substituted in the function before differentiating. 
+ Introduced by Jacobi (1804-1851). 
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ILLUSTRATIVE EXAMPLE 1. Find the partial derivatives of z= ax? + 2 bry + cy?. 


Solution. - =2 ax + 2 by, treating y as a constant, 
xv 


dz = 2 bx +2 cy, treating x as a constant. 


oy 
ILLUSTRATIVE EXAMPLE 2. Find the partial derivatives of wu = sin (ax + by + ¢2). 
Solution. du =a cos (ax + by + cz), treating y and z as constants, 


Ox 

a = b cos (ax + by + cz), treating x and z as constants, 
y 

du =c cos (ax + by + cz), treating y and «x as constants. 


Referring to (1), we have, in the notations commonly used, 


Ca 0 al ian — — S 
Ax — rece Yy) ~ On f(x, y) Se @r 5 


Zuo: cen) a aoe 
oy a By i y) ba oy fy(a, y) fy @y 


Similar notations are used for functions of any number of variables. 
Referring to Art. 24, we shall have 


flat Ae, yo) — fl, wo), 


(2) f.(z, yo) = lim a 
Ar 0 e 
(3) Ful&o, Y) = Tia ee See 


211. Partial derivatives interpreted geometrically. Let the equation 
of the surface shown in the figure be 


z= f(x, y). 

Pass a plane EFGH through the 
point P (where x = a andy = b) on 
the surface parallel to the XOZ- 
plane. Since the equation of this 
plane is Sh 
the equation of the curve of inter- 
section JPK with the surface is 


z= f(x, b), 
if we consider EF as the axis of Z and EH as the axis of X. In this 
plane ce means the same as o and we have 
(1) ne tan MTP =slope of curve of intersection JK at P. 


Ox 
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Similarly, if we pass the plane BCD through P parallel to the 
YOZ-plane, its equation is ee 
and for the curve of intersection DPI, te means the same as eZ. Hence 

Y 


@) § = en —tan MT’'P =slope of curve of intersection DI at P. 


ee a EXAMPLE. Given the ellipsoid - + y? + a 1; find the slope 


of the curve of intersection of the ellipsoid made (a) by the plane y = 1 at the point 
where x = 4 and zis positive; (b) by the plane x = 2 at the point where y = 3 and 
2 is positive. 

Solution. Considering y as constant, 


Rae  BBOS Cees 
a a PAE SEE ree oe 
: Zz man Oz Ee Ue 
When vz is constant, Aas 6 Oy =(0, oF ie coe 
Ez eS a? SW 
Pes 5 of aye 3 Ans. 
(b) When 7 =2 and y=3,2=—-. 13 = 3 V2. Ans. 
PROBLEMS 
Verify the following differentiations: 
1. f(x, y) = x3 + 2 wy — y?. Ans. f(x,y) =3 1? +4 xy; 
fy(a, y) = 20? —2y. 
Q.2= Ax? + Bry + Cy2+ Dx + Ey+ F. $2 <2 Ax+ By + D; 
ee Bu+2Cy+ E. 
L =. 2, y) = —— 
3. f(x, y) ae F(X, y) = c=» 
L a 
fy(@, y) = (x Sat 
4,.u= xy + y2+ ee. Uc=Y +2; 
Uy — 2 4-25 
Vhs =O) Gp ae 
5. f(x, y) = xye™. F2(&, y) = y(xy + Le"; 
ful, y) = v(ay + Ler. 
0 
6. p =sin 6 cos ¢. Ap = 008 8 cos o; 
ees 
; op 20; 
lap = ¢ SIN. 20. Bian sin ; 


pee 
0p 
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Find the partial derivatives of the following functions: 


8. f(xy) = x? — 8 zy + 9°. LL. (ey) "2" cosy. 

9.u=a2Vy +22. 12. p = cos 6 tan ¢. 
sige _ sin 8, 

10; 2==2 log (4) 13. p cont 


14. If f(x, y) =x? + 2 zy + 2 y?, show that f,(2, 1) = 6, f,(2, 1) =8. 
15. If f(x, y) = x log y, show that f,(8, 1) = 0, f,(, 1) =8. 

p ie ahs 
16. If p= e-® sin ¢, show that p, (0, z) = 1, py (0, ) 0. 


2 
Oz 0z 
17. If 2 = at — 2 ay xty?, show that 7+ U5 = AZ. 
xy Ou ou 
118. Ilfu= » show thatz——+y7 =u. 
rt+y Ox oy 
19. If u = 72 2 2 Ou, Ou, Ou 2 
elie eS ea LF +4 =(*#+y+2)?. 
= Ou, du 
20. Ifu== ea A 


21. Given the paraboloid z = - + y?. Find the slope of the curve of 


intersection of the surface made (a) by the plane y = 1 at the point where 
x = 2; (b) by the plane x = 2 at the point wherey =1. Ans. (a) 1; (b) 2. 


22. Given the surface xyz =a’. Find the slope of the curve of inter- 
section of the surface made by the plane y = a at the point where x =a. 
Ans. —1. 


212. The total differential. We have already considered the dif- 
ferential of a function of one variable in Art. 91. Thus, if 
y =f(x), 
we defined and proved 


(1) dy = f(x) An = Ar = % ar. 
dx dx 


We shall next consider a function of two variables. Consider the 
function 


(2) u= f(x, y). 


Let Az and Ay be the increments of x and y respectively, and let 
Au be the corresponding increment of uw. Then 


(3) Au = f(x + Az, y + Ay) — f(a, y) 
is called the total increment of wu. 
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Adding and subtracting f(x, y + Ay) in the second member, 
(4) Au = [fw + Az, y + Ay) — f(x, y+ Ay)] 
Applying the Theorem of Mean Value (D), Art. 116, to each of 


the two differences on the right-hand side of (4), we get, for the 
first difference, 


(5) f(@ + Az, y + Ay) — f(x, y + Ay) = f(a + 61 Ax, y + Ay)Az. 


ig =«x, Aa = Az, and since x varies while y + Ay Suieeng 
constant, we get the partial derivative with respect to «. 


For the second difference, 
(6) F(a, y + Ay) —f(, y) =fy(a, y + 02 Ay) Ay. 


ie = y, Aa = Ay, and since y varies while x remains con- 
stant, we get the partial derivative with respect to a 


Substituting from (5) and (6) in (4) gives 

(7) Au=fr(% + 0, Ax, y+ Ay)Ax + fy (x, y + O2 Ay)Ay, 
where 6, and 62 are positive proper fractions. 

Since f,(a, y) and f,(x, y) are continuous functions of x and y, the 
coefficients of Ax and Ay in (7) will approach f,(x, y) and f,(x, y), 
respectively, as limits when Ax and Ay approach zero as common 
limits. Hence if e and é’ are infinitesimals such that 


lim «= 0, jimmie, = 0); 
Az 0 Ax 0 
Ay 0 Ay 0 
we may write 
(8) ip oe 0; AG Y = Ay) = IG; Yy) =e €, 
(9) Fy (x, y + O2Ay) = f,y(x, y) + €’, 


and (7) will become 

(10) Au = f.(a, y) Ax + fy(x, y)Ay + eAx + e’Ay. 

We then define as the total differential (= dw) of u 

ge) du. = Talks y)Ax + fy (a, y) Ay. 

The right-hand member in (11) is the “principal part” of the right- 
hand member of (10), that is, du is a close approximate value of Aw 
for small values of Ax and Ay (compare Art. 92). Obviously, if 
u=x, (11) becomes dr=Az. If uw=y, (11) becomes dy= Ay. 
Substituting, then, in (11) for Av and Ay their corresponding dif- 
ferentials, we obtain the important formula 

Ou Ou of 0 
(B) du=fx (x,y) dx+fy %y) dy= Dey cme ee Ay 


which should be compared with (1) at the beginning of this article. 


414 INTEGRAL CALCULUS 


If uw is a function of three variables, its total differential is 


(C) du = SH dx + 2H dy + SE ds 

and so on for any number of variables. 
A geometric interpretation of (B) is given in Art. 228. 
ILLUSTRATIVE EXAMPLE 1. Compute Aw and du for the function 
(12) Ui== 202 Saf 

when x = 10, y= 8, Av = 0.2, Ay = 0.8, and compare the results. 


Solution. Substitute in (12) for x, y, u, respectively, x + Az, y + Ay, u + Au, 
and proceed as below (compare Art. 27). 


u+ Au =2(a + Ax)? + 8(y + Ay)? 
=2077+38y2?+4aAxr+4+6y Ay + 2(Ax)? + 3(Ay)?. 


Wie Te = 
(13) Au=4a Ax +6 y Ay + 2(Az)? + 3(Ay)?. 
Differentiating (12), we find 
“ = 4 2, S = 16 7. 
Substituting in (B), the result is 
(14) du=4xdx +6 ydy. 


Remembering that Av = dx, Av = dy, we see that the right-hand member in 
(14) is the “principal part’”’ of the right-hand member in (13), for the additional 
terms are of the second degree in Ax or Ay. This statement illustrates (10) and 
(11) above (namely, «€ = 2 Az, e’ = 3 Ay). 

Substituting the given values in (13) and (14), we get 

(15) Au =8 + 14.4 + 0.08 + 0.27 = 22.75; 

(16) du=8+ 14.4 = 22.4, 

Then Au — du = 0.85 = 1.6% of Au. Ans. 


ILLUSTRATIVE EXAMPLE 2. Given u = arc tan 4, find du. 
x 


Solution. du =e du en 
Ox w+y? dy w+y? 
Substituting in (B), du = is Bete LE Ans. 
Cys 
PROBLEMS 


Find the total differential of each of the following functions: 


lz=273 —22y+8 y?. Ans. dz = (8 x? —2 y)dx + (6 y — 2x)dy. 


rh yang ine du = 2 y de +2 xdy 
ea (x — y)? 


3. u = ryZ. du = yz dx + zx dy + xy dz. 
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.p=86sin ¢. . Ans. dp =sin dé + 6 cos ddd. 


—racersin (4) : 
x 


. [fi w? + y? + 22 = a2, show that dz = — ey, 
. Find dz if xy + yz+ 2x = a?. 
9. Compute Aw and du for the function u =x? — «xy + y2 when 


4 
5 
6. u= («+ y) log (wx — y). 
th 
8 


Cae — 2A = 0.2, Ay = — (0.2) ATS woAUi == 3, (edt One 
10. Compute du for the function u=x+ Vay when x=8, y=2, 
dcx = 4 dy = 4. Ans. f, 


11. Compute Aw and du for the function 1 = «? — 4 y2 when x= 5 
== 8, Avi 01, Ay = 0.3. 


12. Compute dp for the function p=sin : cos @ when 6 = x o= ue 
A= 0.2, Ad = 0.1. 5 2 


, 


213. Approximation of the total increment. Small errors. For- 
mulas (B) and (C) are used to calculate Aw approximately. Also, 
when the values of « and y are determined by measurement or ex- 
periment, and hence subject to small errors Av and Ay, a close ap- 


proximation to the error in w can be found by (B). (Compare 
Arts. 92; 93.) 


ILLUSTRATIVE EXAMPLE 1. Find, approximately, the volume of tin in a thin 
cylindrical can without a top if the inside diameter and height are, respectively, 
6 in. and 8 in., and the thickness is } in. 


Solution. The volume » of a solid right circular cylinder with diameter x and 
height y is ’ 


(1) y= i xy. 


Obviously, the exact volume of the can is the difference Av between the volumes of 

two solid cylinders for which x = 64, y = 8g, and x = 6, y = 8, respectively. Since 

only an approximate value is required, we calculate dv instead of Av. 
Differentiating (1), and using (B), we get 


(2) dv =% raxy dx + | wx? dy. 
Substituting in (2) « =6, y= 8, dv =4, dy =§, the result is 
dv = 74 w= 22.4 cu.in. Ans. 


The exact value is Av = 23.1 cu. in. 


ILLUSTRATIVE EXAMPLE 2. Two sides of an oblique plane triangle measured, 
respectively, 63 ft. and 78 ft., and the included angle measured 60°. These meas- 
urements were subject to errors whose maximum values are 0.1 ft. in each length 
and 1° in the angle. Find the approximate maximum error and the percentage 
error made in calculating the third side from these measurements. 


Solution. Using the law of cosines ((7), Art. 2), 
(3) wu? = x? + y2 — 2 xy cos a, 
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where x, y are the given sides, a the included angle, and u the third side. The given 
data are 
(4)2=63, y=78, a=60°= a dx =dy=0.1, da = 0.01745 (radian). 
Differentiating (3), we get 
du _&—y cosa du_y— cosa, du _ xy sin a 
Ox Ww Oy u da U 
Hence, using (C), 
fie ( — y cosa)dx + (y — x cosa)dy + xy sin ada 
u 
Substituting the values from (4), we find 


d= stake — 1.13 ft. Ans. 


The percentage error = 100 =1.6%. Ans. 


PROBLEMS 


1. The legs of a right triangle measured 5.3 ft. and 12.6 ft. respectively, 
with maximum errors in each of 0.1 ft. Find the maximum error and per- 
centage error in calculating (a) the area, (b) the hypotenuse, from these 
measurements. Ans. (a) 0.895 sq. ft., 2.7%; (b) 0.18 ft., 0.96 %. 


2. In the preceding problem find the error in calculating the angle 
opposite the longer side from the given dimensions, and the maximum 
error in that angle in radians and degrees. 


8. The radii of the bases of a frustum of a right circular cone measure 
5 in. and 11 in. respectively, and the slant height measures 12 in. The 
maximum error in each measurement is 0.1 in. Find the error and per- 
centage error in calculating from these measurements (a) the altitude; 
(b) the volume (see (12), Art. 1). 
Ans. (a) 0.28 in., 2.8%; (b) 82 2 cu. in., 44%. 
4. One side of a triangle measures 2000 ft., and the adjacent angles 
measure 30° and 60° respectively, with a maximum error in each angle 
of 30’. The maximum error in the measurement of the side is + 1 ft. 
Find the maximum error and percentage error in calculating from these 
measurements (a) the altitude on the given side; (b) the area of the 
triangle. Ans. (a) 17.88 ft., 2.1%. 


5. The diameter and altitude of a right circular cylinder are found by 
measurement to be 10 in. and 12 in. respectively. If there is a probable 
error of 0.2 in. in each measurement, what is the greatest possible error 
in the computed volume? Ans. 17 7 cu. in. 


6. The dimensions of a box are found by measurement to be 8 ft., 
4 ft., 53 ft. If there is a probable error of 0.01 ft., (a) what is the greatest 
possible error in the computed volume? (b) What is the percentage error? 


Ans. (a) 0.505 cu. ft.; (b) +34 %. 
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7. Given the surface z= cas If, at the point where x = y = 4, 


x and y are each increased by vo: what is the approximate change in z? 
Ans. + xo: 
8. The specific gravity of a solid is given by the formula s = a where 

w 


P is the weight in a vacuum and w is the weight of an equal volume of 
water. How is the computed specific gravity affected by an error of 
+=), in weighing P and + zp in weighing w, assuming P = 8 and w=1 
in the experiment, (a) if both errors are positive? (b) if one error is 
negative? (c) What is the largest percentage error? 
Ans. (a) 0.8; (b) 0.5; (ce) 65%. 
9. The diameter and slant height of a right circular cone are found by 
measurement to be 10 in. and 20 in. respectively. If there is a probable 
error of 0.2 in. in each measurement, what is the greatest possible error 
in the computed value of (a) the volume? (b) the curved surface? 
87 V 15 
18 
10. Two sides of a triangle are found by measurement to be 63 ft. and 
78 ft. and the included angle to be 60°. If there is a probable error of 
0.5 ft. in measuring the sides and of 2° in measuring the angle, what is the 
greatest possible error in the computed value of the area? (See (7), Art. 2.) 
Ans. 78.6 sq. ft. 


Ans. (a) = 745 Gi, dss Wo) ® ap = OA S6ls iid. 


11. If specific gravity is determined by the formula s = % “i vs where 


A is the weight in air and W the weight in water, what is (a) approxi- 
mately the largest error in s if A can be read within 0.01 lb. and W within 
0.02 lb., the actual readings being A =9lb., W=5lb.? (b) the largest 
relative error? Ans. (a) 0.0144; (b) 323>- 


> 


12. The resistance of a circuit was found by using the formula C = 


where C = current and E = electromotive force. If there is an error of 
;'y ampere in reading C and ,') volt in reading E, (a) what is the error 
in Rif the readings are C= 15 amperes and E=110 volts? (b) What is 


the percentage error? Ans. (a) 0.0522 ohms; (b)é¢/i %. 


13. If the formula sin (x + y) = sin x cos y + cos x sin y were used to 
calculate sin (x + y), what approximate error would result if an error of 
0.1 were made in measuring both x and y, the measurements of the two 
acute angles giving sin x = 3 and sin y = 73? Ans. 0.0018. 

14. The acceleration of a particle down an inclined plane is given by 
a=gsini. If g varies by 0.1 ft. per second per second, and 7, which is 
measured as 30°, may be in error 0.01°, what is the error in the computed 
value of a? Take the normal value of g to be 32 ft. per second per second. 

Ans. 0.534 ft. per second per second. 
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15. The period of a pendulum is P= 2 7 NE (a) What is the greatest 


error in the period if there is an error of + 0.1 ft. in measuring a 10-foot 

suspension and g, taken as 32 ft. per second per second, may be in error 
by 0.05 ft. per second per second? (b)What is the percentage error? 

Ans. (a) 0.0204 sec.; (b) 24%. 

16. The dimensions of a cone are radius of base = 4 in., altitude = 6 in. 

What is the error in volume and in total surface if there is a shortage of 


(0.01 in. per inch in the measure used ? 
Ans. dV = 3.0159 cu. in.; dS = 2.818 sq. in. 


17. The length / and the period P of a simple pendulum are connected 
by the equation 4 72] = P2g. If 1 is calculated assuming P = 1 sec. and 
g = 32 ft. per second per second, what is approximately the error in | if 
the true values are P= 1.02 sec. and g = 32.01 ft. per second per second? 
What is the percentage error? 

18. A solid is in the form of a cylinder capped at-*each end with a 
hemisphere of the same radius as the cylinder. Its measured dimensions 
are diameter = 10 in. and total length = 30 in. What is approximately 
the error in volume and surface if the tape used in measuring has stretched 
uniformly 4% beyond its proper length? 


214. Total derivatives. Rates. Turn now to the case where x and yin 
(1) u= f(x, y) 


are not independent variables. Assume, for example, that both are 
functions of a third variable t, namely, 


(2) r= (t), y=). 
When these values are substituted in (1), w becomes a function of 
one variable t, and its derivative may be found in the usual manner. 
We now have 


du dx dy dt 


(3) du=—- dt, de = oF oF 


Formula (B) was established with the assumption that x and y 
were independent variables. We may easily show that it holds also 
in the present case. To this end, return to (10), Art. 212, and divide 
both members by At. Changing the notation, this may be written 

Au o0uAx , du Ay ( Ax 7) 
4 —_—== a Fieri eb 
(4) UG ES Ur hen 


diy ay — 


At ox At ' dy At 
Now when At > 0, Ax + 0 and Ay — 0. Hence (see Art. 212) 


liime=0, lime’ =0. 
At~0 At 0 
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Therefore, when At — 0, (4) becomes 


du _ ou dx dud 
(D as 
) dt Ox dt a GF dy dt 


Multiplying both members by dt and using (3), we obtain (B). 
That is, (B) holds also when x and y are functions of a third variable t. 


In the same way, if hl Coa peop 
and «a, y, z are all functions of ¢, we get 


(E) du _ Oudx , Oudy Ou dz 
dt Oxdt Oydt Ozdt’ 


and so on for any number of variables. 
In (D) we may suppose t= x; then y is a function of x, and wu is 


really a function of the one variable x, giving 


(Fr) du _ Ou, ou Ou dy 


dx Ox dy dx 


In the same way, from (£) we have, when y and z are functions 
of x, 


(6) du_ Ou, Oudy , Qudz. 
dx 0x oy dx 0z dx 
The student should observe that a and i have quite different 
meanings. The partial derivative a is formed on the supposition 


that the particular variable x alone varies, all other variables being 


held fast. But 
du = lim (3%), 
dx Ax 0 Ax 


where Aw is the total increment of u due to changes in all the variables 
caused by the change Az in the independent variable. In contra- 
distinction to partial derivatives, m, “ are called total derivatives 
with respect to ¢ and x respectively. 

It should be observed that a has a perfectly definite value for any 


point (x, y), while a depends not only on the point (z, y) but also on the 


particular direction chosen to reach that point. 
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: ad Sr du 
ILLUSTRATIVE EXAMPLE 1. Given vu = sin fi Ce = aod. ae 


: Gy f Ue ete Ghee ay) 
— = = - —=e, = Orta 
Solution. Aeon cos — * soe 4s cos — agi e di 
Lee el aes du o 6 et 
Substituting in (D), eae (t — 2) re cos rh Ans. 


du 
ILLUSTRATIVE EXAMPLE 2. Given u = e%*(y — 2), y = asin, 2 = cos x; find RS 


Solution. gu = ae" (y — 2,) = ay de ou — et; au —IiCOs ae =—sin 2. 


Substituting in (G), 
du 
dx 


Norte. In examples like the above, wu could, by substitution, be found explicitly 
in terms of the independent variable and then differentiated directly; but generally 
this process would be longer and in many cases could not be used at all. 


Formulas (D) and (£) are useful in all applications involving 
time-rates of change of funetions of two or more variables. The 
process is practically the same as that outlined in the rule given in 
Art. 52, except that, instead of differentiating with respect to ¢ 
(Third Step), we find the partial derivatives and substitute in (D) 
or (EZ). Let us illustrate by an example. 


= ae’*(y — 2) + ae™ cos x + e* sin x = e* (a2 +1) sing. Ans. 
y 


ILLUSTRATIVE EXAMPLE 8. The altitude of a circular cone is 100 in., and 
decreases at the rate of 10 in. per second; and the radius of the base is 50 in., 
and increases at the rate of 5 in. per second. At what rate is the volume 
changing ? 


Solution. Let x = radius of base, y = altitude; then 


Paloee gts du 2 Ou) =, 
ye 3 1Txu2y = volume, rate Try, By = wx. 
ee (4 dx 1, dy 
Substit pad 2 ay 
ubstituting in (D), ae Try ad += 3 4 a 
dx dy 
B t = 50, = A = =i, = = : 
u ap y = 100 di 5 at 10 
5 Chi, 1 : : 
ae mw: 5000-5 — 3 m+ 2500-10 =15.15 cu. ft. per second, increasing. Ans. 


215. Differentiation of implicit functions. The equation 

(1) f(2, y) = 
defines either x or y as an implicit function of the other. It repre- 
sents an equation containing x and y when all its terms have been 
transposed to the first member. Let 

(2) u=f(x, y); 


du _ Of , of dy 
th he eat 
ae tae Oe vy Oy dx by (F) 
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and y is an arbitrary function of x. Now let y be the function of x 
satisfying (1). Then u=0 and du = 0, and hence 


Of , Of dy _ 
2 ; me ae 
Solving, we get 
d s of 
bat Le ph ot F 
(7) ee eof (Zr = 0) 
oy 


Thus we have a formula for differentiating implicit functions. 
This formula in the form (8) is equivalent to the process employed 
in Art. 41 for differentiating implicit functions, and all the examples 
on pages 40 and 41 may be solved by it. 

When the equation of a curve is in the form (1), formula (A) 
affords an easy way of getting the slope. 


ILLUSTRATIVE EXAMPLE 1. Given x?y4 + sin y = 0, find we 
Solution. Let f(x, y) = x?y4 + sin y. 


of = 4 of — 24,3 
5p et ape! + cos y. 
Therefore, from (H), Gy Te 2 ey Anis, 


dx 4. x2y3 + cosy 
ILLUSTRATIVE EXAMPLE 2. If x increases at the rate of 2 in. per second as it 
passes through the value x = 8 in., at what rate must y change when y = 1 in., in 
order that the function 2 xy? — 3 x?y shall remain constant? 


Solution. Let u = 2 xy? — 3 xy; then, since wu remains constant du ='0) Sub- 


stituting this value in the left-hand member of (D), transposing, net solving for 
7 we get Be 
oy 
Also, ou = 2 y? — bay, Ot = 4 xy — 8. 


Bidet iee 2y?—6 xy d 
Now, substituting in (4), “a =— ean ae 


dx 


But wes, pp, ane 
Therefore, au = — 2,7, in. per second. Ans, 
Consider the surface whose equation is 
(5) Bi ye 0. 

Let 


(6) r= ot), y=xd, 2=¥O) 
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be such functions of t that (5) is satisfied identically. Then equations 
(6) are parametric equations of a curve on the surface (5). If 


(1) wu=F(e, y, 2); 


then, using (6), we have u = 0, and 
also du = 0. Hence (£) becomes 
(Yn 0 a eee a ae 
Ox dt ® 8CUt0l = Ozu 
for the curve on the surface (5) 
defined by (6). 
Let us take two special cases. 
In the figure the curve JPK is 
the plane section made by a plane 
y =constant. Hence in (8), dy = 0, and we obtain 


OF dx , OF dz __ 
(9) rer T ae Aten 0. 
From (9) we derive 

dz OR 

dt ox 
10 ee 
(10) aon 

dt 02 


But the left-hand member is the slope of the curve JPK, by (A), 
Art. 81. Hence we obtain 


OF 
Oz Ox 
I —=—— —. 
() noe 
Oz 
Proceeding in a similar manner, we may prove 
OF 
dz ___ oy 
(J) Tae 
Oz 


Formulas (J) and (J) are to be interpreted as follows: In the 
left-hand members z is the function of x and y satisfying (5). In 
the right-hand members F is the function of three variables, x, y, z 
given in the left-hand member of (5). 


ILLUSTRATIVE EXAMPLE. By the equation 


eee 
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z is defined as an implicit function of « and y. Find the partial derivatives of this 
function. 


2 2 2 
lution. ea Poo Ge Se 
Solution F DA + Berg i 
Hence Cha. OF ay. OS 2: 
oe 12 Oy @ Zed 
Substituting in (J) and (J), we get 
Oz CMOS y 


(Compare with the Illustrative Example in Art. 211.) 


PROBLEMS 
In Problems 1-5 find a. 
Ht du 2 
= 97 SNe 4S So .— 48 =. 
ih, OL S64 SE a) SSP 8 Se ; Ans di 4O+1+5 
; du : 
2b = Ye 2 y*; C2 cost, y=sin ft. HT 8 sin 28. 
CH+t2y a du _ 10 Res 
DL pyrene Tae GOR arr dt (2e'—e-42 


4) 1 = 2a? sa a) eS. at Pi, 2) Se i 
i, US BE UE se Be ee Sh 0 = CS BS Ne 


eIn Problems 6-10 find dy by formula (#). 


dx 
dy _3x%—22ay+y? 
6. ee a Ta Alo Ans. (= Dl aap 
2 dy _ ay — x? 
7.23 + y? — 38 ary = 0. Gas 
cty_ Gy ge 
i epi dx 3y?—2ay+1 


dy __ cosy — y cos x. 


9. ysinz —xcosy=0. BE. © Giieade asta 


catego 
Oe aa, 0: 


In Problems 11-15 verify that the given values of x and y satisfy the 


: dy 
equation, and find the corresponding value of ce 


ab = = = = dy _1 

11. 2?4+3ay—y2+12=0; x=2,y=-—2. Ans. Ras 
+ y3 — —19= = ——_ dy _ 

12.23 +43—62y—-19=0; r=2,y=-1. —% — 2, 
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d D 
13. Ax? + 2 Bry + Cy2+ Dx + Ey=0;x=0,y=0. Ans. = — 5° 
14.2+2V2ry—4y=8; r=8, y=2. 
1h.2e2+4y+8e%=3; x=0,y=0. 
In Problems 16-20 find a and ae 
Og Se hae 
16.22 +4y?+82?= 16. Ans. 5 Ree 
02 aS 
Oy aie 2 
=a? oz _ _ytz, 
17. xy + ye + ee =a’. i sare 
ah 
oy o+y 


Oz _ ayz—x?, 
Ox 22 —azy’ 
Oz _ axz—y? 
Oy 22—axy 


18. 23 + y3 + 22 — 3 axyz = 0. 


> 


19.227 + y? +22 +22y+2y2+22r=a"*. 

20.2+2Va2e+2—4y=6. 

21. A point is moving on the curve of intersection of the sphere 
x? + y2+22=49 and the plane y= 2. When z is 6 and is increasing 
4 units per second, find (a) the rate at which z is changing and (b) the 
speed with which the point is moving. 

Ans. (a) 8 units per second; (b) 4V5 units per second. 

22. A point is moving on the curve of intersection of the surface 
x? + xy + y? —22=0 and the plane x —y+2=0. When z is 8 and is 
increasing 2 units per second, find (a) the rate at which y is changing, 
(b) the rate at which z is changing, (c) the speed with which the point 
is moving. Ans. (a) 2 units per second; (b) 3* units per second; 

(c) 4.44 units per second. 

23. The characteristic equation of a perfect gas is R@ = pv, where 6 
is the temperature, p the pressure, v the volume, and R a constant. At 
a certain instant a given amount of gas has a volume of 15 cu. ft. and is 
under a pressure of 25 lb. per square inch. Assuming R = 96, find the 
temperature and the rate at which the temperature is changing if the 
volume is increasing at the rate of 4 cu. ft. per second and the pressure 
is decreasing at the rate of zo lb. per square inch per second. 

Ans. Temperature is increasing at the rate of 41 degrees per second. 


24. A triangle ABC is being transformed so that the angle A changes 
at a uniform rate from 0° to 90° in 10 sec., while side AC decreases 1 in. 
per second and side AB increases 1 in. per second. If at the time of ob- 
servation A= 60°, AC=16in., and AB=10in., (a) how fast is BC 
changing? (b) how fast is the area of ABC changing? 

Ans. (a) 0.908 in. per second; (b) 8.88 sq. in. per second. 
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216. Change of variables. If the variables in 


(1) u= f(x, y) 
are changed by the transformation 
(2) r=(r,s), y=Y(r, 8), 


the partial derivatives of w with respect to the new variables r and s 
can be obtained by (D). For, if we hold s fast, then x and y in (2) 
are functions of r only. Hence we have 


rs du _ Oude , Ou dy 
CY CLACT acy. OF 
all derivatives with respect to r now being partial. 
In the same way, 
an du _ Gu Ox , du dy. 
Os ox0ds oy Os 


In particular, let the transformation be 


(5) z=x'+h, y=y' +k, 
the new variables being x’ and y’, and h, k being constants. Then 
Me Be eae Wy SL 5 AW he 
Ox! 1 oy” Ox! M: oy’ : 


Then we obtain, from (3) and (4), 
(6) Ou ou Ou_ ou 


Cimece oy ecy 
Hence the transformation (5) leaves the value of the partial derivatives 
unchanged. 


If the values of x and y in (5) are substituted in (1), the result is 


(7) u=f(a,y) = F(x’, y’). 
The results in (6) may now be written 
(8) felt, y) = Foe’, y'), fu@ y) = Fy@, y’). 
217. Derivatives of higher order. If 
(1) u=f(x, y); 
then s 


2) BH fee, y= ow) 
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are themselves functions of x and y, and can, in turn, be differentiated. 
Thus, taking the first function and differentiating, we have, 
07u a) 
(3) Bye dees Y), oy Ag duels y). 
In the same manner, from the second function in (2), we obtain 


ou Ou _ 
(4) Ox oy oy? = fy (2, y). 


In (3) and (4) there are apparently four derivatives of the second 
order. It is shown below that 


— Jou, Y)s 


Ou Pu 
Oo Oy Ox Ox Oy 


provided, merely, that the derivatives concerned are continuous. 
That is, the order of differentiating successively with respect to x and y is 
immaterial. Thus f(x, y) has only three partial derivatives of the 
second order, namely, 


(5) SealX, y); Sey; Y) =Sryx(X, Y), Syl, OE 

This may be easily extended to higher derivatives. For instance, 
since (K) is true, 
Ou oO ( 0?u )= ie OMe (=) 0? (<4) Ou. 


Ox20y Ox\Ox dy) Ox dyox ox oy \0x) OCydx\Ox) Oy Ox? 
Similar results hold for functions of three or more variables. 
ILLUSTRATIVE EXAMPLE. Given u = xy — 3 x2y3; verify oP = oa 
Solution. 2% = 3 22y —6ay8 teu dver = Sf ae ae 

i Ox fs Oy Ox “A el 
a == 079 9242. aa =3 27 — 18 xy?. 


Hence the formula is verified. 


Proof of (K). Consider the function f(x, y). Changing x into 
x -+ Ax and keeping y constant, we get from the Theorem of Mean 
Value (D), Art. 116, 

(6) f(z + Ax, y) — f(x, y) = Ax - f.(x + 6; Ax, y). (0 < 6, < 1) 


[ =a, Aa = Ax; and since x varies while y remains ae 
stant, we get the partial derivative with respect to x. 


If we now change y to y + Ay and keep x and Az constant, the 
increment of the left-hand member of (6) is 


(7) [f(e+ Ax, y+ Ad) — f(x, y + Ay)]— [fe + Ax, y) — fla, y)]. 
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The increment of the right-hand member of (6), found by the 
Theorem of Mean Value (D), Art. 116, is 

(8) Axf.(x+ 6; Ax, y+ Ay) — Axf.(e+6,Az,y) (0< <1) 

= Ay At fyc(a + 6; Ax, y+ O2Ay). (0 < <1) 


ie = y, Aa = Ay; and since y varies while x and Ax ee 
constant, we get the partial derivative with respect to y. 


Since the increments (7) and (8) must be equal, 
(9) [f@+ Az, y+ Ay) —f@, y+ Ay)]—[f(a+ Az, y) — f(a, y)] 
= Ay Arfyx(a + 0; Ax, y+ 02 Ay). 
In the same manner, if we take the increments in the reverse order, 
(10) (f@ + Ax, y + Ay) —f@ + Az, y)|—(f@, y+ Ay) —f@;y)] 
= Ax Ayfry,(a + 63 Ax, y + 64 Ay), 
63 and 04 also lying between zero and unity. 
The left-hand members of (9) and (10) being identical, we have 
(11) fyo(e + 61 Ax, y + 02 Ay) = fay(x + 03 Ax, y + 04 Ay). 
Taking the limit of both sides as Ax and Ay approach zero as 
limits, we have 
(12) Fuxl(&, Y) = Sfay(@, Y), 
since these functions are assumed to be continuous. 


PROBLEMS 


Find the second partial derivatives of each of the following functions: 
iG, vy) =e? +3 ary +6 y. 
Ans. Hees y) =2; Fey (2; y) =3; Say (2, y) =12. 
ON) = a ey FO Ty — Ye. 
Ans. frx(%, y) =6U4+6Yy; fy(e,y) =6 4+ 12 y; 
Sy (2, y) =12x-6 Y- 


_at+y. Oe fe ye 
EES ae Ae Seas ene Be 
a _ da 
oy? («@—y)3 


Ava, Gf) = €2 COS 4 — e” COS x. 
Ns BS GY ap WE" ap BE 
6. If f(a, y) = xt — 8 x?y? + 3 y4, show that 
fea(2, — 1) = 32, fay(2, —-1) = 64, fy(2, —1) = — 16. 
7. If f(x, y) =sin x log (y+ 1) + cos y log (1 — x), show that 
f(0, 0) = —1, f,(0, 0) =0, fe2(0, 0) = —1, fay(0, 0) =1, fy(0, 0) = 0. 
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8. If f(x, y) = x3 — 8 xy + 2 y?, find the values of 
faz(— vy PAP Jnl £2); tt Ve 2). 
91f u=2e3-—4272y7+52y2—82y+7y?, verify the following 
results : 
OMe (hk Fu _ 0 


au _ 
Ox?” Ox? Oy 


10. If wu = (ax? + by? + cz?)3, show that 


> Oxdy? —’- Oye 


Ou gp OU Ce 
Ox? Oy Ox dyox Oy Ox? 
1l.Ify=—¥, 2 Pu Ou 2 Ou _ 
Beds . Show hate 7 eh oe me Oy? 0 
02u Ou _ 9 


12. If u=log Vx? + y?, show that —~ + —— = 
Ox? = Oy? 
O24, OFu , OFu 


1 
js}. If PS — ates, = 
u aie paiva show that aa? + By? * da? é 


— 


CHAPTER XXIII 
APPLICATIONS OF PARTIAL DERIVATIVES 


218. Envelope of a family of curves. The equation of a curve gen- 
erally involves, besides the variables x and y, certain constants upon 
which the size, shape, and position of that particular curve depend. 
For example, the locus of the equation 

Ca Oe ye 1 

is a circle whose center lies on the x-axis at a distance of a from the 
origin, its size depending on the radius r. Suppose a to take on a 
series of values while r is held fast; then 
we shall have a corresponding series of 
circles of equal radius differing in their 
distances from the origin, as shown in 
the figure. 

Any system of curves formed in this 
way is called a family of curves, and the 
quantity a, which is constant for any one curve, but changes in 
passing from one curve to another, is called a variable parameter. 
To indicate that a enters as a variable parameter it is usual to 
insert it in the functional symbol, thus: 


TC, Ce eA): 
The curves of a family may be tangent to the same curve or group 
of curves, as in the above figure. In that case the name envelope of 
the family is applied to the curve or group of curves. We shall now 
explain a method for finding the equation of the envelope of a family 
of curves. Suppose that the curve whose parametric equations are 


i 
PRO 
ia 


x 


envelope 


D. 


(1) r=¢(a), y=V(a) 
touches (that is, has a common tangent with) each curve of the family 
(2) f(x, y, a) = 9, 


the parameter a being the same in both cases. For any common 
value of a equations (1) will satisfy (2). Hence, by (£), Art. 214, 
since du = df = 0, and z is replaced by a, we have 


(3) AGS Y; a)’ (a) + fy (a, Y; a)’ (a) + fo (Ce Y, Q) == (I), 
429 
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The slope of (1) at any point is 


dy _ y'(@) 
(4) TS (A), Art. 81 


and the slope of (2) at any point is 


id eae ACE ICN H), Art, 215 
2 dx ~~ F(a, @) ea 
Hence if the curves (1) and (2) are tangent, the slopes will be 
equal (for the same value of qa), giving 


Ya) _ _ fx(@, Y, &) Gp 
gp’ (a) Sy(@, Y, @) 


(6) fala, y, a) h'(a) + fala, y, a)’ (a) = 0. 

Comparing (6) and (8) gives 

(7) fo(x, y, a) =0. 

Therefore the equations of the envelope satisfy the two equations 
(8) f(t, y,a)=0 and fa(x, y, a) =0; 


that is, the parametric equations of the envelope may be found by 
solving these equations for x and y in terms of the parameter a. 


General directions for finding the envelope 


First STEP. Differentiate with respect to the variable parameter, 
considering all other quantities involved in the given equation as constants. 

SECOND STEP. Solve the result and the given equation of the family of 
curves for x and y in terms of the parameter. These solutions will be the 
parametric equations of the envelope. 

The rectangular equation may be found also by eliminating a between 
the equations (8). 


ILLUSTRATIVE EXAMPLE 1. For the family of circles at the beginning of this 
article, 
J@, y, a) = (@—-a)?+y?—r?=0. 


Hence fa(@, ¥, a) = (a — a) = 0. 


Eliminating a, the result is y2 — r2 = 0, or y=r, y = — 1, and these are the equa- 
tions of the lines AB and CD in the figure. 


ILLUSTRATIVE EXAMPLE 2. Find the envelope of the family of straight lines 
x cos a + y sin a = p, a being the variable parameter. 


Solution. (9) xcosa+ysina=p. 


APPLICATIONS OF PARTIAL DERIVATIVES 431 


First Step. Differentiating (9) with respect to a, 

(10) —xsna+ycosa=0. 

Second Step. Multiplying (9) by cos a and (10) by sin a and subtracting, we get 
¢ =p COs a. 

Similarly, eliminating « between (9) and (10), 
y=psina. 

The parametric equations of the envelope are therefore 


(11) {[z =p cos a, 
Ly=psina, 


a being the parameter. Squaring equations (11) and 
adding, we get 


Coty = 0", 
the rectangular equation of the envelope, a circle. 


ILLUSTRATIVE EXAMPLE 3. Find the envelope of a line of constant length a, 
whose extremities move along two fixed rectangular axes. 


Solution. Let AB =a in length, and let 
(12) xcosa+ysina—p=0 


be its equation. Now as AB moves, both a and p will vary. But p may be found 
in terms of a. For AO= AB cos a= a cos a, and also 
p=AOsina=asinacosa. Substituting in (12), we get 


(13) w«xeosat+ysina—asinacosa=)0, 


where a is the variable parameter. Differentiating (13) 
with respect to a, 


(14) —xsina+ycosa+asin? a—acos?a=0. 


Solving (13) and (14) for x and y in terms of a, the 
result is 


Ap (PEF (BE, 
te) 1h = COS? 


the parametric equations of the envelope, a hypocycloid. , te 
The corresponding rectangular equation is found from equations (15) by elimi- 
nating a as follows: 


2 2 

ys = a3 COs? a. 
Adding, rs + ys = as, 
the rectangular equation of the hypocycloid. 


Many problems occur in which it is convenient to use two param- 
eters connected by an equation of condition. By using the latter, 
one parameter may be eliminated from the equation of the family 
of curves. It is, however, often better to proceed as in the following 
example. 
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ILLUSTRATIVE EXAMPLE 4. Find the envelope of the family of ellipses whose 
axes coincide and whose area is constant. 


Solution. (16) = ate v= eal 


is the equation of the ellipse, where a and 
b are the variable parameters connected 
by the equation 


——— 
ng 


(17) tab = k, iii iz 
qwab being the area of an ellipse whose Se ay 
semiaxes are a and b. Differentiating, SS 


AL 
rahi 


aaaiiil 


regarding a and b as variables and x and 
y as constants, we have, using differentials, 


— 


=“ cope 


v2da , y2db_ 
cata + ae =i) from (16), 


and bda + adb = 0, from (17). 


Transposing one term in each to the second member and dividing, the result is 


x2 y? 
a Bb? 
2 2 
Therefore, using (16), a = and aa = 
whence a=+2eV2 and b=+ yV2. 


Substituting these values in (17), we get the envelope ry = oes a pair of 
conjugate rectangular hyperbolas (see figure). 20 


219. The evolute of a given curve considered as the envelope of its 
normals. Since the normals to a curve are all tangent to the evolute 
(Art. 110), it is evident that the evolute of a curve 
may be defined as the envelope of its normals. It 
is also interesting to notice that if we find the 
parametric equations of the envelope by the 
method of the previous article, we get the coor- 
dinates x and y of the center of curvature; so 
that we have here a second method for finding the 
coordinates of the center of curvature. If we elimi- 
nate the variable parameter, we obtain the rec- 
tangular equation of the evolute. 


spou.tou fo adojaaua 


Le; 
ten, Cure e 


ILLUSTRATIVE EXAMPLE. Find the evolute of the parabola y? = 4 px considered 
as the envelope of its normals. 


Solution. The equation of the normal at any point (2’, y’') is 


y—¥ =~ 2-2 
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from (2), Art. 43. As we are considering the normals all along the curve, both x’ 
and y’ will vary. Eliminating x’ by means of y/2 = 4 pa’, we find the equation of 
the normal to be 


13 , 
1 Te 
(1) Ser mas 
13 

or ay’ +2 py—2py'—-L =0. 
4p 


Setting the partial derivative of the left-hand member with respect to the 
parameter y’ equal to zero, and. solving for x, we find 


ew Ma 
(2) es i 
Substituting this value of x in (1) and solving for y, 
eye 
(3) US = 4p? 


Equations (2) and (8) are the codrdinates of the center of curvature of the pa- 
rabola. Taken together, they are the parametric equations of the evolute in terms 
of the parameter y’. Eliminating y’, we obtain 


27 py? = 4(a — 2 p)’, 


the rectangular equation of the evolute of the parabola. This is the same result we 
obtained in Illustrative Example 1, Art. 109, by the first method. 


PROBLEMS 


1. Find the envelopes of the following systems of straight lines and 
draw the figures: 


(a) y = mx + m?. Ans. x?+4y=0. 

(b) y= = +m’. QT ar =4 3, 

(c) y= mx — 2m. ay oe. 

(d) y= mx + — xy? —x?-—227-1=0. 
(e) et? + yt —1=0. y2+4xe=0. 


2. Find the envelopes of the following systems of circles and draw 
the figures : 
(a) («c#-—a)?*+y2?-4a=0. Ans. y2—4x2x—-4=0. 
(b) (wt? + y- D2 =4, (oy)? =8. 
3. Find the envelope of the system of parabolas tx? + t?y = 1. 
Ans. a*#+4y=0. 
4. A circle moves with its center on the parabola y? = 4 az, and its 
circumference passes through the vertex of the parabola. Find the equa- 
tion of the envelope of the circles. Ans. The cissoid y?(x+2a)+23=0. 
5. Find the evolute of the ellipse b?x? + a?y? = a?b?, taking the equa- 
tion of the normal in the form 
by = ax tan @ — (a? — b?) sin @, 
the eccentric angle ¢ being the parameter. 


2 5? mee sin? ; or (ax)* + (by)® = (a? — b?)%, 


a ail 
Ans. c= cos? bd, y= 
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6. Find the evolute of the hypocycloid xs + ys = as, the equation of 


whose normal is ; 
ycosT — xsintT=acos2T, 


Tt being the parameter. Ans. («+ y)® + (x — y)3 =2a%, 

7. Find the envelope of the circles which pass through the origin and 
have their centers on the hyperbola x? — y? = c?. 

Ans. The lemniscate (x? + y?)? = 4 c?(a? — y?). 

8. Find the envelope of a line such that the sum of its intercepts on 

the axes equals c. Ans. The parabola x? + ye =¢c?, 


9. Find the envelope of the family of ellipses b?x? + a?y? = a?b? 
when the sum of its semiaxes equals c. ; : ; 
Ans. The hypocycloid x3 + y? = c3. 
10. Projectiles are fired from a gun with an initial velocity vo. Sup- 
posing the gun can be given any elevation and is kept always in the 
same vertical plane, what is the envelope of all possible trajectories, the 

resistance of the air being neglected ? 
HINT. The equation of any trajectory is 

= ee ores 

ET ceria 2 U0? cos? a@ 


a@ being the variable parameter. y ps 
Vo gx~ 


Ans. The parabola y = 29 nog 
a 


11. Find the envelope of each of the following systems of curves and 
draw the figures: 


(a) yt +t. (c)r=F +t. 
(Dy yA ee (d) (w@—t)? +4y2?=t. 
bid ie a, b_ 
(ce) ls WHETO teed 


220. Tangent line and normal plane to a skew curve. The student 
is already familiar with the parametric representation of a plane 
curve (Art. 81). In order to extend 
this notion to curves in space, let the 
coordinates of any point P(z, y, z) on 
a skew curve be given as functions of 
some fourth variable which we shall 
denote by ¢t; thus, 


(1) r=¢@, y=), z=x(d). 

The elimination of the parameter 
t between these equations two by two Y 
will give us the equations of the 
projecting cylinders of the curve on the codrdinate planes. 


rat Pla Ax,y+Ay, z+Az) 
tr? |Az 
(cae 
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Let the point P(x, y, z) correspond to the value ¢ of the param- 
eter, and the point P’(x+ Az, y+ Ay, z+ Az) correspond to the 
value ¢ + At where Az, Ay, Az are the increments of «, y, 2 due to the 
increment At as found from equations (1). From analytic geometry 
of three dimensions, we know that the direction cosines of the secant 
(diagonal) PP’ are proportional to 

Ade Ac. 
or, dividing through by At and denoting the direction angles of the 
secant by a’, 8’, y’, 
2) cosa’ _ cos ley mcOSzye 
Ae oer ems 2 
At At At 


Now let P’ approach P along the curve. Then At, and therefore 
also Ax, Ay, Az, will approach zero as a limit, and the secant PP’ will 
approach the tangent line to the curve at P as a limiting position. 


Bidet nes 
Be NOI oar oe Ee 


Hence, for the tangent line, 


(A) rr er ae 
dt dt dt 


When the point of contact is Pi(a1, yi, 21), we use the notation 


(3) “ Po value of te whens =%1 y= Wi, 2—= 2, 


and similar notation for the other derivatives. 
Hence, by (2) and (4), p. 5, we have the following result : 
The equations of the tangent line to the curve whose equations are 
(1) r=), y=¥O, 2=xO 


at the point Pi(a1, yi, 2) are 


Nice 1 pee Yom eee 
dx ay dz 
dt\ dth dt 


(B) 


1 


The normal plane of a skew curve at a point Pi (x1, y1, 2%) is the 
plane which passes through P; and is perpendicular to the tangent 
line at P,;. The denominators in (B) are the direction numbers of 
the tangent line at P;. Hence we have the following result : 
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The equation of the normal plane to the curve (1) at Pi (1, Y1, %) 1s 


(z — 21) = 0. 


C dz 
(C) ait 

ILLUSTRATIVE EXAMPLE. Find the equations of the tangent line and the equa- 
tion of the normal plane to the circular helix (6 being the parameter) 


1 


dx “| 
peach | Gy bs pet Wig 
at Ae 0) Wes a iY yy) + 


x =acos 8, 
(4) y = asin 0, 
z= 00, 
(a) at any point (a1, y1, 21); (b) when @=2 7. 
5 elie Swe rane dy _ ae dz _ 
Solution. 797 7 Sin 8 = Y, 49 7 08 8 = 2, 79 7 


Substituting in (B) and (C), we get, at (a1, y1, 21), 


As SS y—¥i_Z~, tangent line, 
Yr vy b 
and 
—y(e—%1) +u(y— ys) +b —a) =0, 


normal plane. 
When §6=27, the point on the curve is f 
(a, 0, 2 br), giving 


P= they — 0 2 20, iX 
0 a b 
or x=a, by=az—2abr, 


the equations of the tangent line, and 
ay + bz —2 b?r = 0, 
the equation of the normal plane. 
REMARK. For the tangent line (5) we have 
b b 
Wrenn = Wiiee © =a constant. 


That is, the helix cuts all elements of the cylinder x? + y? = a? under the same angle. 


cos Y = 


221. Length of arc of a skew curve. From the figure of the pre- 
ceding article we have 


Chord PP’)? /(Az\?,, (Ay\?2, /Az\2 
; _ (Ax)? (Av)? (Az)? 
@) AP Ge . Ga “F & 
Let are PP’ = As. Proceeding as in Art. 95, we easily prove 
(2) ds\?_ (dx\?, (dy)? (dz)?, 
G al oi =) 5 Gy 
From this we obtain 
t 
(D) sic af (dx? + dy? + d2®)}, 
to 


where « = $(t), y=Y(t), z= x(t), as in (1), Art. 220. 
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The direction cosines of the tangent line can now be given a simple 
form. For, from (A) of the preceding article, and by the above 
equation (2), using formulas in (2), p. 5, we have 


- dx d dz 

3 cosSa=— cosp= ie) cosy = —: 

(8) ds aes Y= as 
ILLUSTRATIVE EXAMPLE. Find the length of are of the skew cubic 
(4) Pat Yash. 2a 


between the points where t= 0 and t= 4. 
Solution. Differentiating (4), we obtain 
(Ret, @ysuch, Ge =eap 
4 
Substituting in (D),  s= {h VI +0 + dt = 23.92, 


approximately, by Simpson’s Rule, letting n = 8. 


PROBLEMS 
Find the equations of the tangent line and the equation of the normal 
plane to each of the following skew curves at the point indicated : 
Lj OS at, 0 Se 41 ZS 8 US 
ctl y—5_z-4 
Ans. wea eles A 


Si, Pah, Sir as GS ik 
Ans. pot au tii, 22+38 y+ 22=15. 


; e+4y+42=40. 


2 3 
Ber eee 2 = sin) wed 
t 2 oe Ae 
Ans aes =H 251; 2e-y-1=0. 
a eee Ula 
4.%=2sint, y=3 cost, z=; => 
Ans. = 2,4 wal, 2 ny 2 24 2= 0. 
4 
Bees ny tl, ea 
t t+1 ‘ 
= — Y = SZ = eal 
6. x femiae ; ae 


7 p= sind. cost, 2 = sec iott = 0. 


al Gt 
= — 9 —; t{=1 
Sh = 5 2) = COs i A= Sin) m 


9. Find the length of arc of the circular helix 
x=acos0, y=asind, 2=b0 
between the points where @= 0 and 6=2 rT. Ans. 27 WVa? + 62. 


438 INTEGRAL CALCULUS 


10. Find the length of arc of the curve ; 
c= COmin yy — Sule. z=5 


between the points where ¢ = 0 and t= 2 Tr. 


Ans. arV4724+1+4+4 log (27+ V4 7? +1). 
11. Find the length of arc of the curve 
x=36cos0, y=8O6sind, 2=40 
between the points where 9=0 and @=4. Ans. 26 + 7° log 5 = 32.70. 
12. Find the length of are of the curve 
DT, Vea, Cail aie 
between the points where t = 0 and t= 2 
13. Given the two curves 
(5) =i PShilk, esas 
(6) x=1-—0, y=2cos0, z=sin@—-1. 
(a) Show that the two curves intersect at the point A(1, 2, —1). 
(b) Find the direction cosines of the tangent line to (5) at A. 


Ans. = 1 
Vi 18, V18 


(c) Find the direction cosines of the tangent line to a a 
Ans. — 


. 
? 


ce 


(d) Find the angle of intersection of the curves at A. 
14. Given the two curves 
ee, pee ah PREP = fie 
c= SINsG a4) 0 ee — el COSTOS 
(a) Show that the two curves intersect at the origin O. 


(b) Find the direction cosines of the tangent line to each curve at O. 
(c) Find the angle of intersection of the curves at O. 


222. Normal line and tangent plane to a surface. A straight line is 
said to be tangent to a surface at a point P if it is the limiting position 
of a secant line through P and a neighboring point P’ on the surface 
when P’ is made to approach P along a curve on the surface. We 
now proceed to establish a theorem of fundamental importance. 


Theorem. All tangent lines to a surface at a given point lie in a plane. 
Proof. Let 
(1) F(x, y, z) =0 


be the equation of the given surface, and let P(x, y, 2) be the given 
point on the surface. If now P’ be made to approach P along a curve 
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C lying on the surface and passing through P and P’, then evidently 
the secant line PP’ approaches the position of a tangent line to the 
curve C at P. Now let the equations of the curve C be 


(2) r=o(t), y=), z=x(t). 
Then the equation (1) must be satisfied identically by these 
values. Hence, as in (8), Art. 215, 
aR dx , OR dy | OF dz 
@) Be dt ' Oy di! dz di 
This equation (see (3), Art. 4) shows that the tangent line to (2), 
whose direction cosines are proportional to 


= 0. 


dx dy dz, 
dt dt dt 
is perpendicular to a line whose direction cosines are proportional to 

he ai» ohh 

@) Be 0p) 02 

Let Pi(%1, y1, 21) be a point on the surface and 

OF OF OF 
(5) Ox ‘i oy Oz 1 


the values of the partial derivatives in (4) when x=%, y=, 
z=2. The line passing through P; whose direction numbers are 
given by (5) is called the normal line to the surface at Pi. Hence we 
have the following result : 


The equations of the normal line to the surface 


(1) FGA ye2 0 
GE P(X, Yi, 21) OTe 
So iS| TS Bey 
oe oF, OF| [oF 
0x11 Oy |h 0z\1 


The preceding argument shows that all tangent lines to the sur- 
face (1) at P; are perpendicular to the normal line at P;. Hence 
they lie in a plane. Thus the theorem is proved. 

This plane is called the tangent plane at (P1). 

We may now state the following result : 


The equation of the tangent plane to the surface (1) at the pownt of 
contact P1(%1, Yi, 21) 1s 


OF arlene |2F poe eee 
(F) Bl + | w+ |e G2) =0. 
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REMARK. If all the denominators in (Z) vanish, the normal line and tangent 
plane are indeterminate. Such points are called singular points and are excluded 


here. 
In case the equation of the surface is given in the form 
z=f(z, y), let 
OFA ime Oz OF oe Oz CN ee, 


Melos Ox 0x Ox oy dy oy oz 
Hence, by (£), we have the following result : 


The equations of the normal line to the surface z = f(x, y) at (X1, Y1, 21) 
are 


(G) a 


Apia (ae 
Ox|1 oy 1 
Also, from (F), we obtain 


(#) 


which is then the formula for the equation of a plane tangent at (x1, Y1, 21) 
to a surface whose equation is given in the form z = f(x, y). 


oz Gx +|2 
Oxl1 


an (y—y1) -(@—-21) = 0, 
Y{1 


223. Geometric interpretation of the total differential. We are now 
in a position to discuss formula (B), Art. 212, by geometry, in a man- 
ner entirely analogous to that in Art. 91. 

Consider the surface 


(1) z=f(x, y), 
and the point (x, y1, 21) on it. Then the total differential of (1) is, 
when Hien Be hes 


02 
ox\, 


using (B), Art. 212, and replacing dx and oe by their equivalents, Ax 
and Ay, respectively. Let us find the z-codrdinate of the point in 
the tangent plane at P; where 


(2) a= Ay ae 


L=%+Axy, y=y-t Ay. 
Substituting these values in (H) of Art. 222, we find 


Oz = 


(3) e- y= elk 


Attia 
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Comparing (2) and (8), we get dz =z—z,. Hence the 


Theorem. The total dif- 
ferential of a function f(x, y) 
corresponding to the incre- 
ments Ax and Ay equals the 
corresponding increment of 
the z-codrdinate of the tan- 
gent plane to the surface 
z= f(a, y). 


Thus, in the figure, PP’ 
is the plane tangent to 
surface PQ at P(x, y, 2). 0 


Let AB= Ax $ 
and CD =y; _ 
then (f= ¢— 27 DP’ DEEP’; 

Notice also that Az = DQ — DE = EQ. 


ILLUSTRATIVE EXAMPLE. Find the equation of the tangent plane and the equa- 
tions of the normal line to the sphere x? + y? + 2? = 14 at the point (1, 2, 3). 


IP(OR IEA) 


> 


a 
------------}}--------- 


; 


Solution. Let F(x, y, z) =x? + y?+2?—14; 


OF QT OF eet nee Be: zs, 
then an rey ate 02 = 212); 4h = Ile Opi S45 re OS, 
OR| on)|@h lee elO ee 

Therefore aa \= dey Ra ot! alley ce 6. 

Substituting in (F), 2(@—1) +4(y—2) + 6(2—3) =0, 
or x2+2y+32=14, the tangent plane. 

ees ones. e—-1_y—2 2-3 

Substituting in (£), Sri CT Te 

giving z2=32x and 22=8 y, equations of the normal line. Ans. 
PROBLEMS 


1. Find the equation of the tangent plane and the equations of the 
normal line to each of the following surfaces at the point indicated : 


(a) a2 + y?+22=49; (6, 2, 3). 
Ans. 6x+2y+32=49; 


(b) z=2?2?+y?—1; (2,1, 4). 
Ans. 4x+2y—z=6; 


Ces AE tes ea 


6 2 38 
ta SY Sle tee 
eal 
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(ec) 22 +a2y2+y3+2+1=0; (2, —3, 4). io 3 bv, 
Ans. 132+15y+2+15=0; po? ea 


(d)a? te 2ay ty? te T= 05) t,o eee Bact 


Ans. 24+2y—2+8=0; Sk ae Raa 
(e) x2y2+4+ xz —-2y3—10=0; (2, 1, 4). E. ba x 
Ans. 4xa+y+2—-183=0; x2 ut at = 


(fy 7754? = 24 = 13, 2, 2). 

(g) x? + y? —2? = 25; (5, 5, 5). 

(h) 222+3y2+422=6; (1,1, $). 
(i) x+y—22=3; (8, 4, 2). 


2. Find the equation of the tangent plane to the hyperboloid of two 
sheets = — 21 at (1, Y1, 21). Ans. ee ee 

3. Find the equation of the tangent plane at the point (m1, y1, %) on 
the surface ax? + by? + cz?+d=0. Ans. axx+ byiy+caz+d=0. 

4. Show that the equation of the plane tangent to the sphere 

e?+y?+ 2242 Le1+2 My+2Nz2+DdD=0 
at the point (1, y1, 21) is 
met ynytazt Leta) + Mytmn)+Net+tay)+dD=0. 


5. Find the equation of the tangent plane at any point of the surface 
go+yt+a=ai, 
and show that the sum of the squares of the intercepts on the axes made 
by the tangent plane is constant. 


6. Prove that the tetrahedron formed by the codrdinate planes and 
any tangent plane to the surface ryz = a® is of constant volume. 
2 

7. The surface x2 — 4 y2 —4z=0 is cut by the curve r= o y= , 

—!-2? 2 the point (2, 2, — 3). What is the angle of intersection ? 
19 
Ans. are cos =e 20 = 
3V 1388 


8. The surface x?+y?+32?=25 and the curve r=2t, y= 3, 


z 


z=— 2? intersect at the point on the curve given by t=1. What is 
: pee 
the angle of intersection? 19 — 59° 4d’. 
7V29 
9. The ellipsoid x? + 2 y? + 3 22 = 20 and the skew curve x = 3(? +1), 
y=t*+1, z= meet at the point (8, 2, 1). Show that the curve cuts 
the surface orthogonally. 


Ans. are cos 
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224. Another form of the equations of the tangent line and normal 
plane to a skew curve. If the curve in 
question be the curve of intersection AB 
of the two surfaces F (x, y, z) =0 and 
G(x, y, 2) =0, the tangent line PT at 
P(x, y1, 21) 1s the intersection of the 
tangent planes CD and CE at that 
point, for it is also tangent to both sur- 
faces and hence must lie in both tangent 
planes. The equations of the two tan- 
gent planes at P are, from (F), 


OF 


Ay (z— 2) =0, 


OF 
pan) + (FE 


2 0G 0G 
ie Js) a | 


0G A 
= 41) + De (@- 4%) == (i) 


Taken simultaneously, these equations are the equations of the 
tangent line PT to the skew curve AB. 

If A, B, C are direction numbers for the line of intersection of the 
planes (1), then, by (6), Art. 4, 


re OF _ |eF| |eG _|OF| |eG| _ |oF aG| 
Oy\1|Ozla | dz |r fey ly’ Ozhleckh jar: | az 
_|OF| |eG| |eF 0G| 
~ lari ley|, | ey |ex ls 


Then the equations of the tangent line CPT are 


— — Z—Z 
(3) uv — V7 Vom 1 


The equation of the normal plane PHI is 


ILLUSTRATIVE EXAMPLE 1. Find the equations of the tangent line and the 
equation of the normal plane at (r, 1, rV2 ) to the curve of intersection of the sphere 
and cylinder whose equations are, respectively, x? + y? +22 =41?, x? + y? =2 rz. 


Solution. Let F = 22 + y2 +22-—4r2 andG=27?4 y? —2 re. 
lee Bilt [ele 


—|=27, 
a 


dG| _ 9, 
ei 
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Substituting in (2), we find 
Aes etV OB 0, Cleat. 
Hence, by (38), we have 
a OY Mice PE =i So rV2 
=, Wy 0 1 
or WS o+V22=87, 


, 


the equations of the tangent PT at P to 
the curve of intersection. 
Substituting in (4), we get the equa- 


tion of the normal plane, > 
— Me 
— V2(z —1r) + O(y — 1) + (2 —1V2) = (0 


or V22—2=0. 


ILLUSTRATIVE EXAMPLE 2. Find the angle of intersection of the surfaces in the 
preceding example at the point given. 


Solution. The angle of intersection equals the angle between the tangent planes 
or normal lines. We have found direction numbers for these lines above in Illus- 
trative Example 1 (see (£), Art. 222). 


These are a=2r,b=27r,c=2rv2. 
GH iV UW ea PAR re nl) 
Hence, by (6), Art. 4 


2 
cos Gee J 


Spi 6=60°. Ans. 


PROBLEMS 


1. Find the equations of the tangent line and the equation of the 
normal plane to each of the following curves at the point indicated: 
(a) x? + y? + 27 = 49, x? + y2? = 13; (8, 2, — 6). 


=o = 
Ans. = =U=*,24+6=0;.22-8y=0. 


(b) z= 22 + y2—1, 82? 4+24y2+22=30; (2,1, 4). 


x—-2 y-—1_ 2-4 
Ans. as Eh ee ; 5a-—lly—22+9=0. 


(¢) 22. y? — 22= 16, 2? + 4y? 4 4 2? = 8420/2, 4, 2): 


x—2 _ _ 
Ans. ~ ee 16x—5y+62= 24, 


16 —5° 6 
(d) a? + y? +3 29 = 82, 2 x? + y? —22= 0): (2, 1, 8). 
x—-2 y-1 2-8 
(e) 22 — y7— 22=1, x? — y2+4+22=9; (8, 2, 2). 
(f) 272+ 4y?-—422=0,2e2+y+2—24=0; (8, 3, 5). 
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2. The equations of a helix (spiral) are 
x? + y? = 72, 
z 
i ouan ms 
Show that at the point (a1, y:, 21) the equations of the tangent line are 
c(x — 41) + yi(@ — 21) = 0, 
c(y — Y1) — 41(@ — 21) = 0; 
and the equation of the normal plane is 
Yyix — Liy —c(Z — 21) = 0. 
3. The surfaces x?y? + 22+ 23 =16 and 83 x? + y2—2z2=9 intersect 
in a curve which passes through the point (2, 1, 2). What are the equa- 


tions of the respective tangent planes to the two surfaces at this point? 
Ans. 8x+4y+62= 22; 6x+y—-z=11. 


4. Show that the ellipsoid «?+3y?+2z2?=9 and the sphere 
x? +y?+22?—8x-—8y—62+4+24=0 are tangent to each other at the 
Dont (2, Lal). 

5. Show that the paraboloid 3 22+2y2?—2z=1 and the sphere 
x? + y? + 22-—4y—22+2=0 cut orthogonally at the point (1, 1, 2). 


225. Law of the Mean. The applications of partial derivatives to be 
given now depend upon the Law of the Mean for functions of several 
variables. The result to be derived is based upon the discussion in 
Art. 116. We proceed to establish the formula 


(1) f(to + h, yo + k) =f (xo, yo) + hfz(%o + Oh, yo + Ok) 
+ kf, (xo + 6h, yot 0k). (0< 8 <1) 
To this end let 


(2) F(t) = f(xo + ht, yo + kt). 

Apply (D), Art. 116, to F(t), with a=0, and Aa=1. Then we 
have 

(3) F(1) = F(0) + F’(6). (Ole eat) 

But from (2), by (D), Art. 214, since « = x0 + At, y = yo + Kt, 

(4)  F'(t) = hfe(xo + ht, yo + kt) + kfy(xo + ht, yo + kt). 

Then, from (2), we get 

(5) F(1) =f(@o +h, yt k),' FO) =f(2o, yo), 
and, from (4), 

(6) F’(8) = hfz(o + Oh, yo + Ok) + kfy(xo + Oh, yo + Ok). 
When these results are substituted in (3), we obtain (1). 
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If we desire a formula analogous to (F), Art. 124, we must form 
F’(t). Applying again (D), Art. 214, we get 


© felt + ht, yo + kt) = hfrz(xo + ht, yo + kt) + kfye(ao + ht, yo + Kt) ; 


£ ful + ht, yo + kt) = hfxy(xo + ht, yo + kt) + kfyu(®o + ht, yo + kt). 


Hence from (4), we have by differentiating with respect to t, 


(7) F(t) = hfex(to + ht, Yo + kt) + 2 hkfry(Xo + ht, yo + kt) 
4. k7f,y,(xo + ht, yo+ kt). 


From (F), Art. 124, letting b= 1, a=0, r2 = 0, we get 
(8) F(1) = F(0) + F’(0) + E P’"(6). 


We may easily prove now the extended Law of the Mean for a 
function of two variables by substituting in (8) from (5), (4), and (7). 
Thus we get 

(9) fo th, yo + k) =f(x0, yo) + hfc(Xo, Yo) + kfy(xo, Yo) 


+ pile (x9 + h, yo + Ok) + 2 hkefey eo + Oh, Yo + Ok) 


+ k*fyy (Xo + 8h, Yo + Ok)]. (0<6< 1). 

There is no difficulty in establishing the corresponding formulas 
for functions of more than two variables, nor in extending the laws 
in a manner analogous to that at the end of Art. 124. 

226. Maxima and minima of functions of several variables. In 
Art. 46, and again in Art. 125, were derived necessary and sufficient 
conditions for maximum and minimum values of a function of one 
variable. We now take up this problem when several independent 
variables are present. 

The function f(x, y) is said to be a maximum at rx=a, y=b 
when f(a, 6) is greater than f(x, y) for all values of x and y in the 
neighborhood of a and 6. Similarly, f(a, 6) is said to be a minimum: 
at x = a, y= b when f(a, 5) is less than f(z, y) for all values of x and y 
in the neighborhood of a and 6. 

These definitions may be stated in analytical form as follows: 

If, for all values of h and k numerically less than some small 
positive quantity, 

(1) fia+h, b+k) — f(a, b) =a negative number, 
then f(a, b) is a maximum value of f(x, y). If 

(2) fia+h, b+ k) — f(a, b) =a positive number, 
then f(a, b) is a minimum value of f(x, y). 
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These statements may be interpreted geometrically as follows. 
A point P on the surface 
z= f(x, y) 


is a maximum point when it is “thigher”’ than all other points on the 
surface in its neighborhood, the codrdinate plane XOY being assumed 
horizontal. Similarly, 
P’isa minimum point 
on the surface when 
it is “lower” than all 
other points on the 
surface in its neigh- 


borhood. SS 
Hence if 
a= ip (a, b) 


is €a maximum or mini- 
mum, the tangent plane 
at (a, b, 2) must be horizontal, that is, parallel to XOY. But the 
tangent plane (A), Art. 222, is parallel to XOY when the coeffi- 
cients of x and y are zero. Hence we have the following result : 


A necessary condition that f(a, b) shall be a maximum or minimum 
value of f(a, y) ws that the equations 
hy Ole 
(3) Ox U Oy e 
shall be satisfied by x =a, y = 0. 


The conditions (3) may be obtained without use of the tangent 
plane. For, when y = b, the function f(x, b) can neither increase nor 
decrease when x passes through a (see Art. 45). Hence follows the 
first of equations (8). The same statement applies to the function 
f(a, y). Thus we have the second equation in (8). 

The method just expounded applies to a function of three variables 
f(x, y, 2). That is, a necessary condition that f(a, 6, c) shall be a 
maximum or a minimum value is that the equations 

Ol Sy il Gh 

(4) eis eee A ee 
shall have the common solution x =a, y= 6, z=c. 

For necessary and sufficient conditions the problem is much more 
difficult (see below). But in many applied problems the existence of 
a maximum or minimum value is known in advance, and no test is 


necessary. 
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ILLUSTRATIVE EXAMPLE 1. A long piece of tin 24 in. wide is to be made 
into a trough by bending up two sides. Find the width 
and inclination of each side if the carrying capacity is a 
maximum. , 

Solution. The area of the cross section shown in the 
figure must be a maximum. The cross section is a 
trapezoid of upper base 24—2%"%+22 cosa, lower 
base 24 — 2x, and altitude x sina. The area A is given by 


(5) A=24xrsina—22?sina+42? sina cosa. 


(—__ 24-20 — 


By differentiation we have 


GA = 24 sin ow — 4x sin @ + 2x sin o cos a. 
OA _ 2 2 2 in2 
Da ote COs a 2H cos a + «2(cos? a — sin? a). 


Setting the partial derivatives equal to zero, we have the two equations 
2 sin a(12 —2x%+2 cosa) =0. 
2[24 cos a — 2 x cosa + x(cos? a — sin?a)] = 0. 


One solution of this system is a=0, x =0, which has no meaning in the 

physical problem. Assuming a40, x0, and solving the equations, we get 
mae ee ie 

COSI elie 

A consideration of the physical problem shows that there must exist a maxi- 
mum value of the area. Hence this maximum value occurs when a = 60° and 
Sue 

We now establish a sufficient condition. Assuming that equa- 
tions (3) hold, we obtain from (9), Art. 225, substituting xo =a, 
and transposing, 


+ kfyy (x, Wh 


where we have set x = a+ 6h, y=b-+ 6k. By (1) and (2), f(a, b) will 
be a maximum (or a minimum) if the right-hand member is negative 
(or positive) for all values of h and k sufficiently small in numerical 
value (zero excluded). Set 


(7) A == fos(@, Y), B = fry(x, y), C = fry (2, Y); 


and consider the identity 


(8) Ah? +2 Bhk + Ck? = t(Ah + Bk)? + (AC — B2)k2], 


The expression within the square brackets in the right-hand 
member in (8) is always positive if 


(9) AC — B?> 0, 
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and the left-hand member therefore has the same sign as A (or C, 
since, by (9), A and C must agree in sign). The question now is, 
therefore, to interpret the criterion (9) for the right-hand member in 
(6), in which, as already stated, h and k are numerically small. 
Assume that (9) holds when x =a, y=b. Then, the derivatives in 
(7) being continuous, it will hold also for values of x, y near a, b. 
Also, the sign of A (or C) will be the same as the sign of f,,(a, b) 
(or fyy(a, 6)). Thus we have established the following rule for find- 
ing maximum and minimum values of a function f (x, y). 


FIRST STEP. Solve the simultaneous equations 


AE ee a 
rim Ea mas 


SECOND STEP. Calculate for these values of x and y the value of 


nee (ee ie eel 
Ox? Oy? Ox Oy 


THIRD STEP. The function will have 
@ maximum valueifA>0 and aL (or ay <() 5 


Ox? Oy? 
a@ minimum value 2f A> 0 and An? (or ee >. 0: 


If A is negative, it is not difficult to see that f(x, y) will have 
neither a maximum nor a minimum value. 

The student should notice that this rule does not necessarily give 
all maximum and minimum values. For a pair of values of x and y 
determined by the First Step may cause A to vanish, and may lead 
to a maximum or a minimum or neither. Further investigation is 
therefore necessary for such values. The rule is, however, sufficient 
for solving many important examples. 

The question of maxima and minima of functions of three or more 
independent variables must be left to more advanced treatises. 


ILLUSTRATIVE EXAMPLE 2. Examine the function 3 ary — x3 — y® for maxi- 
mum and minimum values. 
Solution. f(a, y) =3 acy — x? — y°. 


First Step. Of = 3 ay — 32? =0, Sh = 8 an — 8 y? =0. 


Solving these two simultaneous equations, we get 
pR=0U, Cea 


y¥=0, yY=H=a, 
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Second Step. a oes 6 Lhe 3 oy 


=—6y; 


Ox? Oxdy % Oy? 
= if 3h (ora 
Third Step. When x =0 and y=0, A= —9a?, and there can be neither a 
maximum nor a minimum at (0, 0). af 
When +7 =a and y=a, A=-+ 27 a?; aa — 6a, we have the con- 


ditions for a maximum value of the function fulfilled at (a, a). Substituting x =a, 
y = ain the given function, we get its maximum value equal to a’. 


ILLUSTRATIVE EXAMPLE 38. Divide a into three parts such that their product 
shall be a maximum. 


Solution. Let x = first part, y = second part; thena— (x+y) =a—av—y= 
third part, and the function to be examined is 


{@, y) =xrya—a2—y)- 


First Step. of — ay —22y —y*=0, Sh = ax — 2.ay — 2 =0. 
Solving simultaneously, we get as one pair of values x = a i a 
O?f O7f 07 
; = =a =p = ; 
Second Step a 2y, andy a—224 y dy? —2% 
A=42y—(a—24—-—2y)?. 
4 _@ a =, a? : Of a Zane 
Third Step. When x = 3 and y = 3? Age 3° and since On? 3° it is seen 
that our product is a maximum when xz = = Y= . Therefore the third part is 
3 
also 4 » and the maximum value of the product is oF 
PROBLEMS 
1. Discuss for maxima and minima the ps sees 
(a) 7? +ay+y2?—62r—-—4y. Ans. «= 3, y = % gives min. 
(b) a? -—6ay+y3+8xr+6y—7. D2 ay poe en 
ot V2 
(C) 4°0y p= Ts) i 
Bn y 3 Slves min. 
(d) e+ ay+y?—x2—-—5y4+2. x =—1,y=8 gives min. 
(e) sinz+siny+sin (x+y). SS Dp 5 gives max. 
(f) x? — 6 xy + y¥%. x = y = 2 gives min. 


(g) 28+ y8.— a2y?2 — F(a? + 99), 

(h) xt + yt —2 4744 ry — 2 y?. 
2. Find the minimum value of «x? + xy + y? — ax — by. 

Ans. 3(ab — a? — 62), 

(ax + by + c)2 


8. Show that the maximum value of 
v+y241 


is a? + 6? + c3. 
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4. Find the rectangular parallelepiped of maximum volume which 
has three faces in the codrdinate planes and one vertex in the plane 


oS Ans. Volume = 2. 
5. Find the volume of ee largest ee | parallelepiped that can 

be inscribed in the ellipsoid = — a y si <=1. Ans. ee 
b 8V3. 


6. A pentagon is EIR of a aa fed surmounted by an isosceles 
triangle. If the perimeter of the pentagon has a given 
value P, find the dimensions for maximum area. 

hin CES 
Bp 2+2seca—tana Y 
y= 3 — 21 + sec a). xa 

7. If x, y, z are the lengths of the perpendiculars dropped from any 
point P to the three sides a, b, c, respectively, of a triangle of area K, show 

ae 
q?2 + 62 + C2 

8. Find the point within a triangle such that the sum of the squares 
of its distances to the vertices shall be a minimum. 

Ans. The point of intersection of the medians. 


that the minimum value of x? + y? + z? is equal to 


9. A floating anchorage is to be made with a cylindrical body and 
equal conical ends. Find the dimensions that make the surface least for 
a given volume. 


10. Find the shortest distance between the lines x = $= 5 and 
Vie 


11. If (© + y)?+ (y+z)?+ (+2)? =8, show that the greatest and 
least values of z are 3 and — 3. 


227. Taylor’s theorem for functions of two or more variables. The 
expansion of f(x, y) is found by using the methods and results of 
Arts. 194 and 225. We consider 

(1) F(t) = f(a + Mt, y + kt), 
and expand F(t) as in (5), Art. 194. The result is 


(DP 
(2) F@) = F(0) + F’(0) at F’'(0) at sa tal pecan (O) ea aH. 


We obtain the values of F(0), F’(0) F’’(0), by substituting ¢ = 0 
in (2), (4), (7), Art. 225. By differentiating (7), and putting t= 0, 
the expressions for F’’’(0) ete. will result. These are omitted here. 
Note, however, that F’’’(0) is homogeneous and of the third degree 
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in h and k. A similar property holds for higher derivatives. If these 
values are substituted in (2), and we set ¢ = 1, the result is 


(3) fl@th,yt+k) =f(a, y) +hfe(@, y) + kfu(@, y) 
+ Uae) + 2h 2 + fale WI +R. 


The expression for R is complicated and will be omitted from this 


point on. 
In (3) write x = a, y = 5, and then replace h by (x — a) and k by 
(y—b). The result is Taylor’s theorem for a function of two variables, 


(1) fx, y) = f(a, b) + fe (a, b)(x — a) + fy (a, by — b) 
if id [fxe(a, b)(x — a)? + 2 fry (a, b)(x — a)(y — b) 


+ f(a, b)(y — b)*] +--+. 
Finally, setting a = b = 0, we obtain an expansion corresponding 
to Maclaurin’s series (A), Art. 194, 


(J) f(x, y) =f, 0) + f.(0, 0)x + f, (0, O)y 
+ B [Jex(0, 0)x + 2 fay (0, O)xy + fou (0, Oy?) +++. 
The right-hand member in (J) may be written as the infinite series 
(4) Wott tig bs 
where uo = f(0, 0), 
wu =f.(0, 0)x + f,(0, O)y, 


U2 = Tee 0)x? ots 2 fry (0, O)xy + fry (0, 0)y?, 
etc. 


These terms in (4) are homogeneous polynomials in (x, y). The 
degree of each is equal to the subscript. That is, by (J) the function 
is expanded into a sum of polynomials homogeneous in (x, y) and of 
ascending degree. Similarly, in (J) the terms in the expansion are 
polynomials homogeneous in (1 — a, y — b). 

Formula (J) is called the expansion of f(a, y) at the point (a, b). 

Reference must be made to more advanced treatises for proof of 
the problem of determining those values of (x, y) for which the 
expansions (J) and (J) hold. 

By breaking off series (4) at any term, an approximate formula for 
f(x, y) is obtained for values near (a, b) or (0,0). Compare Art. 200. 
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ILLUSTRATIVE EXAMPLE. Expand 


xy? + sin xy 
at the point (1, 3 7) up to terms of the third degree. 
Solution. Here @=1,0=5 5, 
and f(x, y) = xy? + sin zy, 


f(x, y) = y? + y cos xy, 
fy (x, y) =2 xy + x cos xy, 
fex(X, y) = — y? sin xy, 
fry(x, y) =2 y + cos zy — xy sin xy, 
Syy(&, y) = 2% — x? sin xy. 
Substituting x = 1, y =4 7, the results are 


fd, $7) =4 7? +1, 
fat oi i= a; 
fy, PEST 
Sex, 3 7) = — 3 7, 
fry (1, 30) =F 7, 
eee w) =1. 


Substituting in (/), we get 
vy? +sinzy=1+f7?+4¢ me (e@—1)4+a(y—47) 


+p [-gr@—DP +5 m@—D(u-5 8) +(y-F2) ]+-- LG 


Formulas for expanding a function of three variables f(x, y, z) are 
readily derived, and are left as problems. 


PROBLEMS 
1. From (1) above, show that 
o°f o°f °F 
yr SG SEH et oe 2 Sie te 
F(0) =|] + 8 ME Lae Bx by3\o* © |2y3|o 


2. Verify the following expansion: 
29,2 4 
2 bapeipeer 
Nah elo ysl ye Yoan 
[6 e 
3. Expand cos x cos y in powers of x and y. 
4. Verify the following expansion : 
a* log (1+ y) =y + 4(xy log a — y? + xy log?a — xy? loga) +3 y3 +- 
5. Expand x? + xy? at the point (1, 2). 
6. Verify the following expansion: 
3 38 2 8 v 2 + 3 
Se 


7. Verify the following approximate formulas for small values of x and y: 
(a) e sin y = y + xy. (c) pte =1+2@-». 
(b) elog(1i+y)=y + xy. 


CHAPTER XXIV 
MULTIPLE INTEGRALS 


228. Partial and successive integration. Corresponding to partial 
differentiation in the differential calculus we have the inverse process 
of partial integration in the integral calculus. As may be inferred 
from the connection, partial integration means that, having given a 
differential expression involving two or more independent variables, 
we integrate it, considering first a single one only as varying and all 
the rest constant. Then we integrate the result, considering another 
one as varying and the others constant, and so on. Such integrals 
are called double, triple, ete., according to the number of variables, 
and are known as multiple integrals. 

In the solution of this problem the only new feature is that the 
constant of integration has a new form. We shall illustrate this by 
means of examples. Thus, suppose we wish to find u, having given 


Ou _ 
Fame 24+y+3. 
Integrating this with respect to x, considering y as constant, we 


have : 
u=xr?>+2y+32+ 9, 


where @ denotes the constant of integration. But since y was re- 
garded as constant during this integration, @ may involve y. We 
shall then indicate this dependence of ¢ on y by replacing @ by the 
symbol $(y). Hence the most general form of wu is 
U=2?+2y+32x+ oy), 


where (y) denotes an arbitrary function of y. 
As another problem let us find 


U ={{@ + y?)dy dx. 


This means that we wish to find w, having given 


21 


Ox Oy oe eet 
454 
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Integrating first with respect to y, regarding x as constant, we get 
a oy tL 4 ya) 
Ox 3 ; 


where ¥(x) is an arbitrary function of x. 

Now integrating this result with respect to x, regarding y as con- 
stant, we have ie eae 
u= us oe el) DY), 


where ®(y) is an arbitrary function of y, and 
aes He Dede. 


229. Definite double integral. Geometric interpretation. Let f(z, y) 
be a continuous and single-valued function of x and y. Geometrically, 


(1) z= f(x, y) 


is the equation of a surface, as KL. Take some area S in the XOY- 
plane and construct upon S as a base the right cylinder whose 
elements are parallel to OZ. Let this cylinder inclose the area S’ 
on KL. Let us now find the volume V of the solid bounded by 
S, S’, and the cylindrical surface. We proceed as follows: 

At equal distances apart (= Az) in the area S draw a set of lines 
parallel to OY, and then a second set parallel to OX at equal distances 
apart (= Ay). Through these lines pass planes parallel to YOZ and 
XOZ respectively. Then 
within the areas S and S’ 
we have a network of 
lines, as in the figure, that 
in S being composed of 
rectangles, each of area x 
Az Ay. This construction 
divides the cylinder into 
a number of vertical col- 
umns, such as MNPQ, 
whose upper and lower 
bases are corre- 
sponding portions 
of the networks 
in #5 and 7S fe= +: 
spectively. As the upper bases of these columns are curvilinear, we 
of course cannot calculate the volume of the columns directly. Let 
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us replace these columns by prisms whose upper bases are found thus : 
each column is cut through by a plane parallel to XOY passed through 
that vertex of the upper base for which x and y have the least 
numerical values. Thus the column MNP@Q is replaced by the right 
prism MNPR, the upper base being in a plane through P parallel 
to the XOY-plane. 

If the codrdinates of P are (x, y, 2), then MP =z=f(a, y), and 
therefore 


(2) Volume of MNPR = f(x, y)Ay Ax. 


Calculating the volume of each of the other prisms formed in the 
same way by replacing x and y in (2) by corresponding values, and 
adding the results, we obtain a volume V’ approximately equal to 
V; that is; 


(3) Via > > iG, way aes 


where the double summation sign SDS indicates that values of 
two variables x, y must be taken account of in the quantity to be 
summed up. 

If now in the figure we increase the number of divisions of the 
network in S indefinitely by letting Ax and Ay diminish indefinitely, 
and calculate in each case the double sum (8), then obviously V’ will 
approach V as a limit, and hence we have the fundamental result 


(4) V=lim 2 2S@ Ay Az. 


Ay 0 


We show now that this limit can be found by successive integration. 

The required volume may be found as follows: Consider any 
one of the slices into which the solid is divided by two successive 
planes parallel to YOZ; for example, the slice whose faces are FIHG 
and JTL’K’. The thickness of this slice is Ax. Now the values of z 
along the curve HI are found by writing x = OD in the equation 
z=f(x, y); that is, along HI 

z= f(OD, y). 


DG 
Hence the area FiAGe ii f(OD, y)dy. 
DF 


The volume of the slice under discussion is approximately equal 
to that of a prism with base FJHG and altitude Ax; that is, equal to 


DG 
Az - area FIHG = Ac f f(OD, y)dy. 
DF 
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The required volume of the whole solid is evidently the limit of 
the sum of all prisms constructed in like manner, as x (= OD) varies 
from OA to OB; that is, 


OB DG 
(5) Ve f de if f(a, y)dy. 
OA DF 
Similarly, it may be shown that 
OV HU 
(6) ps ip dy if fa, y)de. 
OC EW 


The integrals (5) and (6) are also written in the more compact form 


OB DG OV EU 
Hi if f(a, y)dydx and if f f(x, y)dx dy. 
OA DF Oc EW 


In (5) the limits DF and DG are functions of x, since they are 
found by solving the equation of the boundary curve of the base of 
the solid for y. 

Similarly, in (6) the limits HW and EU are functions of y. Now 
comparison of (4), (5), and (6) gives the result 


(A) V= lim SD fe, yay Ax= [fos dy as 


Ay-0 


bi V1 
= if f(x, ydx dy, 
bo ve é 


where 2; and v2 are, in general, functions of y, and uw; and we functions 
of x. The second integral sign in each case applies to the first dif- 
ferential. 

Equation (A) is an extension of the Fundamental Theorem of 
Art. 156 to double sums. 

Our result may be stated in the following form: 


The definite double integral 


Pie f(a, y)dy dx 


may be interpreted as that portion of the volume of a right cylinder which 
is included between the plane XOY and the surface 

z=f(", y), 
the base of the cylinder being the area in the XOY-plane bounded by the 


A similar statement holds for the second integral. 
It is instructive to look upon the above process of finding the vol- 
ume of the solid as follows: 
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Consider a column of infinitesimal base dy dx and of altitude z as 
an element of the volume. Summing up all such elements from 
y = DF to y= DG, x in the meanwhile being constant (say = OD), 
gives the volume of a thin slice having FGHIJ as one face. The 
volume of the whole solid is then found by summing up all such 
slices from x = OA to x = OB. 

In successive integration involving two variables the order of 
integration denotes that the limits on the second integral sign cor- 
respond to the variable whose differential is written first, the differ- 
entials of the variables and their corresponding limits being written 
in the reverse order. Before attempting to apply successive integra- 
tion to practical problems it is best that the student should acquire 
by practice some facility in evaluating definite multiple integrals. 


ILLUSTRATIVE EXAMPLE 1. Find the value of the definite double integral 


el il "(e+ y)dy dx. 


Solution. ie ae oe + eas dx 


Interpreting this result geometrically, we have found the volume of the solid of 
cylindrical shape standing on OAB as base and bounded at the top by the surface 
(plane) z=x+ y. 

The solid here stands on a base in the XOY-plane bounded by 

y = 0 (line OB) 

y = Va? — x? (quadrant of circle AB) 
x = 0 (line OA) | 
x =a (line BE) ii 


| trom y limits ; 
from «x limits. 


ILLUSTRATIVE EXAMPLE 2. Verify ih a il “(a — y)x? dy dx = 


: 2b 26 —— 
sips ii fa watdy ar = f° Ba iat a 
Vg? — x2 a3 


ILLUSTRATIVE EXAMPLE 3. Verify Je ie va dy de = 20 3 
a2 — x2 
xy 


Solution. UE aria dy dx =f" 
—Va? — 22 —Vat—z? 


= {02 xV a? — x2 dx =|-§ (a — 2) =a. 


7 a2b3 ; 
6 


dx 
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In successive integration involving three variables the order of 
integration is denoted in the same way as for two variables; that 
is, the order of the limits on the integral signs, reading from the 
inside to the left, is the same as the order of the corresponding 
variables whose differentials are read from the inside to the right. 


ILLUSTRATIVE EXAMPLE 4. Verify i s i - i ° py2dz dy dx ==. 

Solution. Sf [pre dy dx =f f"| fee|au da => f [x2] aude 
=3 ff ayrdy dx =3 f°] [ °xueay |x 
=3 f°] [ae =7 fade =". 


In each problem in the following list involving a double integral, 


the solid whose volume equals the value of the integral should be 
described. 


PROBLEMS 
Verify each of the following integrations: 
1. f° fet way de = 3. 8. f° [op sin Bdp ag = 
2. {° f'cu(e — du dx = — 6. 9. [0 ['Vst = Pas di = 6b 
3. ff 'y de dy = ofp. 10. f° [i on dy da = 4. 
fe aff" rdnde= 2 hie Lo eae = 
B. [f° frye de dy de = ty Phd, ihe yeda dy =H. 
a * 1 ft ft ada de= Hh 
“ep a haat = 2. 14. ff “yedy da = Wy. 


* (2-472 dx dy = $4, 
15. f IE x? dx dy = eH 


x pa(1+cos6) 2 at d Hoe 4 
_ et f p> sin 6 dp 3 


z L6\ a 
os 4 ( _is\c ; 
17. f? f4P dp d0=(|tr 15) 10 


460 INTEGRAL CALCULUS 


bere ab 
18. (°° (a2 + y? + 2?)de dy dx = (a? + 0? + C?). 


19.1 f°" “ae dye = =O Ls 


20.[' fi f° “adedx dy = x5. 

y2 

a1 ( (> "fo “ade dy de = 3h. 
20 Te 


230. Value of a definite double integral taken over a region S. In the 
last article the definite double integral appeared as a volume. This 
does not necessarily mean that every definite double integral is a vol- 
ume, for the physical interpretation of the result depends on the 
nature of the quantities represented by «, y, z. If x, y, z are the co- 
ordinates of a point in space, then the result is indeed a volume. In 
order to give the definite double integral 
in question an interpretation not neces- 
sarily involving the geometric concept of 
volume, we observe that the variable z 
does not occur explicitly in the integral, 
and therefore we may confine ourselves 
to the XOY-plane. In fact, let us con- 
sider simply a region S in the XOY-plane, 
and a given function f(x, y). Within this 
region construct rectangular elements of 
area by drawing a network of lines, as in Art. 229. Choose a point 
(x, y) of the rectangular element of area Ax Ay, either within the rec- 
tangle or on its perimeter. Form the product 


f(x, y)Ax Ay, 


and similar products for all other rectangular elements. Sum up 
these products. The result is 


> dla, y) Ax Ay. 


Finally let Ax — 0, and Ay — 0. 
We write the result 


(1) lim SYM, Ae dy =[fce, ydx de, 
S 


Ay 0 
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and call it the double integral of the function f(x, y) taken over the 
region S. 

By (A) this double integral is evaluated by successive integration. 
It remains to explain the method of determining the limits of inte- 
gration. This is done in the next article. 

231. Plane area as a definite double integral. Rectangular codrdi- 
nates. The problem of plane areas has been solved by single integra- 
tion in Art. 145. The discussion using double integration is useful 
chiefly because the determination of limits for the general problem 
of Art. 230 is made clear. To set up the desired double integral, 
proceed as follows: 

Draw a network of rectangles as before. Then, in the figure, 


(1) Element of area = Az Ay. 
If A ts the entire area of the region S, obviously, by (1), Art. 230, 


(B) fim 2) DAx Ay -| faxdy. 
Ay-0 S 


Referring to the result stated in Art. 230, we may say: 


The area of any region is the value of the double integral of the 
function f(x, y) = 1 taken over that region. 


Or, also, from Art. 229, 


The area equals numerically the volume of a right cylinder of unit 
height erected on the base S, 


The examples following will show how the limits of integration 
are to be found. 


ILLUSTRATIVE EXAMPLE 1. Calculate that portion of the area above OX which 
is bounded by the semicubical parabola y? = x? and the straight line y = a. 


Solution. The order of integration is indicated in the figure. Integrate first 


with respect to x. That is, sum up first the elements dx dy in a horizontal strip. 
Then we have 


AC C 
{i dx dy = dy if = dx = area of a horizontal strip of altitude dy. 
AB AB 


Next, integrate this result with respect to y. This corresponds to summing up 
all horizontal strips. In this way we obtain 


A =f” fr aedy. 
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The limits AB and AC are found by solving each of the equations of the bound- 
ing curves for x. Thus from the equation of the line, x= AB=y, and from the 
equation of the curve, = AC = yi. To determine OD, 
solve the two equations simultaneously to find the point 
of intersection HE. This gives the point (1, 1); hence 
OD =1. Therefore 


Or we may begin by summing up the elements dx dy 
in a vertical strip, and then sum up these strips. We 
shall then have 


A= [dude =f" (@— at) dx = 5-3 = Yh. 
Pe 


In this example either order of integration may be chosen. This is not al- 
ways the case, as the following example shows: 


ILLUSTRATIVE EXAMPLE 2. Find the area in 
the first quadrant bounded by the x-axis and the 


curves ie 2 0a gt eno 


Solution. Here we first integrate with respect 
to x to cover a horizontal strip, that is, from the 
parabola to the circle. We then have, for the 


entire area, 3 pHI 
Ki= ih it dz dy, 
0 “HG 


since the point of intersection S is (1, 3). To find 
HG, solve y2 = 9 x for x. Then 
sp IEG Sh a) 
To find HI, solve x? + y? = 10 for x. We get 
‘= Jel = +V10 — y?. 


Hence 


3 pevV10—¥ 1 r 
Ag d = ¥ V — yxy? si at hae —= 
fe if xv dy t 10 — y? + 5are ears aaa ik 6.75. Ans. 


If we integrate first with respect to y, using ver- 
tical strips, two integrals are necessary. Then 


Asaf" [o ay ae +f" ys 10 # dy de = 6.16. 


The order of integration should be such that the 
area is given by one integral, if this is possible. 


The examples above show that we set 


A= fae dy or A= [fay ae 
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according to the nature of the curves bounding the area. The figures 
below illustrate, in a general way, the difference in the summation 
processes indicated by the two integrals. 


PROBLEMS 


“1. Find by double integration the area between the two parabolas 
OF = 25 ay and 522=9y, (a) by integrating first with respect to y; 
(b) by integrating first with respect to x. 


Ans. @ ff 9 dydx=5; wf f CHRO I—6), 
0 252 e Sy 
Wa 25 


2. Calculate by double integration the finite area bounded by each of 
the following pairs of curves: 


Qe ve Lae ye. Ans. 4%. 

(b) y=9— 22, y=XU+7. 42, 

(ery = 45 ey = 5. 7% — 4 log 4 = 1.956. 
GO) OF Sh =]o PP Sd @ 184. 

(6) y= 2 — 27) y= 3 2? — 6 2. 5y. 

CO) =e = 3 AS aes, De 

@®) Fee = 2, FS] 08 Sa: 16. 

(h) 4y=23,r=y—y?+4. 102. 

@) FP SA A B= Yse 

GQ) wy — 6, Ye 2 8. (0 ee ye ae 
(k) x? + y= 10%, 424+ yy? = 24. (n) 9y= («+ 8)2, y= (a —1)?. 
@) oF S24) = 4, OF SEZ OS (0) ay ee 


3. Calculate the ratio of the larger to the smaller of the two finite 
areas bounded by each of the following pairs of curves: 


PAS 

2 Di a 5 Se 

(a) v2+y ay Ana Ans 13.4 
Meer: me x oa 
(b) y= 2 sin x, y = 2 cos 5 1 


4. Show that of the two finite areas bounded by the curves x? + y? = 25 
and «2 = 4 y — 7, the larger is nearly five times the smaller. 
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232. Volume under a surface. In Art. 229 we discussed the volume 
of a solid bounded by a surface 
the XOY-plane, and a cylinder. The elements of the cylinder were 
parallel to OZ, and its base was a region S in the XO¥Y-plane. The 
volume of this solid is, by (A), 


(2) V =| fe dx dy =| free y)dx dy. 
S Ss 


The order of integration and the limits are the same as for the 
area of the region S. The volume of a solid of this type is the ““volume 
under the surface (1).’’ The analogous problem for the plane, “area 
under a curve,” has been treated in Chapter XIV. As a special case 
the volume may be bounded by the surface and the XOY-plane itself. 

Note that the element of volume in (2) is Zz 
aright prism with base dz dy and altitude z. 

ILLUSTRATIVE EXAMPLE 1. Find the volume 
bounded by the elliptic paraboloid 

(3) 42=16—422-y? 
and the XOY-plane. 


Solution. Solving (3) for z, we get 


(4) z=4—22-—Fy?. 
Letting z = 0, we obtain 
(5) 4a? +4? = 16, x 


which is the equation of the perimeter of the base 
of the solid in the XOY-plane. Hence by (2), using 
the value of z in (4), B 


+ 
2 p2Va—2x? 

(6) yaa f (4—2?—1 y?)dydx=16 7. Ans. 

The limits are taken for the area OAB of the ellipse (5) lying in the first quadrant. 


ILLUSTRATIVE EXAMPLE 2. Find the volume of the 
solid bounded by the paraboloid of revolution 


(7) x? + y? = az, 
the XOY-plane, and the cylinder 
(8) x? + y2 = 2 ax. 


Solution. Solving (7) for z, and finding the limits 
for the area of the base of the cylinder (8) in the XOY- 
plane, we get, using (2), 


2a V2 ax — 2? 92 4 2 3 
Vaso den cl == 3 , 
il J, : dy dx 3 70%. Ans. y 


For the area ONA (see figure), MN = V2 ax — x2, (solving (8) for y), andOA =2 a. 
These are the limits. 


MULTIPLE INTEGRALS 465 


PROBLEMS 


L- 
1. Find by double integration the volume of one of the wedges cut 
from the cylinder x? + y? = r? by the planes z = 0 and z = mz. 


Ans. 2f- cree OP ma dy dee = 2 


2. Find the volume bounded by the cylindrical pets y2=1—-2, 
the plane z = x, and the plane z = 0. Tepe if (ee 


3 Find by double integration the ages of a tetrahedron bounded 


by the codrdinate planes and the plane = 44 r a Ans. = 
4. Find the volume in the first eee ean by the cylinder 
x? + y2 = 9 and the planes y = 0, z= 0, c= 2. Ans. 9. 
5. Find the volume in the first octant bounded by the surfaces y? = zx, 
el 0a 0, Ans. 35. 
6. Find the volume cut from a sphere of radius a by a right circular 
cylinder which has b as the radius of its base and whose axis passes through 
the center of the sphere. Ver tf Vo Gee ahey 


7. Find the volume in the first octant bounded by aD surfaces y? = 2, 


gty+2=2,y=0,2=0. Ans. $4. 
8. Find the volume in the first octant bounded by the surfaces 
Pog eat 1, = 0,2=— 0. Ans. +5. 
9. Find the volume common to the two cylinders x? + y? = r? and 
C2 22 7. wants — 
10. Find the volume in the first octant bounded by the surfaces 
2+ 92 —-22=0,22+2—2=0,y=0,2=0. Ans. 2. 


11’ Compute the volume of a cylindrical column standing on the area 
common to the two parabolas x = y?, y = x? as base and cut off by the 


surface 2— 12 y-— 27. Ans. 592. 
12. Find the volume bounded by the following surfaces: y? = 2x + 4, 
e+2=1,2=0. Pr HEN. 
13. Find the volume bounded by the following surfaces: x? + y? = 4, 
Ak =e, b= Ue Ans. 12 7. 
14. Find the volume bounded by the surface (2 i + (2)P+ (2)i= 1 and 
the coédrdinate planes. Abe 
Ans. —.- 

90 

15. Find the entire volume bounded by the surface a® + y? +2 si a’. : 
Anus 


35 


466 INTEGRAL CALCULUS 


233. Directions for setting up a double integral. We shall now state 
a rule for forming the double integral which will give a required 
property. Applications are made in the following articles. For 
single integration the corresponding rule is given in Art. 156. 

First Step. Draw the curves which bound the region, or area, con- 


cerned. 
SECOND STEP. At any point P(x, y) within the area construct the 


rectangular element of area Ax Ay. 
THIRD STEP. Work out the function f(x, y), which, when multiplied 
by Ax Ay gives the required property for the rectangular element of area. 
FOURTH STEP. The required integral is 


fic y)dx dy 


taken over the given region or area. The order of integration and limits 
are determined in the same manner as in finding the area itself. 

234. Moment of area and centroids. This problem is treated in 
Art. 177 by single integration. Double integration is often more 


convenient. 
We follow the rule of the preceding article. The moments of area 
for the rectangular element of area are, respectively, 


x Ax Ay, with respect to OY, 
y Ax Ay, with respect to OX. 


Hence for the entire area, using the notation of Art. 177, we have 


(C) M.=|{yax ay, My =| [xaxdy. Y 


The centroid of the area is given by 
My 
area 


(D) i= 
area 


In (C) the integrals give the values of the 
functions 
f(v,y)=y and f(x,y) =2, 
respectively, taken over the area. 
For an area bounded by a curve, the x-axis, and two ordinates 
(the ‘‘area under a curve’’), we derive from (C) 


b 7] b 
(1) M, =| if y dy dx = af y2dx, 
a 0 a 
b y b 
M, =| f x dy dx =f xy dx. 
a #0 a 
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These agree with (2), Art. 177. Note that y in (1) is the ordinate 
of a point on the curve, and its value in terms of x must be found 
from the equation of the curve and substituted in the integrand be- 
fore integration. 


ILLUSTRATIVE EXAMPLE. Find the centroid of the area in the first quadrant 
bounded by the semicubical parabola y? = x? and the 
straight line y = x. 


Solution. The order and the limits of integration 
were found in Illustrative Example 1, Art. 231. Hence, 
using (C), 

1 py iL, 8 
= ==; Zz — y2 —,l. 
M, i JS, y da dy ih (y= — y?)dy = oy 


_ pips A leat fete ea 
My=f, J nde dy =f (yt — y?)dy = oy 


Since A =are 


II 
bol 
HIS 

ll 

o 

AN 
g9 
SI 

ll 
ah 
che 

lI 

Oo 

ANS 

bo 

nw 
= 
iva} 


we have, from (D), ao 


235. Theorem of Pappus. A useful relation between centroids and 
volumes of solids of revolution is expressed in the following theorem : 


If a plane area ws revolved about an 
axis lying in its plane and not crossing itt, 
the volume of the solid of revolution thus 
generated is equal to the product of the 
plane area by the circumference described 
by its centroid. 


Proof. By (C), Art. 284, we have, for 
the area of the figure ACBDA, 


b Yo b 
() imei ydyax =) fi ytde—4 [ y:2de, 
a Yy, a “ 


if MP; =y1, MP2=ye. Substitute for M, its value from (D), 
Art. 234, and multiply both members by 2 7. The result is 


b 
(2) Qaj- Aaa fy2de—of Yi? dx. 


The first term in the right-hand member is the volume of the solid 
of revolution generated by the area under the curve ADB (by (£), 
Art. 160). The second term is the volume of the solid of revolution 
generated by the area under the curve ACB. The difference is there- 
fore the volume of the solid generated by the area ACBDA. The 


468 INTEGRAL CALCULUS 


left-hand member is the product of the area by the circumference 
described by its centroid. Hence the theorem is proved. We write 


the result : 


(3) V=27y-A. 
If two of the quantities V, y, A are known, the other can be found 
by (8). 


ILLUSTRATIVE EXAMPLE. Find the centroid of the trapezoid OMPB of the 
figure by the Theorem of Pappus. 


Solution. Area OMPB = 3(3 + 5)8 = 32. Revolving the figure about OX, the 
solid formed is a frustum of a cone of revolution. Hence, by (12), Art. 1, since 
aheeatey Natta [aot =) 3 


ee 92 


5725 +9 +15) = 3 x. 


roi 
Ve _ 392 _ 
2 7A. @ 19277 haere 
Revolving the figure about OY, the volume generated 
is the difference of the volumes of the cylinder generated 
by OCPM and the cone generated by the triangle BCP. Hence 


Hence, by (3), Y= 


128 7 _ 832 
Vig 820 ee 
ie’ 3 3 
= V 832 1 
ee Sy | 
Hence, by the theorem, x 5 192 4 3 


The centroid is (44, 2.04). Ans. 


PROBLEMS 


Find the centroid of the area bounded by each of the following curves: 


l.y=2x?, y=42. (Area in first quadrant.) Ans. (4%, $4). 
2y=62—22,y¥=2. $, 5). 
Bh pS aS We, DS Pap = Sh (1, 2). 
4.22=4y,x—-2y+4=0. (1, 8). 
6. y= 07 2a y 8 = 0; (1, 455). 
6.y= x? —2x—3,y=62 — 2x? —- 3. (2abe 
%y?=2,¢°+y=2,y=0. (First quadrant.) 32, 37). 
Sy yk ey (, 44). 
9. y8 = x2, 2y=-. 4,0, $9), 
10.4y=8 x2, 2y2=9 2. (3%5> $4). 
1l. y2=22, y=2— 22. 14,—41). 
af 12. y7=82,2+y=6. 35, —4). 
13. y2=4 2, y2=5—2. (4,4, 0). 
14.y=62—22, y=. ($, 5). 
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1h.c2=4y—y?2, y=2. Ans. (+4, 2). 

L6cy =A — ey = 2 8) (1, 2). 

Vin}? =o, 2 — y= 4: (3, 1). 

18. y= 2? —224—3,y=62—x? —38. (Cy Wo 
OSes kceere 1: (0.585. 0.585). 


20. a2 + y2 = 32, y2 =4 z. 
Cle ga Aa eee = 4, 
Coote pe 10 = 0, a =. 
De Hi == Op, AMO ae ae 


24. x3 + y3 = a3. (Area in first quadrant.) ( = = *). 
2), 2 ee =a, a=, 7 = 0) (Z, <). 
26. Find the centroid of the area under one arch of the cycloid 
x = a(@— sin 8), y= a(1 — cos 8). Ana (xa, 24). 
27. Using the Theorem of Pappus, find the centroid of a semicircle. 
Ans. Distance from diameter = St. 
28. Using the Theorem of Pappus, find the centroid of the area of the 
ellipse = + io = 1 which lies in the first quadrant. Ans. (s4, <*). 


29. Using the Theorem of Pappus find the volume of the torus gen- 

erated by revolving the circle (x — b)? + y? = a?(b > a) about the y-axis. 

Ans. 2\ 7 7a2b. 

30. A rectangle is revolved about an axis which lies in its plane and is 

perpendicular to a diagonal at its extremity. Find the volume of the 
solid generated. 


236. Center of fluid pressure. The 
problem of calculating the pressure of 
a fluid on a vertical wall was discussed 
in’ Art. £79. 

The pressures on the rectangular ele- 
ments of the figure constitute a system 
of parallel forces, since they are per- 
pendicular to the plane of the area 
XOY. The resultant of this system of 
forces is the total fluid pressure P, given 
by (D), Art. 179. 


b 
(1) p=W [ yx dx. 
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The point of application of P is called the center of fluad pressure. 


We wish to find the x-codrdinate of this point. 
To this end we use the principle of force moments. This may be 


stated thus: 
The sum of the turning moments of a system of parallel forces 


about an axis is equal to the turning moment of their resultant about 


this axis. 
Now the fluid pressure dP on the rectangular element EP is, by 


Arte idy 
(2) dP = Wey Ax. 


The turning moment of this force about the axis OY is the product 
of dP by its lever arm OF (= 2), or, using (2), 


(3) Turning moment of dP = x dP = Wx?y Az. 


Hence we have, for the entire turning moment for the distributed 
fluid pressure, 


b 
(4) Total turning moment = if Waxy da. 


But the turning moment of the resultant fluid pressure P is xoP. 
Hence 


b 
(5) Pr = wf x2y dx. 


Solving for xo and using (1), we get the formula for the depth of the 
center of pressure 


b 
f x2dA 


b 
fvaa 


where dA = element of area = y dx. 

The denominator in (6) is the moment of area of ABCD with 
respect to OY (see Art. 177). The numerator is an integral not met 
with hitherto. It is called the moment of inertia of the area ABCD 
about OY. 

The letter 7 is commonly used for moment of inertia about an 
axis, and a subscript is attached to designate the axis. Thus (6) 
becomes 


(7) vo 


, 


a 
M, 
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The usual notation for moment of inertia about an axis l is 


(8) fees f dA, 
in which 
(9) r = distance of the element dA from the axis J. 


The problem of this article is one of many which lead to moments 
of inertia. In the following section the calculation of moments of 
inertia by double and single integration is explained. Applications 
are also given. 

237. Moment of inertia of an area. In mechanics the moment of 
inertia of an area about an axis is an important concept. The calcu- 
lation of moments of inertia will now be explained. We follow the 
rule of Art. 233. 

For the elementary rectangle PQ at 
P(x, y) the moment of inertia about OX 
is defined as 


Y 


(1) y? Ax Ay, 
and about the y-axis it is 
(2) exe Ay. 


Then, if J, and J, are the corresponding moments of inertia for the 
entire area, we have (compare (8), Art. 236) 


(E) L.= a y2dxdy, [y= jf [fax ay. 


The radii of gyration 7, and r, are given by 


I I 
Pn pale tabs yet ey aE 
(f) "area | ~ area 
In (£) the functions whose integrals are taken over the area are, 
respectively, f(x, y) = y?, and f(x, y) = x?. 
Formulas (£) become simple for an area “under a curve,” that is, 
an area bounded by a curve, the x-axis and two ordinates. Thus we 


obtain bry b 
ie, =|) f yedyda =f ye dx, 
(3) a ; 0 , % 
v5 =\/ if x? dy dx =| e7y ae. 
a 0 a 


In these equations y is the ordinate of a point on the curve, and 
its value in terms of « must be found from the equation of this curve 
and substituted in the integrand. 
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Formulas for moments of inertia J are written in the form 

(G) T="Ar?, 
where A = area and r = radius of gyration. Solving (F) for J, and I, 
will give this form. 

Dimensions. If the linear unit is 1 in., the moment of inertia 
has the dimensions in.*. By (Ff), r, and r, are lengths, in inches. 

ILLUSTRATIVE EXAMPLE 1. Find J,, J,, and the corresponding radii of gyration 
for the area of Illustrative Example 1, Art. 231. 


Solution. Using the same order of integration and 
the same limits as before, we have, by (£), 


I, =f" f"vdedy = fw — y°)dy = 2. 


1 py3 1 
Iy= fof ardedy = 3 fw? — udu = ge. 


Since A = area = 75, we find, by (F), 
t= 0.4851 — 0:532eAnNs. 

ILLUSTRATIVE EXAMPLE 2. Find J, and J, for the parabolic segment BOC in 
the figure. 

Solution. With the axes of codrdinates as drawn, the equation of the bounding 
parabola is Yy 

(4) ji 2apas 
Since B(a, b) is a point on the curve, we get, by substitut- 
ing x =a, y=6 in (4), b? =2 pa. Solving this equation for 
2 p and substituting its value in (4), we obtain 
ee gy tat, 


(5) y2y=—>, or 


a az 


oB (a,b) 


The moments of inertia for the area under the parab- 
ola OPB in the first quadrant will be half the required 
moments. Hence, using (3), and substituting the value of 


y from (5), we get 
1 1 2b? 3 2 4 
=[,=-= —2dr=—abs. ..I,=— 
: aah rhe iB ab I is ab3, 
1 CeO e as 4 
9 1G, = x r v7 dz = 7 CHIR Oo Ib = 7 asb. 


For the area of the segment, we find 


il a CO ee) 2 4 
=A = = _— — Fi ) == 
sealer ets Famed cers on 


Ih 1 1 
H ,b , 72 ===? == 
ence, by (F), r a 5 Os angie 5 Ab? 
Pe) Fes 
if whastory ion and 1, =3 Aa®, 


The results are in the form (G). Ans. 
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In the figure on page 324 the axis OY lies in the surface of the fluid. 
If we denote this axis in any figure by s, then the depth of the center 
of pressure, is by (7), Art. 236 


I ee 
6 See wie 
(6) ye tae 
if r; = radius of gyration about the axis s, 
and hs = depth of centroid below the axis s. 


ILLUSTRATIVE EXAMPLE 3. Find the depth of the center of pressure on the 
trapezoidal water gate of the figure. Compare Illustrative Example 2, Art. 179. 


Solution. Choose axes OX and OY as shown, and draw an elementary hori- 
zontal strip. Let the distance of this strip from the axis s at the water level be r. 
Then 

r=8—y, dA=2 x dy. WATER LEVEL y 

Hence, by (8), Art. 236, and by the 
definition of moment of area (Art. 177), 
we have 


ge Ne = frda ={ © — y)?2xdy, 


(8) M, =frda =/( ~ y)2 xdy. 


The equation of AB is y=22—8. 
Solving this for x, substituting in (7) and (8), and integrating with limits y = 0, 
4 = 4, we obtain % 
i =f (8 — y)2(8 + y)dy = 14291, 


M, = °(64 — y2)dy = 2343. 
0 

Hence, by (7), Art. 236, x) = 6.09. Ans. 

238. Polar moment of inertia. The moment of inertia of the ele- 
mentary rectangle PQ about the origin O is the product of the area 
and OP”, that is, e 

(1) (x? + y?) Ax Ay. PS) 
Hence, by Art. 233, for the entire area 


(2) fo=f fe? + wae dy. | . 


We may, however, write the right-hand g 
member as the sum of two integrals, for ~—0 Ke 
(2) is clearly the same as 


(3) Io=[ fx? dzdy +f fv? dx dy = 1+ 1y 


Hence we have the following theorem : 


The moment of inertia of an area about the origin equals the sum of 
its moments of inertia about the x-axis and the y-axis. 
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PROBLEMS 


Find J,, I,, and Ip for each of the areas ‘described below. 


1. The semicircle which is to the right of the y-axis and which is 


bounded by x? + y? =r. We Vth = A 
2. The isosceles triangle of height h and base a whose vertices are 
q Ae ee ae 
(0, 0), (x, sy, (1, & ‘). Mas on 
3. The right triangle whose vertices are (0, 0), (b, a), (6, 9). 
Ans. I, pas —,I = Oe 
69.6 .ae28 
Ab? Aa? 
p 4. The ellipse 5 + Oa, Ans. I,= 7 i ae 
5. The area in the first quadrant bounded by y2=42,x=4,y=0. 
= 16 Ay 48%Aq 
Sas So SEN y= 7 
» 6. The area included between the ellipse iy + ¥Y — 1 and the circle 
eet y2=2y. 19 A 53 A. 
ANS al 30% i 30 
7. The area included between the ellipses = - = =] and 27+ r= i hs 
5A 19 A 
Ans. a Sor Ty — rr 
8. The area included between the circle x? + y2 =16 and the circle 
et (y+ 2)? = 1. eras: Lt As 
ty I= 6) aie ae 


9. The area included between the circle x?_+ y?= 36 and the circle 


eae no): Ans. 1, = =e 
. zx 8 ae => 
10. The area between the circle x? + y? = 4 and the ellipse = + v= ik 
23 A 538 A 
Ans. Pe Sree to a 
11. The entire area bounded by x? +y? =a. Ans. I,= too TA, 
64 


12. Find the depth of the center of pressure on a triangular water 
gate having its vertex below the base, which is horizontal and on a level 
with the surface of the water. 


13. Find the depth of the center of pressure on a rectangular water 
gate 8 ft. wide and 4 ft. deep when the level of the water is 5 ft. above 
the top of the gate. Ans. 7.05 ft. below the surface of the water. 
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14. Find the depth of the center of pressure on the end of a horizontal 
cylindrical oil tank of diameter 5 ft. when the depth of oil is (@) BS sigs 


(b) 4ft.; (c) 6 ft. Ans. (a) ue = 1.47 ft.; (b) approximately 2.4 ft. ; 


(c) 223 = 3.97 ft. 


239. Polar coordinates. Plane area. When the equations of the 
curves bounding an area are given in polar codrdinates, certain modi- 
fications are necessary. 

The area is now divided into elementary portions, as follows: 

Draw arcs of circles with the common center O with successive 
radi differing by Ap. Thus, in Fig.1, OP=p,OS=p+Ap. Then 


C 
Laie ER 
ESSAY i WE A Y» 
FRESE ASS 
Sees MY SESS 
aera 1 =P € 
A Xe 


Gael: 1, B 


draw radial lines from O such that the angle between any two con- 
secutive lines is the same and equal to A@é. Thus, in Fig. 1, angle 
POR = AG. 

The area will now contain a large number of rectangular portions, 
such as PSQR in Fig. 1. 

Let PSQR = AA. Now AA is the difference of the areas of the 
circular sectors POR and SOQ. Hence 


(1) AA =3(p + Ap)? AO — § p? AO = pAp AO + 3 Ap? AO. 


The function f(z, y) of Art. 230 is to be replaced by a function 
using polar codrdinates. Let this be F(p, 6). Then, proceeding as 
in Art. 230, we choose a point (p, #) of AA, form the product 


F(p, —)AA 


for each AA within the region S, add these products, and finally let 
Ap — 0 and A@ — 0. It is shown in more advanced treatises that 
AA may be replaced by the first term of the right-hand member of 
(1) when this limit is taken. We now write (compare (1), Art. 230) 


Q) lim SY Fo, 0p Ap AO=| [F(0, 8) dpa, 
S 


Ap 0 
Ag 0 
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and call it the double integral of the function F(p, 0) taken over the 
region S. 
A discussion of (2) analogous to that in Art. 229 proves that this 
double integral is computed by successive integration. 
The simplest case of (2) is that of finding the area of the region S. 


We then have 
(A) A=[[rapao= | [paodp. 


These are easily remembered if we think of the elements (checks) 
as being rectangles with dimensions p d@ and dp, and hence of area 
p dé dp. 

The figures below illustrate, in a general way, the difference in 
the processes indicated by the two integrals. 


In the first, we integrate first with respect to p, since dp precedes 
d6, keeping @ constant. This process will cover the radial strip KGHL 
in Fig. 2, p. 475. The limits for p are p= OG and p= OH, found 
by solving the equation (or equations) of the bounding curve (or 
curves) for p in terms of 6. Then integrate varying 6, the limits 
being ="4 JOX andi =.4 JOXx: 

The second integral in (2) is worked out by integrating with re- 
spect to 6, p remaining constant. This step covers the circular strip 
ABCD in Fig. 1, p. 475, between two consecutive circular ares. 
Then integrate varying p. 

When the area is bounded by a curve and two of its radii vectores 
(area swept over by the radius vector), we obtain from the first form 


in (7 
(A) a he 
a=[" ["pdpao=3 02d6, 


which agrees with (D), Art. 159. 
Double integrals in polar codrdinates have one of the forms 


(3) { [ro Natit) es [fre 6)p a0 dp. 
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ILLUSTRATIVE EXAMPLE 1. Find the limits for the double integral giving some 


required property related to the area inside the circle p = 2 r cos @ and outside the 
circle p=r. 


Solution. The points of intersection are 
A(r, 3) and B(r, ~ a)" Use the first form 


3 3 
iae(3) 
The limits for p are 
= OG. 


p =OH =2r cos 0; 


for @ they are a and — ce Ans. 


ILLUSTRATIVE EXAMPLE 2. Find the area inside the circle p=2r cos 6 and 
outside the circle p =r. 


Solution. From Illustrative Example 1 above, we have 


Aa le (7p dp dd = f° 212 cos? 640 = 12(3 w+ $VB) =2.96 72, Ans. 
asi 25G3 
3 3 


240. Problems using polar codrdinates. There should now be no 
difficulty in establishing the following formulas: 


(1) M, = fi o? sin 0 dp dd. 

(2) M, = [ [o® cos 6 dp a8. 
(3) l= fi p? sin?0 dp dé. 
(4) He fi 0° cos? 6 dp dd. 


(5) ree i fi ae. 


The order of the differentials will have to be changed if integration 
with respect to @ is performed first. 

ILLUSTRATIVE EXAMPLE 1. On account of important applications the moments 
of inertia of a circle are now worked out. 


Let a =radius. Then, by (5), the polar moment 
of inertia with respect to the center is 


27 4 A 
(6) b= f"|f a0] p* dp = 7" = 5 


where A = area of the circle. 
Also, since I, = I,, by symmetry, we have, by (3), 
Art. 238, 


(7) =f hy =4 0. 


478 INTEGRAL CALCULUS 


In words: The polar moment of inertia of a circle with respect to its center equals 
the product of half the area and the square of the radius; the polar moment of inertia 
with respect to any diameter equals the product of one fourth the area and the square 
of the radius. 

ILLUSTRATIVE EXAMPLE 2. Find the centroid of a loop of the lemniscate 


p? = a? cos 2 0. 


14 
Solution. Since OX is an axis of symmetry, we (Bes Vea 
have 7 = 0. Vaasa ~ 
LA | 2a |g een dead ee 
gA= J if pdp 


GF (a7 pale 
eit cos 2 dé 4 


ii 1s 47 aVecos20 5 pS Bop re 3 
zM, = if p? cos 0dpdé = pa fi (cos 2)? cos 0 dé. 


7 anf ae — 2 sin? 6)? cos 6 d0 by (5), Art. 2 
we a oe 23 Pi a 1 T 3/9 
=~ a f (1 — 2*)8de(itsin @ = 5 2V2) =F a 2. 

Hence z= Tn = Fav? = 0.554. Ans. 


ILLUSTRATIVE EXAMPLE 3. Find Jo over the region bounded by the circle 
p=2 cos 6: 


Solution. Summing up for the elements in 
the triangular-shaped strip OP, the p-limits 
are zero and 2 r cos @ (found from the equation 
of the circle). 

Summing up for all such strips, the 6-limits 06 


are es and ot Hence, by (5), 


2 2rcosé 3 mrt 
— 3 a= eo" 'e 
b=f if p>dpdd=-T". Ans 
2 


R 
Or, summing up first for the elements in a circular strip (as QR), we have 


2r parceos 3 mrt 
Iop= 2r p>d0dp = - Ans. 
; i) J 7 2 


— arc cos 
2r 


PROBLEMS 
1. Find the area inside the circle p =1 and to the right of the line 


4 pcos 6 =8. A 3(4 + — 3V3) 
ns. . 
16 
2. Find the area which is inside the circle p = 3 cos 6 and outside the 
ircle p = 3. 
circle p= 5 ane 3(2 mee 
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L- 3. Find the area which is inside the circle p = 3 cos @ and outside the 
circle p = cos @. moe 


4. Find the area inside the cardioid p = 1 + cos @ and to the right of 


the line 4 p cos 0 =8. es 9V3 | 
Ans. = 
GR 

| §. Find the area which is inside the ecardioid p =1+ cos 6 and outside 
the circle p= 1. 

a Ans. 7 + 2. 

6. Find the area which is inside the circle p =1 and outside the cardi- 

oid p=1+ cos 6. T 

Ans. 2— ak 

7. Find the area which is inside the circle p = 3 cos @ and outside the 

eardioid p =1-+ cos @. ANS. i: 

|/— 8. Find the area which is inside the circle p = 1 and outside the parab- 

ola p(1 + cos @) = 1. Mane z_e. 

9. Find the area which is inside the cardioid p = 1+ cos and outside 

the parabola p(1 + cos #) = 1. ve ur 4 ‘ 

10. Find the area which is inside the circle p = cos 6 + sin 0 and out- 

side the circle p = 1. Ans. 4. 

11. Find the area which is inside the circle p = sin @ and outside the 

cardioid p = 1 — cos 0. DR aie z. 

12. Find the area which is inside the lemniscate p? = 2 a? cos 2 6 and 

outside the circle p = a. Ans. 0.684 a?. 

13. Find the area which is inside the cardioid p = 4(1+ cos #) and 

outside the parabola p(1 — cos @) =3. Ans. 5.504. 


14. Find the area which is inside the circle p = 2 a cos @ and outside 
the circle p =a. Find the centroid of the area and J, and JI,. 
s = JONES ae 
Ans. a=(t4+™3 (hy ES 
3 3(2 7 + 3-V3). 


1=(5+ ar fie (2E + UNS at 


15. Find the centroid of the area bounded by the cardioid 


p=a(1 + cos 8). Ans. z= 74. 

16. Find the centroid of the area bounded by a loop of the curve 

p=acos 2 0. Zh Seas alas 
105 7 

17. Find the centroid of the area bounded by a loop of the curve 

p=acos3 0. ren = ING, 


80 7 
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18. Find J, for the lemniscate p? =a?cos2 6. Ans. a (38 7 + 8)a?. 


19. Find J, for the cardioid p = a(1 + cos 8). 
20. Find J, and J, for one loop of the curve p = a cos 2 0. 


241. General method for finding the areas of curved surfaces. The 
method given in Art. 164 for finding the area of a surface applied 
only to surfaces of revolution. We shall now give a more general 
method. Let 

(1) z= f(x, y) 
be the equation of the surface KL in the figure, and suppose it is 
required to calculate the area of the region S’ lying on the surface. 

Denote by S the region on the XOY-plane which is the orthogonal 
projection of S’ on that plane. Now pass planes parallel to YOZ and 
XOZ at common distances 
Az and Ay respectively. As 
in Art. 229, these planes form 
truncated prisms (as PB) 
bounded at the top by a 
portion (as PQ) of the given 
surface whose projection on 
the XOY-plane isa rectangle 
of area Ax Ay (as AB). This 
rectanglealso forms the lower 
base of the prism. The coér- 
dinates of P are (x, y, z). 

Now consider the plane 
tangent to the surface KL 
at P. Evidently the same rectangle AB is the projection on the 
XOY-plane of that portion of the tangent plane (PR) which is in- 
tercepted by the prism PB. Assuming y as the angle the tangent 
plane makes with the XOY-plane, we have 


Area AB = area PR - cos y, 


Be projection of a plane area upon a second plane is equal to the area of the 
portion projected multiplied by the cosine of the angle between the label 


or Ay Az = area PR - cos y. 


Now y is equal to the angle between OZ and a line from O per- 
pendicular to the tangent plane. Hence from (A), Art. 222, and (2) 
and (8), Art. 4, we have 


cos yY = 


1 


Pay) 


MULTIPLE INTEGRALS 481 


hence ~ Ay er nat 
2 P z 2)2 
[a +(35) +e) | 
or Area PR = E +(2)'+ ee i Ay Az, 


which we take as the element of area of the region S’. We then define 
the area of the region S’ as 


gin Dt (G+ (Pana 


the summation ster over the region S, as in Art. 230. Denoting 
by A the area of the region S’, we have 


a= fff Goan 


the limits of ah at depending on the projection on the XOY-plane 

of the region whose area we wish to calculate. Thus, for (I) we choose 

our limits from the boundary curve or curves of the region S in the 

XOY-plane precisely as we have been doing in the previous sections. 
Before integrating, the expression 


gz" dZ\? 

: ae a (ap 

must be reduced to a function of x and y only, by using the equation 
of the curved surface on which the area lies. 


If it is more convenient to project the required area on the XOZ- 
plane, use the formula 


o safe Gel fora 


where the limits are po from the boundary of the region S, which 
is now the projection of the required area on the XOZ-plane. 
Similarly, we may use 


maf Gee 


the limits being found from the projection of the required area on the 
YOZ-plane. 

In some problems it is required to find the area of a portion of one 
surface intercepted by a second surface. In such cases the partial 
derivatives required for substitution in the formula should be found 
from the equation of the surface whose partial area is wanted. 
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Since the limits are found by projecting the required area on one 
of the coordinate planes, it should be remembered that 


To find the projection of the area required on the XOY-plane, elimi- 
nate z between the equations of the surfaces whose intersections form the 
boundary of the area. 

Similarly, we eliminate y to find the projection on the XOZ-plane, and 
x to find it on the YOZ-plane. 


This area of a curved surface gives a further illustration of znte- 
gration of a function over a given area. Thus in (J) we integrate the 


function 4 wnt 
ms aA ie 
n+(Z)+ (a) | 
over the projection of the required curved surface on the XO Y-plane. 
As remarked above, (J) and (K) must be reduced to 


[ft z)dzdx and ic z)dy dz 


respectively, by means of the equation of the surface on which the 
required curved surface lies. 


ILLUSTRATIVE EXAMPLE 1. Find the area of the surface of the sphere 


xv +4 y? + 2g2=—Pr2 
by double integration. 


Solution. Let ABC in the figure be one eighth of the surface of the sphere. Here 


Oz: = 08" Us 
Orie Ores Oye ame 
Oz Oz x2 2 92 4 y2 4 22 r2 
and 1+(— ay NS ayy a wei wy ee | 
+(5) a (5) u aie ae 22 r2 — x2 — y? 


The projection of the area required on the XOY-plane is AOB, a region bounded 
by « = 0 (=OB); y=0 (=OA); a? + y? =r? (=BA). 

Integrating first with respect to y, we sum up all the elements along a strip (as 
DEGF) which is also projected on the XOY-plane 
in a strip (as MNGF); that is, our y-limits are 
zero and MF(= Vr2—22). Then integrating with 
respect {0 x sums up all such strips composing the 
surface ABC; that is, our a-limits are zero and 
OA(=r). Substituting in (J), we get 


SL tt 


or A=4>mr?. Ans. 
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ILLUSTRATIVE EXAMPLE 2. The center of a aa of radius r is on the surface 


of a right cylinder, the radius of whose base is ~- Find the surface of the cylinder 
intercepted by the sphere. 2 


Solution. Taking the origin at the center of the sphere, an element of the cylin- 
der for the z-axis, and a diameter of a right section of the cylinder for the x- axis, the 
equation of the sphere is 


“? py? 2? == 92, 
and of the cylinder 2?+4 y2=rz. 


ODAPB is evidently one fourth of the cylindrical 
surface required. Since this area projects into the 
semicircular are ODA on the XOY-plane, there is 
no region S from which to determine our limits 
in this plane; hence we shall project our area on, 
say, the XOZ-plane. Then the region S over 
which we integrate is OACB, which is bounded 
bya On = OA) ci 0i(=— OB), and 22-6 re. — 12 
(= ACB), the last equation being found by elim- 
inating y between the equations of the two sur- 
faces. Integrating first with respect to z means that we sum up all the elements in 
a vertical strip (as PD), the z-limits being zero and Vr? — rx. Then, on integrating 
with respect to x, we sum up all such strips, the x-limits being zero and r. 

Since the required surface lies on the cylinder, the partial derivatives required 
for formula (J) must be found from the equation of the cylinder. 
Oy _ r—2x% dOy_ 


On mo Oz 


MUTT 


Hence 


Substituting in (J), 
LN (POG OM BSG r—22x\2]2 
abet [1 +( OD ) | dean. 


Substituting the value of y in terms of x from the equation of the cylinder, 


r pvr2—re _ dzdx dx Vie — V7? — 1x NE 
= = 2 ip hip = Pip Lop Herb) 
A=2rf" f ae 4) es J ait 4A r?, 


PROBLEMS 
1. In the preceding example find ae puree surface of the sphere intercepted 
by the cylinder. Tee oi rf ii Vox — 22 =f ae See 
ip aye 


2. The axes of two equal right circular eee r being the radius 
of their bases, intersect at right angles. Find the surface of one inter- 
cepted by the other. 


Hint. Take x? + 22 =r? and x? + y? =r? as the equations of the cylinders. 


Ve—a dydt _ oo 
Ans. Br ff. Napgo eo 
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3. Find the area of that portion of the sphere x? + y? + 2? =2 ay cut 


out by one nappe of the cone x? + 27 = y?. Ans. 2 7a’. 
4. Find the surface of the cylinder x? + y? = r? included between the 
plane z = mx and the XOY-plane. Ans. 4r?m. 
5. Find the area of that part of the plane = =+422 b an == 1 which is in- 
tercepted by the codrdinate planes. ne au EUS 


6. Find the area of the portion of the sphere x? + y? + 2? = 2 ay which 
lies within the paraboloid by = x? + 2?. Ans. 2 mab. 
7. In the preceding example find the area of the portion of the pa- 
raboloid which lies within the sphere. 
8. Find the area of the surface of the paraboloid y? + z? = 4 az in- 
tercepted by the parabolic cylinder y? = az and the plane r= 3 a. 
Ans. 58 ma?. 
9. In the preceding problem find the area of the surface of the cylinder 
intercepted by the paraboloid and plane. Ans. (13Vi3 — 1) a 


10. Find the surface of the cylinder z? + (x cos a+ y sin a)? = r? which 
is situated in the positive compartment of codrdinates. 
HIntT. The axis of this cylinder is the linez = 0, xcosa+ysina=0; and the 
radius of the base is r. r2 
NS. (=——__> 
sin @ cosa 
11. Find the area of that portion of the surface of the cylinder 
yates a® bounded by a curve whose projection on the XY-plane is 
e+ys=as. Ans. 12 a?. 
12. Find by integration the area of that portion of the surface of the 


sphere x? + y? + 22 = 100 which lies between the parallel planes + = — 8 
andsoi=0% 


242. Volumes found by triple integration. In many cases the vol- 
ume of a solid bounded by surfaces whose equations are given may 
be calculated by means of three successive integrations, the process 
being merely an extension of the methods employed in the preceding 
articles of this chapter (see also Art. 232). 

Suppose the solid in question is divided by planes parallel to the 
coérdinate planes into rectangular parallelepipeds having the dimen- 
sions Az, Ay, Av. The volume of one of these parallelepipeds is 

Az- Ay- Az, 
and we choose it as the element of volume. 

Now sum up all such elements within the region R bounded by 
the given surfaces by first summing up all the elements in a column 
parallel to one of the codrdinate axes, then summing up all such 


MULTIPLE INTEGRALS 485 


columns in a slice parallel to one of the codrdinate planes containing 
that axis, and finally summing up all such slices within the region in 
question. The volume V of the solid will then be the limit of this 
triple sum as Az, ie Ax each approach zero as a limit. That is, 


(1) => iba 22 DAz Ay Ax, 


Az 0 
Ay 0 
4z>0 
the summations being extended over the entire region R bounded by 


the given surfaces. This limit is denoted by 


(L) v= [ff azdyax. 
R 


By extension of the principle of Art. 230, we speak of (L) as the 
result of integrating the function f(z, y, 2) =1 throughout a given 
region. More generally, many problems require the integration of a 
vartable function of x, y, and z throughout a given region, this being 
expressed by the notation 


(2) [ffi w adedyae, 
R 


which is, of course, the limit of a triple sum analogous to the double 
sums we have already discussed. 

In more advanced treatises it is shown that the triple integral (2) 
is evaluated by successive integration. The limits are found in the 
same manner as for (LZ). 


TLLUSTRATIVE ee Zs Find the volume of that portion of the ellipsoid 
y? as 
i p = il 
which lies in the first octant. 
Solution. Let O-ABC be that portion of the 
ellipsoid whose volume is required, the equations 
of the bounding surfaces being 


@) 24+4+4+2=1 (aso), 
(4) 2= 0 (=OAB), 
(5) y=0 (=OAC), 
(6) « = 0 (=OBC). 


PQ is an element, being one of the synthe parallelepipeds with dimensions 
Az, Ay, Az into which the planes parallel to the codrdinate planes have divided the 
region. 

Integrating first with respect to z, we sum up all such elements in a column 


2 
(as RS), the z-limits being zero (from (4)) and TR =c | 1-— - - Es (from (8) by 
solving for 2). 
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Integrating next with respect to y, we sum up all such columns in a slice (as 


é x? 
DEMNGBF), the y-limits being zero (from (5)) and MG = b\/1— oa (from the equa- 
2 2 j ’ 
tion of the curve AGB, namely 3 + Fi = 1, by Solving for y). 
Lastly, integrating with respect to x, we sum up all such slices within the entire 


region O-ABC, the x-limits being zero (from (6)) and OA =a. 
A sV1-% Vie 
Hence V ={ J, 


J a dz dy dx 
0 

ee a b vIn as ( ft) ay ae 
=<3 f a 


— Tb 4) 2) Gy — Made | 
=palh (a 2) de = ; 


Therefore the volume of the entire ellipsoid is 


4 mabe | 
3 
ILLUSTRATIVE EXAMPLE 2. Find the volume of the solid bounded by the surfaces 
(7) 2=4—22- fy, 
(8) 2=822?+ fy? 
Solution. The surfaces are the elliptic paraboloids of 
the figure. Eliminating z between (7) and (8), we find 
(9) 4e2°4+5y2=4, 
which is the equation of the cylinder ABCD (see figure) 
that passes through the curve of intersection of (7) and 
(8) and has its elements parallel to OZ. 
We have 
1 p2Vv2(1—22 ett Sek 
(0) vas’ f “hb 40? ap dy de. 
0 v0 > Bar2+1y? 
The limits are found as follows: 
Integrating with respect to z, we sum up the elements of volume dzdy dx in 
a column of base dy dx from the surface (8) to the surface (7) (MP to MQ in figure). 
The limits for z are, then, given by the right-hand members in these equations. 
Thus we find 


1 p2V20—22) Fi 
Thal Vie 4—4 42 — 5 y*)dy dx. 
(11) aka (4-4 0? — } y2)dy 
The limits on this double integral are those for the region OAB, the portion of 


the area of the base of the cylinder (9) which lies in the first quadrant. Working 
out (11), we find V =4 rV2 =17.77 cubic units. Ans. 


PROBLEMS 
1. Find by triple integration the volume of the tetrahedron bounded 
by the codrdinate planes and the plane + + : sls Ans. ae. 


2. Find by triple integration the volume bounded by the paraboloid 
y2 +z x+1 and the plane x = 0. Ate z. 
3. Find by triple integration the volume in the first octant bounded 


by the surfaces x? + 2=1, y2+2=1,x=0,y=0,z=0. Ans. 4. 
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4. Find the volume of one of the wedges cut from the cylinder 
x? + y2 =r? by the planes z= 0 and z= ie aes 


Bie ie ra ee HF fi “eu ; 


5. The center of a sphere of radius r is on the surface of a right cir- 


cular cylinder the radius of whose base is 5 Find the volume of the por- 


tion of the cylinder intercepted by the sphere. Ans. #(m — 4)r3. 


6. Find the volume bounded by the hyperbolic paraboloid cz = cy, 
the XOY-plane, and the planes x = aq, x = a2, y= bi, y = bo. 


Hyer (2? — ay?) (b2? — 1?) 


4c 
2 %. Find the volume common to the paraboloid y?2 +22 = 4 e oe 
the cylinder x? + y? = 2 az. Ans. 2 7a’ + 46 a3, 


8. Find the volume included between the paraboloid y? + 22 = a ax, 

the parabolic cylinder y? = ax, and the plane x = 8 a. 
Ans. (67+ 9V3 )as. 
9. Find the volume bounded by the coérdinate planes and the sur- 


face x? + ye +2 =a". 

10. Compute the volume of a cylindrical column standing on the area 
common to the two parabolas x = y”, y = x? as base and cut off by the 
surface z=12+4+ y — x?. 

11. Find the volume bounded by z=2?+2y?,x7+y=1, and the 
codrdinate planes. 

12. Given a right circular cylinder of altitude a and radius of base r. 
Through a diameter of the upper base pass two planes which touch the 
lower base on opposite sides. Find the volume of the cylinder included 
between the two planes. Ans. (a — $)ar?. 

_13. In cylindrical cobrdinates* the volume of a solid is given by the 
triple integral if f if pdpd@dz. Use this to calculate the volume of a 
cone of radius 2 and altitude 3. Ans. 4 7. 

14. Use cylindrical codrdinates* to calculate the volume of a parab- 
oloid of revolution, the radius of the base and the altitude each being 
2 units. Ans. 47. 

15. In spherical codrdinates* the-volume of a solid is given by the triple 


integral ik i i p2sin ¢dédddp. Use this integral to find the volume of a 


sphere. (The limits for $ V are (0, Z), (0, ) » and (0, r) respectively.) 
16. Use spherical coérdinates* to find the part cut from a circular cone 

of 60° vertex angle by a sphere of radius 6in. The vertex of the cone 

is at the center of the sphere. Ans. 60.62 cu. in. 


* For a discussion of cylindrical and spherical coérdinates see Smith, Gale, and 
Neelley’s ‘“New Analytic Geometry ” (Ginn and Company), pp. 320-322. 


CHAPTER XXV 
INTEGRAPH. POLAR PLANIMETER 


243. Mechanical integration. We have seen that the determination 
of the area bounded by a curve C whose equation is 


y = f(x) 


and the evaluation of the definite integral 


fferae 


are equivalent problems. 

Hitherto we have regarded the relation between the variables x 
and y as given by analytical formulas and have applied analytic 
methods in obtaining the integrals required. If, however, the rela- 
tion between the variables is given, not analytically, but, as fre- 
quently is the case in physical investigations, graphically, that is, by 
a curve,* the analytic method is inapplicable unless the exact or ap- 
proximate equation of the curve can be obtained. It is, however, 
possible to determine the area bounded by a curve, whether we know 
its equation or not, by means of mechanical devices. We shall con- 
sider the construction, theory, and use of two such devices, namely, 
the integraph, invented by Abdank-Abakanowicz,j and the polar 
planimeter. Before proceeding with the discussion of the integraph 
it is necessary to take up the study of integral curves. 

244. Integral curves. If F(x) and f(x) are two functions so related 


that 
d 


(1) = F(z) = f(a), 
then the curve 

(2) y = F(@) 
is called an integral curve of the curve 

(3) y =f(x).t 


* For instance, the record made by a registering thermometer, a steam-engine indicator, 
or certain testing machines. 

t+ See Abdank-Abakanowicz’s ‘‘Les Intégraphes; la courbe intégrale et ses applica- 
tions”’ (Paris, 1889). 

t This curve is sometimes called the original curve. 
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The name “integral curve” is due to the fact that, as is seen 
from (3), the same relation between the functions may be expressed 
as follows: 


(4) ) i ‘fd = F(e). (F(0) = 0) 


Let us draw an original curve and a corresponding integral curve in 
such a way as easily to compare their corresponding points. 


Integral curve 
y = F(a) 


Original curve 


y = f(x) 


To find an expression for the shaded portion (O’M’P’) of the area 
under the original curve we substitute in (B), Art. 145, giving 


Area O’M’'P’ = f'fa@ar. 


But from (4) this becomes 
Area O/M'P! = {"'f(x)dx =[F(#)e=n = F(a1) = MP.* 


Theorem. For the same abscissa x, the number giving the length of the 
ordinate of the integral curve (2) is the same as the number that gives the area 
between the original curve, the axes, and the ordinate corresponding to this 
abscissa. 


The student should also observe that 
(a) For the same abscissa x; the number giving the slope of the inte- 
gral curve is the same as the number giving the length of the correspond- 


* When 21 = O’R’, the positive area O’M’R’P’ is represented by the maximum ordi- 
nate NR. To the right of R’ the area is below the x-axis and therefore negative; con- 
sequently the ordinates of the integral curve, which represent the algebraic sum of the 
areas inclosed, will decrease in passing from R’ to T’. 

The most general integral curve is of the form 


y = F@) + €, 


in which case the difference of the ordinates for « = 0 and x = 1 gives the area under the 
original curve. In the integral curve drawn C = F(0) = 0; that is, the general integral curve 
is obtained if this integral curve be displaced the distance C parallel to OY. 
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ing ordinate of the original curve (from (3)). Hence (3) is sometimes 
called the curve of slopes of (2). In the figure we see that at points O, R, 
T, V, where the integral curve is parallel to OX, the corresponding points 
0’, R’, T’, V’ on the original curve have zero ordinates, and corresponding to 
the point W the original curve is discontinuous. 

(b) Corresponding to points of inflection 
Q, S, U on the integral curve we have maxi- 
mum or minimum ordinates to the original 
curve. 


d (x? ie 
For example, since a \o ae 
it follows that a : 
5) | y= 
( 9 
is an integral curve of the parabola 
wie: 
3 
Since, from (6), Area OM, P; = - dx ==> 
, stil 
and, from (5), NV Xe ye 
3 
it is seen that ae indicates the number of linear units in the ordinate 
MP’, and also the number of units of area in the shaded area OM, P,. 
; dy _ x? aes 
Also since, from (5), aoe OLeatania—= 3 
12 
and, from (6), M,P; = =o 


2 
it is seen that the same number a indicates the length of ordinate MP, 


and the slope of the tangent at P’;. 
Evidently the origin is a point of inflection of the integral curve and 
a point with minimum ordinate on the original curve. 


245. The integraph. The theory of this instrument is exceedingly 
simple and depends on the relation between the given curve and 
a corresponding integral curve. 


The instrument is constructed as follows: A rectangular carriage C 
moves on rollers over the plane in a direction parallel to the x-axis of the 


curve 
y =f(zx). 


Two sides of the carriage are parallel to the z-axis; the other two, of 
course, are perpendicular to it. Along one of these perpendicular sides 
moves a small carriage C; bearing the tracing point 7, and along the 
other a small carriage C2 bearing a frame F, which can revolve about an 
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axis perpendicular to the surface and which carries the sharp-edged 
disk D, to the plane of which it is perpendicular. A stud S; is fixed in the 
carrlage C; so as to be at the same distance from the x-axis as is the 


tracing point T. A second stud S2 is set in a crossbar of the main carriage C 
so as to be on the xz- 


axis. A split ruler R an 
joins these two studs L 
and slides upon them. a8 HSC 
A crosshead H slides 44 yy 
upon this ruler and is s (| 4 
joined to the frame F oss R 

by a parallelogram. yES {D a sY7 K 


The essential part O UY 
of the instrument con- 
sists of the sharp-edged 
disk D, which moves 
under pressure over a 
smooth plane surface C 
(paper). This disk 
will not slide, and 
hence as it rolls must always move along a path the tangent to which at 
every point is the trace of the plane of the disk. If now this disk is caused 
to move, it isevident from the figure that the construction of the machine 
insures that the plane of the disk D shall be parallel to the ruler R. But 
if a is the distance between the ordinates through the studs S,, Sz, and 
T is the angle made by R (and therefore also the plane of the disk) with the 
x-axis, we have 


nT 


(1) tan tT = na 
and if y’ = F(x’) 
is the curve traced by the point of contact of the disk, we have 
— dy’ « 
(2) ia 7 = a 
dy’ _y 
Comparing (1) and (2), As aat or 
il 1 
ieee = = = 1, 
(3) y= — fude == {fade = Fe’) 
That is (dropping the primes), the curve 
y = F(x) 
is an integral curve of the curve ; 
(4) es f(x). 
* Since 2 = 2’ + d, where d = width of machine, and therefore au = ay D & = ar : 


+It is assumed that the instrument is so constructed that the abscissas of any two 
corresponding points of the two curves differ only by a constant; hence «x is a function 
of 2’. 
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The factor u evidently fixes merely the scale to which the integral 
a 


curve is drawn, and does not affect its form. 

A pencil or pen is attached to the carriage C2 in order to draw the 
curve y = F(x). Displacing the disk D before tracing the original curve 
is equivalent to changing the constant of integration. 


246. Polar planimeter. This is an instrument for measuring areas 
mechanically. Before describing the machine we shall take up the 
theory on which it is based. 


247. Calculation of the area 
swept over by a moving line of 
constant length. Consider the area 
ABQB’'A’PA swept over by the 
line AB of constant length J. Let 
PQ and P’Q’ be consecutive posi- 
tions of the line, d0 = angle POP’ = 
change in direction of PQ, and 
ds = circular are described about 
O by the middle point R of the line. 
Using differentials, we have 


Area of 0QQ’ = 4 0Q? dé,* 

Area of OPP’ = 4 OP’ dé. 
.. Area of PQQ’P’ = 4 0Q? dé — 3 OP’ dé 
4(0Q + OP)(0Q — OP)d@ 


Il 


OR- PQdé 
=1- OF d@=40e. 
Summing up all such elements, 
Ch) Area ABQB’A’'PA = flds=1 fds = Tg, 


where s = displacement of the center of the line in a direction always per- 
pendicular to the line.t To find s, let the line be replaced by a rod having 
a small wheel at the center R, the rod being the axis of the wheel. Now 
as the rod is moved horizontally over the surface (paper), the wheel will, 
in general, both slide and rotate. Evidently 
s = distance it rolls 
= circumference of wheel X number of revolutions. 

(2) “8 = 2 rn, 
where r = radius of wheel, and n = number of revolutions. 

Substituting (2) in (1), we get 


(3) Area swept over = 2 mrln. 
* Area of circular sector = } radius x are = } OQ + OQ d0 = 40Q74d0. 


t It should be observed that s will not be the length of the path described by the center 
R unless AA’ and BB’ are the ares of circles with the center at O. 
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So far we have tacitly assumed that the areas were swept over always 
in the same direction. It is easy to see, however, that the results hold 
true without any such restriction, pro- 
vided areas are taken as positive or 
negative according as they are swept 
over toward the side of the line on 
which ds is taken positive, or the 
reverse. Choose signs as indicated in 
the figure. If the line AB finally re- 
turns to its original position, A and B 
having described closed curves, it is evi- 
dent that the formula above will give 
(taking account of signs) the excess of 
the area inclosed by the path of B over 
that inclosed by the path of A. 

For 


Positive area = ABQB’A’PA = ABDB’A’PA + closed curve BQB’DB, 
Negative area = B’A’CABDB’ = ABDB’A’PA+ closed curve APA’CA. 


Finding the difference, we have 
Net area = closed curve BQB’DB — closed curve APA'CA. 


Now if the area of one of these closed curves (as APA’C4A) is zero, 
that is, A keeps to the same path both going and returning, the area swept 
over by the line will equal the area of the 
closed curve BQB’DB. 

A simple and widely used type of polar 
planimeter was invented by Amsler, of 
Schaffhausen, in 1854. This consists es- 
sentially of two bars, OA and AB, freely 
jointed at A, OA rotating about a fixed 
point O and AB being the axis of a wheel 
situated at its center R, and having a trac- 
ing point at B. Now if the tracing point 
completely describes the closed curve, A will oscillate to and fro along an 
are of a circle (as CD), describing a contour of zero area. Hence the area 
swept over by the bar AB exactly equals the area of the closed curve, and 
is given by the formula 


(4) Area of closed curve = 2 mrrin, 
where 1 = length of bar AB, 
r = radius of wheel, 


n = number of revolutions indicated on the wheel after the trac- 
ing point has made one complete circuit of the curve. 


B tracing 


CHAPTER XXVI 
CURVES FOR REFERENCE 


For the convenience of the student a number of the more common 
curves employed in the text are collected here. 


CUBICAL PARABOLA SEMICUBICAL PARABOLA 


y = ax’, y? = ax, 


THE WITCH OF AGNESI THE CISSOID OF DIOCLES 


x?y=4a?(2a—y). 


y?(2a—2) = 23, 
494 


CURVES FOR REFERENCE 495 


THE LEMNISCATE OF BERNOULLI THE CONCHOID OF NICOMEDES 


SS 


(a? + y?)? = aP(a? — y?). xy? = (y + a)?(b? — 9?) 
p- —a- cos 2.0, p=acscd+6. 
CYCLOID, ORDINARY CASE CYCLOID, VERTEX AT ORIGIN 


= a are vers © — V2 ay — =a are vers ® + V2 ay — 9. 


rx = a(0 —sin 8), (oa ae 0), 
y = a(1 — cos 6). y = a(1 — cos 8). 


CATENARY PARABOLA 
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HYPOCYCLOID OF FOUR CUSPS EVOLUTE OF ELLIPSE 
Y , Y 
<> ¢ ? 
a 2 2 2 2 2 
a + y* =a. (ax)* + (by)* = (a? — b?)*. 


2= 0 cos* @, 
ly =a sin? @. 


CARDIOID FOLIUM OF DESCARTES 


a? + y? + ax =a Vx? + 92. x -+-y? — 3 acy = 0. 
p=a(1—cos @). 


SINE CURVE COSINE CURVE 
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LimAcon 
| 
4) os 


p=b—acos 6. 


SPIRAL OF ARCHIMEDES 


HYPERBOLIC OR RECIPROCAL 
SPIRAL 


— 


p) =a. 


STROPHOID 


LOGARITHMIC OR EQUIANGULAR 
SPIRAL 


a 


« 


C< 2 


p70 = a7. 
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LOGARITHMIC CURVE 


PARABOLIC SPIRAL 


log x. 


Y= 


PROBABILITY CURVE 


EXPONENTIAL CURVE 


TANGENT CURVE 


SECANT CURVE 


y=tan 2. 


sec x. 


Y= 
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THREE-LEAVED ROSE THREE-LEAVED ROSE 


53 We 


1 
-_ 
2 
p— a sin 3 6, p=acos3 6. 
FOuUR-LEAVED ROSE FourR-LEAVED ROSE 


p—o sin 2 0. p=acos2 0. 
Two-LEAVED ROSE LEMNISCATE EIGHT-LEAVED ROSE 
Wj 
0 be 


p? = a? sin 2 0. p=asin 4 0. 
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CURVE WITH END POINT CURVE WITH SALIENT POINT 
AT ORIGIN AT ORIGIN 


y =x log x. AG aE A ao 


CURVE WITH CONJUGATE (ISOLATED) CURVE WITH CUSP OF SECOND 
POINT AT THE ORIGIN KIND AT ORIGIN 


(y ier 47)? = 2, 


EQUILATERAL HYPERBOLA 


Y 


ry=a. 


CHAPTER XXVII 
TABLE OF INTEGRALS 


Some Elementary Forms 


i ip df(x) = if f' (a)dx = f(x) + C. 

2. fadu=a { du. 

8. { (du + dv t dw+-++)=fdut fdv+fdw4--- 

4. furdu = +6, (n#—1) 
5. [= log.u + C. 


Rational Forms containing a + bu 


See also the Binomial Reduction Formulas 96-104. 
(a + bu)r*! 


6. f (a + bu)ndu = serreerc ee (n#—1) 
7. fo =; log.(a + bu) + C. 

8. (Ae = Fla + bu —alog, (a + bu)] + C. 

9 fe = = (ha + bu)? — 2 a(a + bu) + a? log, (a + bu)] + C. 


udu _ Pal DONE bu) | C 
10. (ba? = Miljeam, © Osta di ps 


de dae ea. ue 
lis ee =a Jars i 

u du tL 
DD ashe a b 


ila + bu) ak 


—2alog.(a+ bu) |+c 
bu 


(ae oe pnt) 


aie Ge 


a 
atl blot 2 
xil- 5 SP 
oe. 5) 
a 


1 b a+ bu 
eet LOLs aC. 
4. | aq + ba) ie GE ‘ ( u 
1 il — 
SN Se ya) + C. 
15. (oa bw? a(a+bu) a? : u 
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Rational Forms containing a? + bu? 
bu 
16. {zSe- = are tan“ + (6 


Nell ese >! go (StU) +c. 


ian 2 ab og. (7A = 8) + 2 
(a2 + b2u?)n+1 
+ 2 b?(n+ 1) 


Ce 2 Aue C. 
By farycerer i Te pe 108 (@ + b?u?) + 


20. u™ du he 
S Gaba + b2u2)P + b?(m —2p+1)(a? + b?u?)?-1 
= a?(m — 1) eee GO ph 
+ b6?(m—-2p+1)/ (a? + b2y2)P- 
u™ du ymti 
21. a iearscry: 4. b2u2)P Be —1)(a? + bu?) P-! 
m—-2p+3 u™ du 
SG i (Eee 


18. f w(a? + b?u?)"du = Gi (n#—1) 


ECR TE + b?u?)p—1" 
eas oa 
22. fo + b2u2) 2a? log. = + aa mE: 
1 
232 i= Se + b2u2)P ~ a2(m — 1)u™—1(a? + b2u?)P7! 
WS du 
2(m = i ym 2(a? + b2u2)P 


du - 
24. f m(q2 + b2y2)? 2 a2(p — 1)u"— aa + b2y2)P-3 
re m+2p—83 du ; 
2 a?(p = 1) u™ (a? + b2u?)?-1 
Forms containing Va + bu 


The integrand may be rationalized by setting a+ bu =v. See also 
the Binomial Reduction Formulas 96-104. 


25. fuVa+ bu du = — 22 a—S bulla + buy” C. 


; 15 b? 
26. [u? Va TE ye 2(8 a2 — 12 and b2u2)(a + bu)? “lye 


os _ 2u™a+ bu)? 2am et 
27. fu Re ah bu dicen a opercendl Vat budu. 


udu 2(2 a — bu) Va + bu 
28. | ——S.- = = SS tH. 
is ear 3 6? ¥ 
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urdu 2(8 a? — 4 abu + 3 b?u?) Va + bu 
5) | AEE A ata OT 
Va + bu 15 6% 


30, (au O_O a+tbu 2am eG 


Vato o2m+1) b2m+1)) Vora 
1 See SS 
31. | ——— _ = —= log i + C, fora> 0. 
T= Va Va + bu + Va 
du 2 wi 

32. | —————. = —— arc tan + C, fora < 0. 

! = V-a 
= entire BEN te 
SY yma + bu a(m — 1)u™—! —1)/¢ yr-1V/a + bu 


34. [ Met tn 2Va+butaf 


Wk + i 


35, f Vat Dudu _ _ (a + bu)? b(2 m — 5) pve, 
qpue 


a(m — 1)u”} — a(m — 1) ee! 


Forms containing Vu? + a? 


In this group of formulas we may replace 


log. (u+ Vu2+ a?) by sinh! ” 


log. (u+ Vu? — a?) by cosh! me 


(eer 
u 


he 
log. by sinh - 


5 2 
36. { (uw? + a?)?du= 5 VuFta?+ 5 loge (u+t Vu? +a?) + C. 
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sr. foe a a2)t ay = mera? 2S die eo 47)?” du. (m1) 


e+1 


38. fu(u? + a?)2 dy = “ET _ 4 ¢, (n # — 2) 


n+2 


n 
Wer (ue +a2)27" 
n+m+1 
=e a(n = 1) 
— ntmti 


40. (—4— = log. (u+ Vu? + a2) + C. 
(u2 : ar 


n 
39. fun(u? + a?)2du= 


fumrea ob a2)2 du. 


U 
41 = ——_———. + ¢. 
ll eee (u? ae on + a2Wv u? + aq? 
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if oe 
tb GUNS se G64 Oe) 3 
12) (a 
(u? + a?)2 
2 
433) eae eee ue = hfe ot — = tog. (u + Va? £0) 2, 
(w2 + a2)? Zz Zs 
- us du ee ae 
44, = + log. (u+ Vu? + a?) + C. 
ee um du _ The -at(m — 1) 6 uP aes 
we ee] m—n+1 % 
(u2+a?)2 (m—n+1)(u? +47)? (u? + a?)2 


46. [ u™ du - = ymrt : 
(w+ a?)2 0 + ig — 2)(u? + a?)2 
—n+3 monte ¢_uidy Nhe iu 


+ rain =e) 
GE $22 
WV 42 
a7. (—% _ Sine a = 
u(u? + a2)? . 
48, (—“ _ - = are see 4 + C. 
u(u2 — a2)? 4 a 
V/ 42 2 
a9, (—% _=-S*S +0, 
u2(u2 + a?)? ae 
50. f du =) ag Ne (ee SEE eae 
: u3(u2 + a2) 2 a?u? 2 anges u 
Nf apo 
1. (—@ _ = 4a" + Fare see“ + Ce 
u3(u2 — a2)? Pos) 2a a 
52, f —“4 = aay : n 
un (U2 +2)2 + a?(m—1)u"— (uz + a?)2 
ar AOS ei eel du 
te (ey 


dsc (Fels a2 
53, f —™ _ = 1 
had (Ras a?)2 + a?(n— 2)u™— (ue + Pt 
+ ees p__ du 
ites a?(n — 2) 
um (ue a2)? 


2 2)5 q eet ; 
54, (OAH ad Vie E a? — a log, (St YEH) 4, 


u2 — a2) d: 
55, (eee _ Vat =a — a are sec + C. 
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240 92)\t 2 2 
56, (Ua dy NEOs tog. (uw 4 Vu? +a?) + C. 


n n 
57 pe G2). Olea ee Ue a2)2" 
; Cie + a2(m—1)u™-! 
eS = i Ba?) edu a?)2du 
+ a?(m — c= ae Oe 
58 fe + a2)? du 2 (u2 + a2)2 + a’n (u? + a?)2 du. 
. um (n—m+1)u"-1 n-m+1 um” 


Forms containing Va? — u? 


1 2 : 
59. { (a? — u?)?du= : Va? — u2 + 2 are sin +C. 


Dy 
60. { (a? = 22 due u(a? = u2)? 


n+l +R fue du (n#—1) 


. (a2 — y2)2** 
2 — 4 2)2 =— > io 
61. f u(a u?)2 du ao +C (n#— 2) 
n m—1(q2 Ane 
ea ee ee i) 
62. fwn(a? — u?)? du n+m+1 
a?(m — 1) 


63, (—“— = are sin 4 + @ 
(a2 — u2)3 a 


U 


du 
of SY 
oe thes Ae u2)? a2Va? — u2 


iat 
iy (emma 


n n—2 
(a2 — u2)2 
2 
66, (EM = 4 VP + F aresin® + C. 
(a2 — u2)? 2 2 u 
uz du U . U 
67. { ——— = ——_ - arcesin-+ C. 
sree Va2 — u2 a 
6s. { UL DET Eee ye OFM SA RLU dis 
3 Pe cena er ae rn  m—n+1 2 
(a2 — u?)2 (m — n + 1)(a? — u?)? (a2 —a2)4 
u™du * ymri Sto here umdu 
CE ee pior cr my 


(a2— u2)2 a2(n — 2)(a? — w?)2 eee 
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70. fa __ = 1 jog, (9 VEE YE c=—eosh4 +0. 
u(a? u?)? a ' 
2 ape 
7 (i du a ia wi 
u(a? — u?)? a-u 
72 du BNE 2 oll ty Bt BSE ee 
ae — 42)? Aue 2 a5 aang Uu 
NS pests 
1 
3 ee 
u™(a2 — y2)2 a2(m — 1)u"—!(a2 — u2)2- 
m+n—3 du ’ 
By a(n — Fal 


n 
fp ee a u : 
um(a2 — u2)2— a(n — 2)u™—"(a2 — u?)2 
m+—-n—3s du ; 
nF a?(n — 2) By 
u™ (a? =, u)2 


75 fs Sup = Va? — uv? — a log (evens . 
: u ‘ u 


= Va? — u?—a cosh-! = + C. 
yy Py 2 ae 
76, [Ee ae : edu _ mE u 


° Uu 
—aresin-—-+ C. 
u a 


n n ag 
(a2—w2)2du __ (a2 — u?)? eS (a? = du, 
77. un ~  a2(m — 1)u™7 ores iisc yn —2 
2 | 
oe Ta du _ (a2 — 4?)2 a2n (a*—u?)2 du 
78. f ~ (n—m+1)u"- eae peal yh } 


Forms containing V2 au + u? 


The Binomial Reduction Formulas 96-104 may be applied by writing 
V2aqu+u2= w(2a+t u)?. 


79. [V2 au — uzdu = 4 


2 au — u? 


2 
dl are cos (1 — 4) 4 C 
2 a 
80. fuv2 au — u2du = — EES au — u2 


3 
+ © are cos(1 —")4 C. 
a C 
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81. fu"Vv2 au — u2du = _ un * 2 au — u?)? 


m+ 2 
ONC eNO) fase 
+ ————_—+ aS agreed by V2 au — u? du. 


— We 
g2, (V2 au — wd _ V5 an WP + a are cos (1 ~") +0. 


V2 au — u2du 2V2 au — u2 
oon —— SS See 4) 
i a) ;; are cos(1 - Die 
WV) = — 4,2)5 
84. [ oe edn _ ean wy ic. 


3 aus 


85 oe (Zau—u2)? ma 8 pV eau de 
; ie a bOm =3)nnn ae 3) yml 


du U 
86. ss = Are cos(1 —“)4 C. 
Le au — u? a 


87. log.(uta+ V2 au + uw? + C. 
——_= ) 
88. fra V2au+u2) du ={Fe-a, V2? — a?) dz, where z =u + a. 
Pe OUREE 5 a8 -*) 
89. (= V2 au w + a are cos (1 AL oe 
urdu __ (u+8a)V2au—v? 3 a (1-4) 
00. (j= se aianeeel O iuarce aaa + —— 9 are cos {1 = + C. 
a1.f umdu =— Naw oem De wedi 
JY V2 au — uw m m V2 au — u? 
—— #4 
go, (— = - EMT SG, 
“ uVv2 au— u? au 
93. [ du is age AT Sree aa m—1 du 
: ep a(2m—1)u"™ = a(2m—1)4 ym-1V/2 au — u2 
u—a 
94, = —————__— + C. 
ieee au — u?)3 aV2 au — u? 
(2 (2 Guan)? Tava Cu Wea 


Binomial Reduction Formulas 
CEE ON Gis nD eae 
b(pq + m + 1) 


i ‘atm =q-+ 1) m—q but)? du. 
ee ee 


96. if u™(a + bu)? du = 
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97. fum(a + bu2)? du — um*i(a + but)? 


pqtm+1 
——2PL_ yma + bus)?-1du. 
% paq+m+1 if ( ) 
du Siler il 
98. {oma + bu)? a(m—1)u™— (a+ ey 


— ng tpg 1) p_ a 7 
a(m — 1) m— < = but)? 


1 


99. | ima + bu*)? a aq(p — 1)u™-!(a + bus)?-} 
moat pa— tp du : 
aq(p — 1) u™(a + but)P—} 
du 1 us 
pat nae ay Stee C 
100. {7 + bu2) aq ioe 5 + amit 
(a+ a du_ (a+ burt 
ob f a(m — 1)u™71 


_ bim = g— pq — LAE + but)? du. 
a(m — 1) Die 


102. f (a + but)? du aa du_ __—s (a+ but) 


(pq — m + 1)u™~? 


apq (a + but)?! du, 
paq—-m+1 RE 
CEO GTR a cas 


HEE Neacanine + but)? b(m — pq + 1)(a + bu2)P-3 
_ alm—q+1) ee uni du. 
b(m — pq +1)/ (a+ but)? 
u™ du Uete 
ao Uremernrse + bu2)? — aq(p — 1)(a + bu2)?-} 
mg = peeks u™ du 
aq(p — 1) sia iy Clea ame ee + bu2)P— iy 


Forms containing a+ bu + cu? (c > 0) 


The expression a + bu + cu? may be reduced to a binomial by writing 


pie On, 07 — 4106 
hone Te 4 ¢? 
Then a+ bu + cu? = c(z2 — k). 


The expression a + bw — cu? may be reduced to a binomial by writing 
aD aoe b?+4 ac. 


iemeta ny." a 4 ¢? 
Then a+ bu — cu? = c(k — 22). 
2 Z2cu+b 
105. | —————— = ————_ are op ’ 
lene V4 ac — b? V4 ac — 6?/ when b2 < 4 ac. 
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1068 oe eee ee (Peet b= vie ada) 4 
at+bu+t+eu® J/p2-Acae ~\2eu+b+ Vb2—4ac 
when 6? > 4 ae. 


du 1 Vb? +4 ac +2 b 
107. | —_—__,, = ————— log, (Meda tous ) 
Upeat aca Meg” Vb? + 4ac—2cu+b tag 


108. (Pages ase PI =M jog, (a + bu + cu?) 


a+buteu2 
— du 
Niece ae 
+( Tham, iaaeeer 


109. { Va + bu + cu2du secur b Va-+ bu es cu? 
ia 4¢ 
— ae Aes log. (2 cu +b + 2VeVa + bu + cu2) + C. 


8 C2 


110. { Va + bu — cw du = =u? Va + bu — cw? 


2 9 — 
foar 4 ae are sin _—— ea )+ Gi 
8c b? + 4 ae 


ere los Zou bo Ve Vat bud cu) + C. 


UbL. 
——- ve 
2cu—b ) 


112. ee 

SJ =9 Ve b2+4a¢ 
2 

113, (4 u du _ Vat bu+cu 


are sin ( 


Va + bu + cu? c 
— =) Iog,(2 cu+b+2Ve c Vat bu+cu?)+C. 
20? 
114. f udu De Nas bu = cu? 
Va+bu—cu? c 
=f au. are sin( | C. 
2c? b?+4a¢ 


Other Algebraic Forms 


115. f ae Vat w+) 
+ (a—b) log. (Va +u+ Vb+u)t+ C. 


116. f/o— = V(a—u(b+u) 
+ (a+ 6) are sin 


a+b 
117. Ban —V(a+u)(b— 4) -— ie eae ec 
118. {\/2+% an =—Vi— i + aresinu + €. 
du : lu—a 
119. { ——$—$$—$————_ = 2 are sin, /——__ + C. 
eon ee 


utbig. 
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Exponential and Logarithmic Forms 
120. [edu = — +C. 


be u 


a log.b fate 


121. fbedu = 


122. [nemdu = S (au—1)+C. 


Whee n = 
123. { uremdu = a a J" lea dy, 


nhaudy — unb™ n—lfau 
124. fw Dh — 3 onal . aoe 5 fw b“du+ C. 
Ody lie a log.b 7b™du_, 
125. f —  (n—l)u"-1 > n—1d yr! 


126. { log.v du =ulog.u—ut+C. 


log atten aL | 
n —— 4n-r 1 
127. { w log.udu = u lees eee (n + 1)? + C. 


log7u — energy fs log/’—!udu. 


128. fu” log” udu = O 


129. { elog.u du = es 1 au, 


130. ii . ~ 


= log, (log.w) + C. 


Trigonometric Forms 
In forms involving tan u, cot u, sec u, ese u, which do not appear 
below, first use the relations 


sin u COs Uu 1 
tan u = a COMI » sec u=— ecscu= 
cos U sin u cos u sin u 


131. { sin udu=-—cosut+ C. 


132. { cos udu=sinu+ C. 
133. { tan udu = — log.cos u + C = log. sec u + C. 


134. { cot udu = log,.sin u + C. 


135. {'sec udu =( = log, (sec u + tanu) + C 


ee Uu Tv 
= log, tan (3 + 7) + Ge 


136. {esc udu ={f4 = log, (ese u — cot u) + C 


= log.tan 5 + C, 
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187. (sec? udu =tanu+ C. 
138. { esc?u du =—cotu+ C. 
139. {sec utanudu=secu+t C. 


140. [ese u cot udu = — eseu+ C. 


141. sin?udu = ‘A sin2u+C. 
142. f cos?udu = = 5 + ne 2u +-C. 
143. { cos" sin udu =- 2 C. 
144. f sin" cos udu = ore ape LES 
145. f'sin mu sin nu du = — Smt SURO ay C. 
(m+ n) 2(m — n) 
146. { cos mu cos nu du = Say eae ce eee + C. 
147. {sin mu cos nu du = — a = eae + C. 
148. eer ry - aia = 9 == Gone are tan(./2=2 tan 4 C, when a> b. 
1 Vb —a tan 5 +Vb+a 


u si ree, 
149. (—““__ = = log ace 
levee, V 02 =G2 Vb—atan5—Vb+a when a < b. 


u 
atan=+ b 
150. Noein a pee ee are tan Bare cay +C, whena> b. 
ae Gi be N\/ gt be 
(oe Ae 1 atan 5 +b— Vb? — a? 
NGL. = ———— log | —_____—___|+ ¢, 
PEE OI vb? — a? atan 5 +b + Vb? — a? whena<b. 
du ak (° tan *) 
Oe Sp 2eos2u + 62 sin? u Fiahiacon an a Bet: 
Mae _ e(a sin nu — nN COS NU) 
158. [ er#8in 104 dy = Ce 
ne _ e(n sin nu + a cos nu) 
154. fe cos nu du = eam sce ae Tp + C. 


155. {usin udu = sin u — u cos u + CG 


156. fu cos udu = cos u + usin u + C. 
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Trigonometric Reduction Formulas 


7 wmn-1 / i — 1 
157. { sin*wdu = eee os du. 
n n 
s”—1u4 sin u 
158. f cos" u d= B= feos 2u du. 
n 

159 f te COS U n—2 du. 

‘J sin” u (n—1)sin"“!u  n—1d sin®~?u 
160 f Oh sin u n— 2 du 

‘J cos*u  (n—1)cos*-!u n—1¢ cos"~2u 


é cos”—1y sin” tly 
161. { cos” u sin’ udu = mT feos 2y sin” u du. 


m+n m+ 
2 sin” ‘xecos™tlu , n— eee 
162. { cos” u sin” udu = — eran Ba feos sin” 2x du. 
163. if fans UE 8 igen Da ae a aa ~ 
cos”u sin”"u (m—1)sin”—ly ee u 
4 me mtn—2 Fearne : 
m—1 J cos" a sin” u 
164 if ee ee 
‘J cos™usin'u—s (n— 1) eo 1y cos™—ly 
ie m+t+tn—2 du ’ 
n—1 cos” u sin”~?x% 
cos "udu _ cos” t1y m—n+2 rpeos™u du 
165. Ifo = ees | ee 
sin” u (n — 1) sin"—“!u n—1 Bint 74 
166 _ (cou udu _ cos™— ly m — 2 pcos” du 
sin"u  (m—n)sin"—!u ° m—n sin” u 
167. pe udu _ sin” +1 y _n—m+2 psinudu 
cos”™u  (m— 1) cos”! y m—1 J cos™—2y 
168. pee udu _ sin"—! 4 n— ae du 
cos” u (n — a cos™~!y n—m cos™ u 
a 
169. [tanw du = ————— + — ftann- 2u du. 


tel 
170. t?u du = — COU n-2 
{co udu ee focot udu. 


e™ cos"~lu(a cos u + n sin u) 
a2 + n2 


fe cos”— 2% du. 


171. fe cos”u du = 


n(n — 1) 

a? +n? 
u 1 — 

172. fe sin" x i ie sin"~!u(a sin u — n cos u) 


a? + 7? 


= few sin®—2% du. 


+ 


n(n — 
a? + n? 
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: ym-i é 
173. fu cos au du = 2 (au sin au + m cos au) 


m(m— 1 
Lied 39 =) 2 fam? eos au du. 


m—1 


: U ° 
174. i u™sin au du = (m sin au — au cos au) 


a2 
- mn 2) fymm2 sin au du. 
Inverse Trigonometric Functions 
175. f are sin udu = u are sinu + V1 — u2+C. 
176. { are cos udu = u are cosu — V1 — u2 + C. 
177. { are tan udu = uw are tan u — log WALES pe tee) 
178. f are cot udu = u are cot u + log V14+ wv + C. 


179. { are see udu = u are sec u — log (u+tVu?—-1)+C 
= u are sec u — cosh-tu+ C. 


180. { are esc udu = ware ese u + log (u+ Vu? —1) + C 
=u arc esc u + cosh !u + C. 
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Abdank-Abakanowicz, 488 

Absolute convergence, 344 

Acceleration, curvilinear motion, 121; recti- 
linear motion, 83 

Adiabatic law, 72 

Agnesi, witch of, 494 

Amsler, 493 

Angle of intersection, of plane curves, 43; 
polar form of, 126; of skew curves, 438; 
of surfaces, 444 

Approximate formulas, 364, 369, 453 

Archimedes, 127, 128, 155, 277, 497 

Area, of curved surface, 480; moment of, 
319; moment of inertia of, 471; plane, 
241, 258, 461; polar coérdinates, 262, 
475; of surface of revolution, 277 

Auxiliary equation, 387 


Bending, 75 

Bernoulli, lemniscate of, 495 
Binomial differentials, 298, 306 
Binomial theorem, 1, 350 


Calculation, of e, 358; of logarithms, 359; 
of 7, 363 

Cardioid, 117, 119, 125, 145, 155, 271, 275, 
282, 322, 479, 480, 496 

Catenary, 270, 276, 282, 495 

Cauchy, 342 

Center of pressure, 469 

Centroid, of plane area, 319, 466; of solid 
of revolution, 322 

Change of variable, 166, 425 

Cissoid, 44, 46, 270, 277, 321, 483, 494 

Complementary function, 391 

Conchoid, 495 

Conoid, 284 

Constant, 7; absolute, 7; arbitrary, 7; of in- 
tegration, 189, 229, 233, 373; numerical, 7 

Continuity of functions, 12, 408 

Convergence, 337 

Critical values, 52 

Curvature, 149; center of, 157, 171; circle 
of, 153, 170; radius of, 152 

Curve-tracing, 81 

Curvilinear motion, 120, 146 

Cycloid, 116, 119, 144, 151, 161, 269, 270, 
274, 276, 282, 495 


Derivativé, definition, 21; interpretation of, 
by geometry, 25; partial, 409; as arate, 
64; symbols for, 22; total, 412; trans- 
formation of, 166 

Descartes, 46, 496 

Differential, 136; of arc, 142,144 ; of area, 237; 
formulas for, 140; as an infinitesimal, 146 

Differential coefficient, 21, 136 

Differential equations, applications to me- 
chanics, 396; definitions, 372 ; first order, 


375; higher order, 384; 

377; linear, 380, 387, 401 
Differentiation, 22; formulas for, 28, 86 

general rule, 23; of implicit functions, 

40, 73, 420; logarithmic, 93; partial, 

409, 425; successive, 73; total, 412 
Diocles, cissoid of, 494 


homogeneous, 


Envelope, 429 

Equations, graphical solution, 128; inter- 
polation, 129; Newton’s method, 131 

Errors, 138, 415; percentage, 138; rela- 
tive, 138 

Evolute, 158, 432; of the ellipse, 160, 496; 
properties of, 162 

Exponential curve, 498 

Exponential function, 89 


Factorial number, 335 

Family of curves, 429 

Fluid pressure, 324; center of, 469 

Fluxions, 19, 354 

Folium, 46, 119, 496 

Formulas, for reference, 1; 
364, 369, 453 

Fourier, 238 

Function, complementary, 391; continuity 
of, 12, 408; decreasing, 50; definition, 
8; derived, 21; differentiable, 21, 23; 
exponential, 89; of a function, 37; 
graph of, 10; implicit, 39, 78, 420; in- 
creasing, 50; inverse, 38; inverse trig- 
onometric, 105; logarithmic, 89; mean 
value of, 332; periodic, 97; of several 
variables, 408; sine, 97; transcendental, 
86; trigonometric, 99 


approximate, 


Gravity, center of, 319, 322 
Greek alphabet, 6 
Gyration, radius of, 472 


Harmonie vibration, 397, 399 

Helix, 436, 437, 445 

Horner, 130 

Hypocycloid, 46, 119, 156, 267, 270, 276, 
280, 431, 434, 496 


Increments, 19; approximation of, 187, 415 

Indeterminate forms, 174 

Inertia, moment of, 471 

Pas td 17; replacement theorem, 

AT 

Infinity, 13 

Inflectional points, 79 

Initial conditions, 229 

Integrals, 188; change in limits, 239; de- 
composition of interval, 250; definite, 
237; discontinuous, 251 ; geometric repre- 
sentation, 244,455; interchange of limits, 
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249; multiple, 454; table of, 501; use of 
table of, 314 

Integral curves, 488 

Integraph, 490 

Integration, 187; approximate, 245; of 
binomial differentials, 298; formulas for, 
191; fundamental theorem of, 254; me- 
chanical, 488; by miscellaneous substi- 
tutions, 304; by parts, 224; by rational 
fractions, 288; by rationalization, 221, 

' 295; by reciprocal substitution, 304; by 
reduction formulas, 306, 311; successive, 
454; of trigonometric forms, 213, 302, 
311 

Interpolation, 129, 369 

Involute, 163; of the circle, 156, 276 

Isothermal expansion, 329 


Jacobi, 409 


Laplace, 19 

Laws of the mean, 172, 445 

Leibnitz, 26 

Lemnisecate, 127, 155, 263, 478, 479, 480, 
499 

Length, of plane curves, 271; in polar co- 
ordinates, 274; of skew curves, 436 

Limagon, 497 

Limit of a variable, 10 

Limits, change in, 239; of an integral, 238; 
theorems on, 11, 17 

Lituus, 497 

Logarithmic curve, 498 

Logarithmic differentiation, 93 

Logarithmic function, 89 

Logarithms, common, 88; natural, 87 


Maclaurin’s series, 354, 364 

Maxima and minima, 47; analytic treat- 
ment, 182; definitions, 52; first method, 
538; functions of several variables, 446; 
second method, 76 

Mean value, 172; extended theorem of, 
182; of a function, 332; law of, 445 

Mechanics, 396 

Moment, of area, 319; of inertia, 471 


Napierian logarithms, 88 

Newton, 19, 27, 181, 1382, 133, 331 

Nicomedes, conchoid of, 495 

Normal, to plane curves, 48; to skew 
curves, 434, 443; to surfaces, 438 


Osculating circle, 170 


Pappus, theorem of, 467 

Parabolic rule, 247 

Parameter, 115, 429 

Parametric equations, 115; area, 241; sec- 
ond derivative, 119 

Planimeter, 492 

Point of inflection, 79 

Polar coérdinates, 123; moment of in- 
aaa 477; subnormal, 126; subtangent, 

Pressure, fluid, 324; center of, 469 


INDEX 


Probability curve, 498 
Projectile, 121, 234, 434 


Quadratie equation, 1 


Radius, of curvature, 152; of gyration, 472 

Railroad curves, 152 

Rates, 64, 418 

Rectification, of plane curves, 271; in polar 
coordinates, 274; of skew curves, 436 

Reduction formulas, 306, 311 

Replacement theorem, 147 

Rolle’s theorem, 169 

Roots of equations, 128 

Rose-leaf curves, 499 


Sequence, 335 

Series, 335; absolute convergence, 344; al- 
ternating, 344; approximate formulas 
from, 364, 369; binomial, 350; Cauchy’s 
test, 342; comparison tests, 339; con- 
vergent, 337; differentiation and integra- 
tion of, 362; divergent, 337; geometric, 
336; Maclaurin’s, 354; operations with, 
359; oscillating, 336; power, 347, 351; 
Taylor’s, 366, 451 

Simpson’s rule, 247 

Skew curves, 434, 443; length of, 436 

Slope of curves, 42; parametric form, 115; 
polar form, 125 

Solids of revolution, centroid of, 322; sur- 
face of, 277; volume of, 265 

Spiral, of Archimedes, 127, 128, 155, 277, 
497; hyperbolic or reciprocal, 119, 128, 
264, 497; logarithmic, 127, 128, 497; 
parabolic, 498 

Stirling, 354 

Strophoid, 497 

Subnormal, 43; polar, 126 

Subtangent, 43; polar, 126 

Successive differentiation, 73 

Successive integration, 454 


Tangent, horizontal, 117; to plane curves, 
43; to skew curves, 434, 443; to surfaces 
438; vertical, 117 ’ 

Taylor’s theorem, 366, 451 

Tractrix, 270, 282 

Transformation of derivatives, 166 

Transition curves, 152 

Trapezoidal rule, 245 

Triple integration, 484 

Trisectrix, 155 


Variable, change of, 166, 425; definition, 
7; dependent, 8; independent, 8 

Velocity, curvilinear motion, 120, 146; 
rectilinear motion, 65 

Vibration, damped harmonic, 399; forced 
harmonic, 399; simple harmonic, 397 

Volume, of solid with known cross section, 
283; of solid of revolution, 265; under a 
surface, 464; by triple integration, 484 


Witch, 62, 260, 494 
Work, 251, 268, 321, 327, 494 
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